WIGNER’S THEOREM

ETHAN SUSSMAN

Let H denote a separable Hilbert space over C of dimension d € N* U {oco} and

PH ={[¢] : ¢ € H\{0}} (1)

its projectivization, where [¢] = C*¢ for ¢ € H\{0}. If d < oo, then PH = CP%!. Suppose that H
is the Hilbert space used to model some quantum mechanical system. Then, the elements [¢] € PH
have the interpretation of being the physical states of the system, possibly modulo unobservable

phases whose metaphysical reality is besides the point. Key in the quantum mechanical formalism
is the function (—, —) : PH x PH — C defined by

_ 1(6.9)]
oMl

for ¢,1) € H\{0}. These are called “transition probabilities” because of their central role in Born’s
rule for predicting the results of measurements.

Unitary maps U € U(H) are precisely those bijections H — H preserving the Hilbert space
structure. Wigner emphasized that, due to the unobservability of phases, the physically relevant
notion of symmetry is not that of a unitary map, but rather the notion that will be called here
a “Wigner isomorphism.” A Wigner isomorphism is a bijection T : PH — P7H that preserves
transition probabilities. In other words,

(T(leD), T([¥])) = ([¢], [¥]) (3)

for all ¢,1 € H\{0}. Let Iso(PH) denote the set of Wigner isomorphisms. How wild can Wigner
isomorphisms be? Nothing in the definition seems to require that Wigner isomorphisms be continuous,
let alone respect much in the way of the vector space structure of H (or whatever of that structure
is left after projectivization). Wigner’s theorem says that, to the contrary, Wigner isomorphisms all
lift to real-linear maps.

First, some notation. If L : H — H is injective and either (C-)linear or anti-linear (the latter
meaning that L ¢ = A\*L¢ and L(¢p + ¢) = Lo + L for all ¢,¢p € H and A € C), the map
[L] : PH — PH is defined by

([9], [¥]) (2)

2] : 6] - [Lg], @
this being well-defined because, for any A € C*, either [LA¢] = [A\L¢| = [L¢]|, if L is linear, or
[LAY] = [\*L¢| = [L¢], if L is anti-linear.

One obvious source of Wigner isomorphisms is U(H). If U € U(H), then [U] is a Wigner
isomorphism, as
(Ug, Uy)| _ [{¢,¥)|
(U6, 1w = (U [09]) = - = (19}, [¥) 5)
UKD, WD) = Q0 09D = g = e = 190 <
for any ¢,v¢ € H\{0}. A natural guess would be that all Wigner isomorphisms arise in this way, so
that the map U(H) 3 U — [U] € Iso(PH) is surjective. This is not entirely correct, but it is close:

Theorem 1 (Wigner’s theorem). If T': PH — PH is a Wigner isomorphism, then T = [U] for

U :H — H either unitary or anti-unitary.
1
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Just as a unitary operator on H is a linear map U : H — H such that (U¢p, Uy) = (¢, ) for all
¢, € H, an anti-unitary operator on H is an anti-linear map V : H — H such that

Vo, Vi) = (6, 4)" (6)

for all ¢,v € H. Every Hilbert space admits at least one anti-unitary map; if B = {¢, }4m™ is an
orthonormal basis of H, then the map x5 : H — H defined by

dimH dim H
*B Z Cnn, — Z C:L¢n (7)
n=1 n=1

is anti-unitary. Note that xp depends on the choice of B. If d > 2, then, if we are given a map
L : H — H which is known to either be linear or be anti-linear, which possibility holds is determined
by [L] — see Lemma 4.1. So, [xg] € Iso(PH) is a Wigner isomorphism not coming from any unitary
operator.

When d = 1, PH is the singleton CP°, so the only Wigner isomorphism is the identity [idc] :
CP® — CP°. This edge case is not particularly interesting, so below we assume d > 2.

Wigner’s theorem was first stated by Wigner, who also provided an incomplete argument. The
details of that first argument were filled in by Bargmann. Many proofs have appeared in the
literature.

The proof of Wigner’s theorem is split into several steps.

1. PROOF OF WIGNER’S THEOREM IN THE d = 2 CASE

As a warmup, and as a lemma for the full result, consider the case # = C?, in which case
PH = CP!. Let T : CP! — CP! denote a Wigner isomorphism. Let e; = (1,0) and ey = (0,1).
The proof involves constructing an explicit unitary U € U(C?) = U(C?) such that

T e {[U], [U+]}, (8)

where * : (a,b) — (a*,b*). In order to understand the argument, note that any element of the group
U(2) of 2 x 2 unitary matrices, besides scalar multiples of the identity, is uniquely determined by
two independent eigenvectors and their eigenvalues. Since [U] does not change if U is multiplied by
a phase, this means that 7' should uniquely determine the eigenvectors and the ratio of the two
eigenvalues. Once a suitable U has been found, the Wigner automorphism [U~!] o T’ should be one
of [id], [#].

As a first step, we show that there exists a Wigner automorphism 7Tj : CP! — CP! and unitary
Up € U(2) such that T' = [Up] o Tp and

(x) To([ej]) = [e;] for each j € {1,2}.
Indeed, pick normalized €] € T'([e1]) and €, € T'([ez]). Since
|{e1,€5)| = ([e]], [e3]) = (T([e1]), T([e2]))
= ([e1], [e2]) = [(e1,€2)| = 0,
e}, e, are orthogonal. Therefore, there exists a unique unitary map Uy € U(2) such that e; — €

and ey +» €. Consider Ty = [Uy '] o T, so that T = [Up] o Tp. As Ty is a composition of Wigner
automorphisms, it is a Wigner automorphism, and it satisfies (x).

(9)

Proposition 1.1. If T : CP' — CP! is a Wigner automorphism satisfying (), then, for any
c1,c2 € C not both zero,

T([c1e1 + cres]) = [c1eq + cae™es)] (10)
for some 0 = 0(c1,c2) € R. [
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Proof. We can assume without loss of generality that |c1|? + |c2|> = 1. Let e = c1eq + coeq, and
choose f = dje; + daey € T([e]), where dy,dy € C are chosen to satisfy |d|? + |d2|> = 1. For each

je{1,2},
d;| = [(£,e;)| = ([f],[e;]) = (T([e]), T([e;]))
= ([e], [e;]) = [(e, ;)| = [¢;]-

Thus, [f] = [c1e1 + cae?es] for some 6 € R. O

(11)

As a second step, we show that there exists a Wigner automorphism 7} : CP? — CP! and unitary
Uy € U(2) such that Ty = [Uy] o T1 and

(xx) Ti([er + e2]) = [e1 + e,
in addition to (), so that T1([e;]) = [e;] for each j € {1,2}. By Proposition 1.1, there exists some
f = (1,e") € Ty([ey + e]) for § € R. Let U € U(2) denote the unitary map

Ui =y | (12)

so that Uy : e1 — e; and Uy : e — e ey, Consider the Wigner automorphism 77 = [Ul_l] oTp.
This satisfies (x), T} : [e;] + [e;] for each j € {1,2}, and T} : [e1 + es] v [U; 'f] = [e1 + e2], so T
satisfies (%x).

Proposition 1.2. If T : CP! — CP! is a Wigner automorphism satisfying (x) and (xx), then, the
0(1,c) in Proposition 1.1 satisfy |1 +e?10¢| = |1+ ¢|, s0 e?0O¢ € {c, c¢*}. [

Proof. Letting C' = v/2(1 + |¢[?)1/2,

1+ ¢”c| = Cller + ea], [er + € ces]) = C(T([er + ea]), T([er + ces]))

_ C(jer + e, [e1 + cos]) = [1+ ¢l (13)

The reason this implies ec € {c,c*} is that, for any r, R > 0, every circle 1 +rS! = {1 + z €
C : |z| = r} centered around 1 intersects the circle RS' at no more than two points, which are
conjugates. ]

Finally, we check that

Ty € {idepr, [+]}. (14)
The key point is to check that which of the two possibilities e??(1:¢)¢ e {¢,c*} in Proposition 1.1
holds does not depend on ¢, with the possibility e'c = ¢ corresponding to T} = idgpr and the
possibility e?’c = ¢* corresponding to T} = [*]. In order to disambiguate the possibilities, consider
T ([e1 + iez2]). By the previous proposition, this is [e; + oies] for o € {—1,+1}.

e Suppose that o = 4+1. Then, for C as above,
|1 — ieiec| = C([e1 +ieq], [e1 + ewceg]) = C(T(le1 +ie2]), T([e1 + ceq])) (15)
= C([e1 + ieg], [e1 + cez]) = |1 —ic|.

But this implies that —iec € {—ic, (—ic)* = ic*}. That is, e’c € {c, —c*}. But Proposi-
tion 1.1 says that ¢ € {c, c*}. So,
e?cefc,cyn{c,—c*} = {c}. (16)

That is, €’ = 1.
To summarize, T1([e; + cez]) = [e1 + cea]. Also, Ti([e2]) = [e2], by (). Since every
element of CP! has one of these two forms, we conclude that T} = [id¢2] = idgp1.
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e On the other hand, suppose that o = —1. Then, for C as above,

11+ iec| = C([e1 — iea], [e1 + €ces]) = C(T([e1 + iea]), T([er + ces]))

= C([e1 +iey], [e1 + ceq]) = |1 —ic|. (a7)

But this implies that ie??c € {—ic, (—ic)* = ic*}. That is, ec € {—c, ¢*}. Combining with
Proposition 1.1,
elcefc,cyn{—cc} ={c}. (18)
That is, ¢ = ¢*.
To summarize, T ([e1 + cea]) = [e1 + c*ea] = [x]|(e1 + ce2). Also, Ti([e2]) = [e2] = []([e2]).
We conclude that T = [id¢2] = id¢pr.

To summarize, T' = [Up| o [U1] = [UpUi| or T = [Up] o [U1] o [*] = [UpUy%].

2. PROOF OF WIGNER’S THEOREM IN THE d > 3 CASE

Now consider the case d > 3, and fix normalized e € H. Let T': PH — PH denote some Wigner
isomorphism. Pick nonzero f € T'([e]).

Lemma 2.1. For any v € H independent of e, choosing nonzero w € T'([v]), T : Pspanc{e,v} —
Pspanc{f,w}. [ |

Proof. The fact that T preserves orthogonality means that
T : Pspanc{e,v} — ﬂ {lz] :z Ly forallyeT(x])}
xe{e,v}+\{0}
=P ﬂ {z:z Lyforally e T([x])}.
xe{e,v}+\{0}

The set Sx ={z:z Ly for all y € T([x])} is a subspace of H containing f, w and depending on x
only through Cx. The set

(19)

S= N S (20)
xe{e,v}+\{0}
is a subspace of H, containing f, w.

In fact, S = spang{f, w}. Otherwise, it would contain some y € H\{0} orthogonal to both of f, w;
because T is a bijection, y € T'([x]) for some x € H\{0}, and since the set-theoretic inverse T~ is a
Wigner automorphism, x is orthogonal to both of e,v. But y ¢ Sx, soy ¢ S. So, S = spanc{f, w}.

Equation (19) says that T' : Pspanc{e,v} — PS, and by the previous paragraph PS =
Pspanc{f, w}. O

Identifying Pspanc{e,v} and Pspanc{f,w} with CP!, T gives a family 7, of Wigner iso-
morphisms on CP!'. By the already proven d = 2 case of the theorem, there exists a unique or
anti-unitary unitary map

Uy : spanc{e, v} — spanc{f, w} (21)
such that
[Uv] = [T|Pspan(c{e,v}] (22)

and Uy = f. Define U : H — H by Uv = Uy, Vv for any vy € C3 such that v and e are linearly
independent and v € spanc{e,vo}. This is well-defined because Uy,, depends on vq only through
spanc{e, vo}, in the sense that if v; is a linear combination of e; and v( not proportional to e, then
Uy, =Uy,.

The following proposition says that U is either unitary or anti-unitary:
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Lemma 2.2. Suppose that L : H — H is a map of sets that, on every two-dimensional subspace V
containing e, the restriction

Ly :V =LV (23)
is either unitary or anti-unitary, and suppose that Lv € (Lw)*- whenever v € w'. Then L is either
unitary or anti-unitary. |

Proof. First note that either every L|y for V' a two-dimensional subspace containing e is unitary or
every L|y is anti-unitary. Indeed, the former holds if L|ce is linear, and the latter holds otherwise.

In order to prove the lemma, it suffices to consider the case where each L|y is unitary. This
is because, if each is instead, the map L o x5 : C — C satisfies the hypotheses of the lemma, and
L o xp|y is unitary for each V' as above. Indeed, x5 maps V anti-unitarily onto a two-dimensional
subspace *gV of H, and then L maps gV anti-unitarily onto L o *gV. If the conclusion of the
lemma holds for L o *, then it also holds for L. So, only the unitary case needs to be considered.

Another simplification is that it suffices to consider the case where L maps the elements of B
to themselves: L¢ = ¢ for all ¢ € B. Indeed, for general L, the images L¢; of the ¢; € B are
necessarily orthogonal, by assumption, and they must have norm 1 because, for each j, choosing a
two-dimensional subspace V' containing e = ¢ and ¢;,

1Ll = LIy sl = llpsll = 1, (24)

since L|y is unitary. We can therefore define a unitary map S which maps L¢; — ¢; for each j.
The map SL now fixes the ¢ € B and satisfies the same hypotheses as L. If SL is known to be
unitary then the same applies to L. So, it suffices to consider only the stated case.

Suppose that L fixes the elements of B. It follows that, for each j # 1, the maps

L’spanc{e@j} : Span({l{ev ¢]} — spanc{e, ¢]} (25)
are the identity maps on their domains. Given
dimH
vV = Z Uj¢j, (26)
j=1
since ([¢;], [v]) = ([Lo;], [Lv]) = ([¢;], [Lv]), we get |vj| = |(Lv);| for each j. So, there exists some
a;(v) € [0,2m) such that
dimH )
v — Z My, (27)
j=1
Let w; = v;¢; — vie. Then, w; L v, so Lw = w satisfies w L Lv. This means that the vector
formed by the first and jth entries of Lv is proportional to the vector formed by the same entries
of v. In other words, oy = oj mod 27Z. Thus, Lv = e'*v for some o = a(v) € R. Consequently,
L : spanc{e, v} — spanc{e, v}. We already knew this for v € B\{e}; we now know that it for all v.
So, L is a linear operator on spanc{e, v} for which every nonzero vector is an eigenvector. This
implies that
Lspanc{e,v} - ewé(V)idspanc{ew}' (28)
Since Le = e, it must be the case that a = 0. So, Lv = v, as desired. O

3. UNITARITY VS. ANTI-UNITARITY

One elegant way of determining whether a Wigner isomorphism 7" € Iso(P#) lifts to a unitary or
to an anti-unitary map is to use the following:

Lemma 3.1. Let S = {¢p € H : ||¢|| = 1}. Let A : S — {z € C : |z| < 1} be defined by
A(lel, (9], [¥]) = (p, &) (&, ) (1, p). This is well-defined, and, if dim H > 2, then the image of A is
not a subset of the real line. |
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Proof. Well-definedness is an immediate consequence of the sesquilinearity of the inner product. In
order to prove the surjectivity clause, it suffices to prove it in the case H = C2. Then, let e1, ey
denote the standard basis vectors, and compute

A(leq], [aer + €@(1 — |a*)Y2eq], [ber + e (1 — b)Y 2eq])
— ab*(a’b+ @A) (1 — [a2)/2(1 — b)) (29)
for a,b € C with |a|, || <1 and «, 8 € R. Evidently, if |al, |b| € (0,1), then this can be real only for
one value of «, 8 modulo nZ, so A is not always real. ]

If L :H — H is unitary or anti-unitary, then, for any ¢, ¢, € S,

Allgls [¢]; [¥]) - (L unitary),
A(le] ¢ [¥])* (L anti-unitary).

Note that A, A* are distinct functions, because they are not real-valued. So, L is unitary if
Ao [L] = A, and anti-unitary otherwise.

Ao [L([¢l, (9], [4]) = A([Lel, [Le), [LY]) = { (30)

4. UNIQUENESS
Frequently, a uniqueness clause is included in Wigner’s theorem.

Lemma 4.1. If d > 2, and if L,Q : H — H are either linear or anti-linear injective maps such
that [L] = [Q)], then either L,Q are both linear or they are both anti-linear. [

Proof. Suppose, to the contrary, that L is linear and @ anti-linear. Let ¢,v € H be linearly
independent. From [L]([¢]) = [Q]([¢]) and [L]([¢]) = [Q]([¥]), it follows that there exist A\, u € C*
such that Lo = AQ¢ and Ly = uQ.

The requirement that [L]([¢+1]) = [Q]([¢+]) says that L(¢+v) € C*Q(o+v) = C*(Qop+Q).
But,

L(¢+¢) = Lo+ Ly = A\Q¢ + pQy. (31)

Because Q¢, Qv are linearly independent — since @) is injective — the only way for A\Q¢ + pQy to
be a multiple of Q¢ + Qv is if p = A.

The requirement that [L]([¢ + i1]) = [Q]([¢ + it)]) says that

L(¢ + i) € C*Q(¢ + i) = C*(Qo — iQy). (32)

Because L is linear, L(¢ + i) = Lo+ iLy) = AM(Q¢ +iQv). But, since A is nonzero, \(Q¢ +iQv) ¢
C*(Q¢ — iQv), contrading eq. (32). Having reached a contradiction, the assumption that L be
linear and @) anti-linear is untenable. ([l

As a corollary:

Proposition 4.2. If d > 2, and if L, Q : H — H are either linear or anti-linear injective maps such
that [L] = [Q], then L = \Q for some A € C*. [

Proof. By the previous lemma, either L, Q) are both linear or both anti-linear. Fix nonzero ¢ € H.
From [L]([¢]) = [Q]([#]), it follows that L¢ = AQ¢ for some A € C*. If o) € H is linearly independent
of ¢, then, as part of the proof of the previous lemma, it was shown that Ly = AQ.

Given ¢ € H, write

o =pp+1 (33)

for p € C and 1 which is either 0 or independent of ¢; then, if L is linear, Ly = pL¢ + Ly =
MpQé + Qu) = AQy, o, if L is anti-linear, Ly = p*Lé + Ltb = A(p* Qo + Qu) = AQe.

So, regardless of whether the map L is linear or anti-linear, Ly = AQy, and therefore, since ¢
was arbitrary, L = AQ. O
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So, given a Wigner isomorphism T : PH — P#H, while the unitary or anti-unitary operator
U € U(H) whose existence is guaranteed by Wigner’s theorem is not unique, every other unitary or
anti-unitary lift of T has the form e'*U for some « € R.
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