THE SINGULARITIES OF SELBERG- AND DOTSENKO-FATEEV-LIKE
INTEGRALS

ETHAN SUSSMAN

ABSTRACT. We discuss the meromorphic continuation of certain hypergeometric integrals modeled
on the Selberg integral, including the 3-point and 4-point functions of BPZ’s minimal models of
2D CFT as described by Felder & Silvotti and Dotsenko & Fateev (the “Coulomb gas formalism”).
This is accomplished via a geometric analysis of the singularities of the integrands. In the case
that the integrand is symmetric (as in the Selberg integral itself) or, more generally, what we call
“DF-symmetric,” we show that a number of apparent singularities are removable, as required for the
construction of the minimal models via these methods.
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1. INTRODUCTION
Let

Ay ={(z1,...,an) €10,V s 2y < - <2y} (1.1)

denote the standard N-simplex, which we consider as a subset of CV. We study in this note
Selberg-like integrals, by which we mean definite integrals of the form

N
Sn[F)|(e, B,7) :/ F(a;l,...,mN)Hx?j(l—xj)ﬂj H (z, — )k doy -+ - day,  (1.2)
AN j=1 1<j<k<N

for N € N, F e C®(Ay), and o = {a;}}L}, 8 = {8321, 7 = {vjx = Wwjhi<j<ren C C such
that the integrand above is absolutely integrable on A . Integrals of this form are relevant to an
array of topics in mathematical physics [F'W08]. However, it is often necessary to consider exponents
a, 3,~ for which the integral above is not absolutely convergent, in which case a meromorphic
extension needs to be performed. In some applications, only the behavior of this extension at generic
exponents is required. In others, such as the application — discussed below — to the construction
of the minimal models of 2D CFT, it is necessary to consider particular values, e.g. vj; = —1.
Unfortunately, for these particular values, previous work on the subject is not sufficient.
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We will identify indexed collections of complex numbers (and tuples thereof) with column vectors.
For example, we identify v with an element of CN(N=1/2 and

(o, B,7) € CN x CN x cNW-1)/2 (1.3)
with an element of C2N+N(N=1)/2 " GQimjlar identifications will be made throughout the rest of the

paper without further comment. Let

N

Qy = {(a,ﬁ,’y) € C2N+N(N-1)/2. H :c?j(l — xj)ﬁf H (xp — arj)%“v’“ € Ll(AN)} (1.4)
j=1 1<j<k<N

denote the (open, nonempty) subset of C2N+N(N=1)/2 consisting of the (a, 3,7) € C2NTNWNV-1)/2
for which the integrand in eq. (1.2) is absolutely integrable on Ay. We begin with Sy [F] defined
as a function Sy[F]: Qn — C. It can be checked — see §2 — that, letting

J
aj,*(aaﬂvv) = Z Qg +2 Z Vio.k>

jo=1 jo,ke{1,....N}
1<jo<k<j
N (1.5)
Bj,*(aaﬂvv) = Z ﬁjo +2 Z Yo,k
jo=N—j+1 jo,k‘E{l,...,N}
N—j+1<jo<k<N
for each j € {1,..., N}, and letting
’Yj,k,*(aaﬁ77) =2 Z 7j0,k0 (16)
jo,koE{l,...,N}
J<jo<ko<k
for each pair of 5,k € {1,..., N} with j < k,
N N
v =[N {Reye > - 0[N RG > = 0| N Pww>-G=5)}. (17
Jj=1 Jj=1 1<j<k<N

So, Q0 is nonempty, open, and convex (in particular, connected) and contains all («,3,7) €
C2N+N(N=1)/2 gych that the real parts of the components of o, 8, are sufficiently large.
To simplify the formula above, let vy 1+« = o« and Ynyi11-j N1, = Bj«. Then

Oy = N {(e.B,7) € CNTNED2 Ry ko> —(k =)} (1.8)
0<j<k<N+1

Our first goal is to prove that Sy[F] can be analytically continued to a subset

Qy C C2NHN(N-1)/2 (1.9)

having full measure in C2N+N(N=1)/2,

In order to describe precisely the structure of the singularity at C2N+N(N=1)/ 2\Q N, we introduce
some terminology. Let T(IN) denote the collection of maximal families I of consecutive subsets
Z CA{0,...,N + 1} such that

e 2<|Z|<N+1lforallZeTIand

o if 7,7 € 1 satisfy ZNZ' # &, then either ZC 7' or 7' C 7.
“T” stands either for “tree” in “full binary trees” or “Tamari” in Tamari lattice [Tam62][Gey94], and
the elements of T(/V) can be thought of as specifying the valid ways of adding a maximal number of
nonredundant parentheses to a string of N + 2 identical characters. There are #T(N) = Cn41 such
ways, where Cy1 is the (N + 1)st Catalan number. To each Z € I, we associate the facet

fr={(z1,...,2n) € AN 1z =x for all j,k € T} (1.10)



THE SINGULARITIES OF SELBERG- AND DOTSENKO-FATEEV-LIKE INTEGRALS 3

of Ay, where g = 0 and 41 = 1. Let oz € N denote the order of vanishing of F' at fz. (So,
or = 0 unless F' is vanishing identically at fr.)

C2N+N(N-1)/2

Theorem 1.1. There exist entire functions Syyeg1[F] : — C associated to the

I € T(N) such that
SN[ Z SNreg, a, 3, '7 HF 0I+’I|_1+’7m1n1maxl'*) (1'11)

IET(N Zel
for all (e, B,7) € Q. [ |

Here, I' : C\{—n : n € N} — C is the Gamma function. As a consequence of the theorem, there
exists an entire function Spy.peg[F] : C2NTNWV=1/2 5 C such that

SNIF)(@, B,7) = SnieglFl(e, B,y) I Tk =5 +7p) (1.12)

0<j<k<N+1
for all (o, B,7) € Qn.

Corollary 1.1.1. The function Sy[F] : Qx — C admits an analytic continuation Sy[F]: Qn — C
to the domain

QO = Cagy ™" \[(U{% ez<-) u(Ue,. ez
j=1

U( U (s €25 607503)], (113)

1<j<k<N
where Z=" = {m € Z : m < n} and &§; = §;[F] = 00,5} 05 = b[F] = oqny_ji1,..Ny1}, and
dj7k - d]7k[F] = 0{j7"'7k}. .D

The set Qn contains all elements of CZVTNW=1/2 1ying outside of a locally finite arrangement
of affine hyperplanes.

Consider F € Clz1,...,znN]. Letting [Flg, . 4, denote the coefficient of :r‘lh .- ~:U§lVN in I, and
letting refl : (z1,...,2n) — (1 —21,...,1 —xN), we have
6;[F] = min{dy + - +dj : [Fla,,...d;.djs1,..dy 7 0 for some djy1,...,dy € N}, (1.14)
6;[F] = min{dy + - +dny1—j : [Foreflla, dy_;dyirjdy 7 0 for some dy, ..., dy_; € N}.
(1.15)

Ezxample. The simplest case is when N = 1 and F' = 1 identically, when the integral is given by

1 M1+ a)l(1+5)
Si(a,B,7)=Bla+1,8+1 :/xal—xﬁdx: ,
(0.8.9) = Bla+15+1) = [ 2°(1-a) N
defined initially for Ra, RS > —1 via the definite integral and then extended meromorphically via
the formula on the right-hand side above (or via another method). This is Euler’s S-function. One
method of meromorphic continuation involves the Pochhammer contour (a.k.a. Pochhammer double
loop)

(1.16)

b~ ta"tba € m (C\{0,1}), (1.17)

where a, b are the generators of m1(C\{0, 1}) corresponding to one (say, counterclockwise) circuit
around each of 0,1 respectively.

Then, b~*a~'ba can be lifted to a closed contour p in the cover M of C\{0,1} corresponding to
the commutator subgroup of m1(C\{0,1}). Then, choosing the basepoint of p appropriately,

1 1
Blo+ 18+ 1) = {— g e | 70— 0) (1.18)
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FIGURE 1. The Pochhammer contour in C\{0,1}, up to homotopy.

where we are now considering (1 — )% as an analytic function on M. The theorem above tells us
that there exist entire Sy, s (ee)er S1;reg,e(ee) SUCh that

B(a +1,5+ 1) = F(l + a)Sl;reg,(")O(O‘v /8) + F(l + B)Sl;reg,O(n) (047 6) (1'19)
This splitting is not so obvious from the formula B(a+1,8+1) =T(1+a)I'(1+8)/T(2+a+5). A
Example. Now consider the case when N = 2 and F' = 1. It can be computed that the Selberg-like

integral is then
Sy(ct, B,y) = L1+ a)D(1+ B2)T(2+ 2v10 + o1 + a2)T(1 + 271 9)
2T F2+a1+27112) LB+ a1 +az+ B2+ 2712)
where a = (a1,a2,a3) = (1 + a1, —51,2 4+ 2712 + a1 + a2) and b = (b1, b2) = (2+ a1 +2712,3 +
a1 + ag + B2 + 271,2), where ,F, denotes the generalized hypergeometric function. For N = 2, the
theorem above reads

3F2(CL, ba]-)v (120)

Sa(e, B,7) = T(1 4+ a1)l'(2 + a1 + a2 + 271,2) Sareg, ((e0)0)e (X, B5¥)+
L1+ 1)1+ B2)S2;reg,(e0)(00) (¥, B, 7) + (1 + 2)T (2 + B1 + B2 + 271,2) S2:reg 0 (o (00)) (X B, Y)
+ (14 2712)0(2 + B1 + B2 + 271,2) Soreg,o((e0)e) (X, B, 7)
+T(1+2712)0(2 4 a1 + az + 271,2) Soveg (s(es))e (@, B, 77),  (1.21)

but once again this splitting is not so obvious from the exact formula eq. (1.20). This example is
explored more in the appendix. [

The proof below is lower-brow than the twisted homological constructions of [KKT86a, §5][IKT&6b],
Aomoto [Aom8&7], and others [TV03][War09], as it is based on the method described in [Var95, Chp.
10]. This involves the geometric analysis of the singularities of the Selberg(-like) integrand. The key
observation is that if the N-simplex is blown up to the N-dimensional associahedron [Sta63][MSS02,
§1.6][Pos09] (see Figure 2, Figure 6), then the Selberg integrand — which is not polyhomogeneous
on Ay — becomes one-step polyhomogeneous (a.k.a “classical”) on the resolution. See §2 for details.
This observation appears, in an essentially equivalent form (albeit with different terminology),
already in [K'T86a|[KKT86H][MY03], though the term “associahedron” does not appear there. Closely
related observations have appeared in the physics literature [Miz 1 7][CKW I8][CMT19][Miz20].

The application of polyhomogeneity to the proof of the theorem above is given in §3. The
classicality of the lift of the Selberg integrand on the associahedron allows us to reduce the problem
to what is essentially a product of one-dimensional cases. The faces of the associahedron are in
bijective correspondence with the quantities defined in eq. (1.5), eq. (1.6). The correspondence is
depicted in Figure 2 in the case N = 3. The quantities «; «, 8 «, 7k« are the orders of the Selberg
integrand at the corresponding faces. Each I € T(/V) is associated with a minimal facet of the
associahedron, and the Z € I are associated with the faces containing that facet. Thus, we have a
geometric interpretation of each of the terms in eq. (1.11).

The theorem cannot be sharpened while maintaining generality. Indeed, the proof of the theorem
shows that if F' > 0 everywhere in Ay (including the boundary), then

SniegF] (e, B,7) # 0 (1.22)
for any (a, 8,7) € REVENIN=1/2 for which both of
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a1+ o+ 2712,

‘ 2723
2712 +271,3 + 2723

F1GURE 2. The 3-dimensional associahedron, with its faces labeled by the associated
functions in eq. (1.5), eq. (1.6). The Cy = 14 vertices are in correspondence with the
14 elements T(3).

o ;. € Z5~7J) for precisely one pair of j,k € {0,..., N + 1} with j < k,
® Yk > —(k —j) for all other j,k

hold, as for such (e, B,~) the quantity Sy.req[F](cx, B,7) is proportional to a convergent integral of a
positive integrand over the corresponding face of the associahedron. Consequently, Sy[F]: Qy — C
cannot be analytically continued to the complement of any strictly smaller collection of hyperplanes
than that in eq. (1.13).

However, for the desired application, we do not need full generality. Of special importance is the
case when a, 3, are each “constant,” meaning that, for some «, 5,7 € C,

e a=caand B =pf forallie {1,...,N}, and
o vir=nforall jke{l,..., N} with j <kF.

In this case, we simply write

N
SN[F](e, 8,7) :/ F(a:l,...,:zc]\/)1—[1’]0/(1—3:]-)ﬁ H (z —2j)?Vday - doy.  (1.23)
AN j=1 1<j<k<N

We now consider F € Clzy,...,zN]|%V, i.e. symmetric polynomial F. This case includes, of course,
Selberg’s original example, in which F' = 1, as well as the 3-point coefficients of the (1,s)- and
(r,1)-primary fields and their descendants in the BPZ minimal models. It also includes certain
Selberg-like integrals considered by Aomoto [Aom&7], Kadell [Kad97; Kad93], and others [Alb+11].
The computation of such integrals is listed as an open problem in [K'T86a].

Below, we will introduce a more general notion of “DF-symmetric” Selberg-like integrals, this
including the other 3-point coefficients. For the purposes of an introductory discussion we focus on
the — already interesting — symmetric case.

The integral eq. (1.23) is defined initially on the subset Un[F] C (Ci} 5. 8iven by

UN[F) = {(@:6,7) € €+ Rj(a+(j — 1)7) > —1 = §;[F] and

1
Ri(B+ (j — 1)) > —1 — 6;[F] for all j € {1,..., N}, and Ry > —ﬁ}, (1.24)

which contains
Uy = Unl1] = {(a, 8,7) € C*: min{Ra, RB} + min{0, (N — 1)} > ~1 and Ry > —L}.

N -1
(1.25)
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An immediate corollary of the theorem above is that the function Sy[F] : Uy[F] — C defined by
eq. (1.23) admits an analytic continuation Sy[F](e, 3,7) : Un[F] — C to the domain Uyx[F] 2 Uy|[F]
given by

N
UnlF] = am\[(U{J at (G- vy ez ) u (UGE+ G - vy e25797%))
U (Nol{j(j +1)y € Z7})]. (1.26)

j=1

Example. Consider F' = 1, i.e. the Selberg integral. In this case, Selberg proved in [Sel44] that
Sn(a, B,7) = Sy[1](«, B,7) is given by

D(1+a+ (G — VYD + 6+ (G — VYL +57) .
(. 8,7) = H — (1.27)

"N F2+a+B+(N+j—2)y)T{1+7)
See [F'WO08] for a review of the history of this result. [

The example of the Selberg integral suggests that, in the symmetric case, eq. (1.26) is not the
maximal domain of analyticity. Set

deg,[F] = max{dy +--- +d; : [Fla, ..d;d;,,..dy 7 0 for some djy1,...,dy € N}. (1.28)
(Since F' is symmetric, deg;[F'] = deg;[F o refl].) Then:

Theorem 1.2. For any F € C[zy,...,2N|%V, there exists an entire function Sy.geg[F] : C3 5, — C

a,Byy
such that

T+ +at (G- DNTA+8+ B+ (G — DT+ 4v)
SwlFl(e. f.7) = [H ]F(2+cij+a+6+(Nij—2)7)F(1+y) }

X SN;Reg[F](O‘vaV) (1'29)

for all (e, B,7) € Un, where 5]' = Ufléj[Fﬂ, ?_)j = Ufléj[Fﬂ, and Jj =[(N—-j+1)! degj[FH
for each j € {1,...,N}. |

j=1

Thus, Sx[F](a, 3,7) admits an analytic continuation Sy[F](e, B,7) : Ux[F] — C to the domain
Un[F] 2 Un|F] defined by

On[F] = C 5.\ [( @{a +3;+ (- )y € Z51})U

N Nl (1.30)
(UB+8+G-vez=)u( ULG+1rezs v ¢2})].
j=1 Jj=1

Observe that eq. (1.30) allows v = —1.

In the case of the original Selberg integral, Theorem 1.2 describes precisely the singularities
and zeroes of the meromorphic continuation of the original integral, and Sny.rReg = SN;Reg[1] is just
constant. The functions Sy[F| and So,req[F] are explored in §A.

The proof of the theorem above consists of three steps:

(1) The first step is the removal of the fictitious singularities of Sy[F](c, 3,7) only in 7 (as
required e.g. in the Coulomb gas formalism with both kinds of screening charges).
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The basic idea is to employ the relation — which can be found in a heuristic form in
[DF85a, Ap. A] — between the symmetrization of Sy[F](a, 3,7) and the “DF-like” integral

N
InFle gy = [ (1570 -2)]
X [ H (w1 — xj+ io)m”“}Fdxl - dzy, (1.31)
1<j<k<N

where Oy = [0, 1]. We can analytically continue I [F] via an argument similar to that
used to prove Theorem 1.1. Unlike that of Sy [F](e, 3,7y), this extension has no singularities
associated with hyperplanes of constant . The true singularities of the extension of
Sn[F)(a, B,7) associated with hyperplanes of constant v show up in the relation with the
extension of IN[F](«, 5,7).

(2) The second step removes the other unwanted singularities away from the loci of two or
more unwanted singularities, via some identities proven via Aomoto [Aom&7] in the FF =1
case (and [DI'85a, Ap. A], at a physicist’s level of rigor). The use of these identities for
computing the original Selberg integral is sketched in [F'WO08]. It seems there cannot be a
similar computation of Sy[F] in the deg F' > 1 case, so a statement about the singularities
is the best we can do.

The simplex Ay C RV can be thought of as a subset of

(C\{0, 1) = (CP\{0,1,00})" (1.32)

via the embedding R < C — CP!, and the rough idea of this step of the proof is to relate
the integrals above to the result of replacing Ay with L¥V Ay for L one of the six linear
fractional transformations preserving CP!\{0,1,00}. Only three of these are essentially
different, and one of these three is just the identity and therefore uninteresting. The other
two integrals each have meromorphic extensions with different manifest singularities. Using
Proposition 4.2, these functions can be related to each other, and this can be used to
remove most of the apparent singularities that are not present in all three functions. Some
singularities are present in the relations between the integrals, and these cannot be removed.

(3) The third step is the application of Hartog’s theorem to remove the remaining removable
singularities, which now lie on a codimension two subvariety of C3.

This argument is carried out in §4.1. The version more relevant to [DF85a] (with the additional
steps needed) is in §4.2.

We call In[F]| a “DF-like” integral because similar integrals appear, albeit at a somewhat formal
level, in [DF85a]. A similar construction appears in [Fel89].

Let XT(N) denote the collection of maximal collections I of pairs (zg,S) of zo € {0,1} and
nonempty subsets S C {1,..., N} such that, given (¢, S), (xg, Q) € I, either S C Q or Q@ C S.

2N+N(N-1)/2

.8,y — C associated to the

Theorem 1.3. There exist entire functions Inyeg1[F] : C
I € XT(N) such that

InfFle By = > [ TI t(s1+X8+2 3 )]
IEXT(N) (1,5)€el jes J.kES,j<k

<[ TT v(Is1+ > a5+2 > %) | Invwena[Fl(e, B,7)  (1.33)

(0,5)e1 jeSs k€S, j<k

for all (o, B,7) for which the left-hand side is a well-defined integral. |
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In particular, Ix[F](c, 8,7) admits an analytic extension Iy [F](c, 3,7) to an open, dense set

= @YV fageezs ) U (8. ez5 )] (30
SC{1,...N} SC{1,...N}

1.1. Some comments on the Coulomb gas formalism. Here, we discuss a particular application
to the Coulomb gas formalism (a.k.a. “free field realization,” “Feigin—Fuchs representation,” etcetera)
of 2D CFT [DE84|[DE85a][DESSH][FS89][PMI7, Chp. 9][F'WO08]. This approach of Dotsenko-Fateev
to the construction of the “minimal models” of Belavin—Polyakov—Zamolodchikov (BPZ) [BPZ&4]
has been the subject of substantial interest, but it appears that it has not yet been placed on
entirely rigorous mathematical footing. The construction in [F'S89][F'592] of the 3-point coefficients
of the (1,s)- and (r, 1)-primary fields and their descendants in the minimal models is satisfactorily
rigorous, but it has remained an open problem to handle the rest of the primary fields at a similarly
satisfactory degree of rigor. From our perspective, the issue is an insufficient treatment of the
meromorphic continuation of Selberg-like integrals, which are instead treated somewhat formally in
the original works.

The issue is that Dotsenko & Fateev (DF) take some of the v’s to be —1 — see e.g. [DF'85a,
Appendix A][F'S92, p. 27][FW08, §2] — and then the integrand above is, say for F' = 1, no longer
integrable over the integral’s domain. As a consequence, the integrals in [DF85a, Appendix A] are
formal. Dotsenko & Fateev suggest making sense of them via meromorphic continuation in the
exponents of the integrand, but they do not prove that a suitable meromorphic continuation exists,
nor do they discuss the singularities of the extension in sufficient detail to justify their manipulations.
Here, we have constructed a suitable extension and analyzed its singularities in detail.

The reason why it is necessary to take some of the v’s to be —1 is that, for fixed central charge,
there are two sorts of vertex operators V,, used in screening operators. Both are necessary to
produce all solutions of the BPZ equations. The relevant vertex operators are those of conformal
weights hy = 1. If the central charge is ¢, the two screening charges have conformal weights given
in terms of a4 by

hi = a4 — 2a1ay, (1.35)

according to the conventions in [PM97, §9.2.1], where ¢ = 1 — 2402, so, by Vieta, a_ay = —1.
The correlation functions involving these screening charges are Dotsenko—Fateev integrals with
Yjk = a—oy = —1, as follows from the commutation properties of vertex operators. See [PM97, §9]
for further exposition.

A construction of Kanie-Tsuchiya [[XT86a][IX'T86b], rediscovered by Mimachi—Yoshida [MY04;
MY03][Yos03], yields the existence of some meromorphic continuation defined for almost all values of
the exponents. This extension is not quite sufficient for our purposes: it has removable singularities
that, while removable, are nontrivial to actually prove removable. In particular, the Kanie-Tsuchiya
construction has an apparent isolated singularity at v = —1 (see [[K'T86b, §5, above Thm. 5]), along
with at a few other problematic affine hyperplanes in the space of possible parameters. One of
the advantageous features of the meromorphic continuation here is that it lacks these problematic
apparent singularities and therefore applies to the cases considered in the physics literature.

Most of the rigorous work on the analysis of integrals of Dotsenko—Fateev type — see e.g.
[FEI5a][FK15D][FK15¢][FKI5d][LV19] for some recent work — focuses on screened multipoint
correlation functions with at most one screening charge screening per insertion point. Such integrals
are related to the N = 1 case of Sy(a,3,7). Not much has been done about the N > 1 case.
Moreover, while a fair amount of work has gone into the study of general hypergeometric integrals
associated to hyperplane arrangements — the literature on this topic is large, so we just cite
[Var95][AK11] — it does not seem possible to deduce the specific, concrete results below from results
in the current literature.
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Note that Qy = Qn/[1], as defined in eq. (1.13), does not contain (c, B,7) with v; = —1 for
|7 — k| = 1, so Theorem 1.1 is insufficient for the construction of the BPZ minimal models. This is
one of the motivations for proving the sharper theorems above.

The I'(2 +dj + o + B+ (N + j — 2)7) term in the denominator of eq. (1.29) implies that
SN[F](a, B,7) = 0 for all

(o, B,7) e Un[FIN{a+ B+ (N+j—2)y e 75724 for some j € {1,...,N}}. (1.36)

When constructing the 3-point coefficients of the BPZ minimal models, this is one mechanism
preventing the fusion of (0, s)-primary fields (which are not included in the model) with the primary
fields that are included. In BPZ’s terminology, this is the truncation of the operator algebras, as
originally argued for on the basis of the constraint of OPE associativity — see [BPZ84, §6][PMI7,
Chp. 7.3.2].

For the full application to [DF&4; DE85a], we use the following notion of “DF-symmetric”
polynomials. Given A € C and S C {1,...,N}, let DFSym(N,S,\) denote the set of F €
(C[:L’l,:(}l_l, . ,:L'N,x;,l] such that:

e given any o € Gy such that ¢ : S — S, i.e. in the Young subgroup associated to S,
F=Foo (1.37)

where we are identifying o with the map CV 3 {z;}]*, — {z,;}L, € CV, and
e forany j € Sand k€ {1,..., N}\S,
0 0
A(ax] F) Tj=T N 8$k (F
In particular, DFSym(N,{1,..., N}, \) = C[zy, xl_l, ..., TN, x]}l]GN, 0 in this sense DF-symmetry
is a generalization of ordinary symmetry. Our disallowal of Laurent polynomials F' in the symmetric
case was without loss of generality, as, were F' Laurent, we could shuffle factors of 1 - - - x ;v between
the polynomial and the rest of the Selberg integrand. However, it is useful here to allow general
Laurent polynomials.

For each A and S, DFSym(N,S,\) is a (unital) C-subalgebra of (C[xl,ml_l ... ,acN,x]—Vl]. It is

nontrivial. If S is a proper subset of {1,..., N}, then

A wi+Ae )., € DFSym(N, 8, \),

-1 PP
)G(C[:cl,xl N T T

L] (1.38)

Tj=Tp

ies k(L. N]\S
1 1 (1.39)
A > —+X >, — €DFSym(N,8,)\)
— Xj Tk

is a nonzero member for A, defined by A= (A_ + A} ) = A, so DFSym(N, S, \) contains polynomials
of all degrees.
The key method of constructing DF-symmetric Laurent polynomials is the following:

Example. For any M € Nt and matrix-valued polynomials ¢, € aCM*M [x] such that the
coefficients of ¢ are strictly upper-triangular, the coefficients of ¢ are strictly lower-triangular.
Suppose that the A’s all commute with each other and that the B’s all commute with each other.
(We do not assume that the A’s commute with the B’s.) Then, the matrix elements of

e (AP o)+ a Y da))en (A Yol th Y () (140)
j€s ke{l,..,N}\s jEs ke{l,..,N}\s

lie in DFSym(N, S, \), where A = )\:1()\, + A4). The vertex operators which Dotsenko and Fateev

integrate to define the minimal model 3-point coefficients have this form up to some scalar factors

which are part of the Selberg integrand. In this example, the coefficients of ¢ are annihilation

operations on some Fock space, and the coefficients of 1 are creation operators, with all operators
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truncated to some finite dimensional subspace of the Fock space. That the creation operators in
eq. (1.40) are all to the left of the annihilation operators is normal ordering.
See [DF84][KT86b][KT86a][Fel89][PM97, Chp. 9]. |

For aset SC {1,...,N} and oz, B+, v+, € C, let aPF0S, @P¥0S ¢ CN be given by

Q4 (] € S)v
Y e (g9
- . ’ (1.41)
/B _ {/BJr (] S S)v
7B (G ¢9),
and let yPF08 ¢ CN(N=1)/2 pe given by
Y+ (j7 ke S)a
Yik=47% (j€8S,k¢S or vice versa), (1.42)
Y- (G kES).

Let
WS [F] = {(as g, B, Bey 71— 70:74) € C7 2 (aPF08, gPFOS yPFOS) e Uy [P}, (1.43)
where VN[F] is defined by eq. (1.34). Define, for (a_, a4, S, B+,v—,70,7+) € W]]\?FO’S[F],
f]]\D,FO’S[F](oz_,a+,ﬁ_,ﬂ+,7_,vo,7+) — [y[F](aPF0S, gPFOS ,DFOS) (1.44)
Now let WJI\?F’S[F] denote the set of (o, 31,v+) € C3 such that v, # 0 and, setting
=75 e =—yoay, Bo=-—vf (1.45)

— cf. [DF85a, eq. A.2] — it is the case that (a—, a4, 8-, B+,7—,—1,74) € W]]\?FO’S[F]. This is an
open and dense subset of C3. Let

j]]\)/F’S[F](aJmBJrWH = jBFO’S[F](—%:lOwa o =YL By B v — 1,74 (1.46)
for (ay, By, v4) € Wy S[F]. Set Ny =8| and N_ = N — N.
Theorem 1.4. Fiz vy; € C\{0,1} and S C {1,...,N}. Suppose that
F € DFSym(N, S,v: (1 — v4)). (1.47)

Then, there exists an entire function I]]\D,,Fﬁseg [Fl(oy, B+yv4) Ca+ 5, — C such that

DFS sin(m(ax + B+ + (Nx 4 j — 2)y+))
IN N Be7) = [llﬂlsm oz +G = Do) sin(r P+ G = 7))

X IJI\)]FI;LSeg[F] (O“rv 6+7’7+) (148)
when a_, f_,v— are related to at,Bi, v+ by eq. (1.45) and the left-hand side is well-defined. W

If desired, it is possible to replace the sines with I'-functions with appropriate integral shifts.
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Ezample. When F = 1, Dotsenko and Fateev claim in [DF85a, Eqgs. A.8, A.35]1 that the integral
above is given by

Ny . . .
. - il L (v sin(mjvya)
DF,S 2N_ Ny im(j—1)ye L JTE I+
IS, By ye) o AN g e T einlrrn) ]
N . o N . .
X [ﬁ o—in(i—Dyr LU7E = N2 SIH(WJ%F)} [ ﬁ M4 oe+(G—Dy)l0+ B+ — 1)’&)]
o ['(ys) sin(mys) i PR =2Ng+ s+ e+ (N — 2+ 5)72)
N . .
ﬁ P(l+ag+(G— Dy - No)PA+ B + (G — Dz — Nﬂ:)} (1.49)
i ['(2 =Nt + oz + 0+ (N —2+j)75)
for each choice of sign. [ |

2. ASSOCIAHEDRA

We use the term ‘mwc’ to mean manifold-with-corners in the sense of Melrose — e.g. [Mel][HMM97],
these possessing C*°-structure. Roughly, a mwc is locally diffeomorphic to an open neighborhood
of [0,00)", and there is an additional requirement that boundary hypersurfaces be embedded.
In this section, we define the mwcs that will be used to resolve the singularities of Selberg- and
Dotsenko—Fateev-like integrands:

e in §2.1, we define the associahedra Ky, ,, used to meromorphically continue the Selberg-like
integrals, and
e in §2.2 we define the mwes Ay, ,, used to meromorphically continue the DF-like integrals.

Since Ko no is the usual N-dimensional associahedra, we refer to the mwcs defined below as
associahedra as well, hence the title of this section. If M is a mwc, we use F(M) to denote the set
of faces of M, where by faces we mean only the boundary hypersurfaces. We use “facet” to refer to
the higher codimension boundary components.

It is worth comparing Melrose’s notion of mwc to that of polyhedron. A mwc is locally a
polyhedron, but the converse is not true, as the basic requirement of M being locally diffeomorphic
to a relatively open neighborhood of [0, 00)" means that every facet f C M is the intersection of
at most N faces. While the (closed) ball, tetrahedron, cube, and dodecahedron are all mwcs, the
octahedron and icosahedron are not. It is necessary for the argument in §3 that the associahedra
Apmn and Ky, are not just polyhedra, but rather mwcs. The reason is that, since [0, oo)N is a
product of half-closed intervals, any mwc is locally diffeomorphic to a product of open or half-closed
intervals. This product structure is exploited in §3. In contrast, the octahedron is not, in any
reasonable sense, a product of one-dimensional manifolds-with-boundary near its vertices.

To summarize, the notion of “mwc” used here plays a similar role in our analysis to that of
“polyhedra in general position” in [Var95, §10.7], but the notions are not equivalent. For the purposes
of this paper, we find it more natural (and technically simpler, as it avoids the need for polyhedral
realizations) to use the language of mwecs.

We keep track of the full C*°-structure of these mwcs below. Were it required, we could keep
track of C¥- (i.e. real analytic) structure, but since this would require going somewhat beyond the
existent literature on mwcs, and since this level of precision is not needed for the rest of the paper,
we will restrict ourselves to the smooth category.

If f is a facet of M, then the blowup [M;{] is a mwc, and the blowdown map

bd : [M;f] - M (2.1)

IThere seem to be a couple typos in [DF85a, Eq. A.35]. Equation (1.49) has these fixed. The first few cases of
eq. (1.49) have been numerically checked, so as to verify that the fixes are correct.
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is smooth. For convenience, we can identify the interior [M;f]° with M°. (If F is a codimension < 1
facet of M, then we can identify [M;F] with M itself.) Naturally, if f has codimension > 2, then

F([M;f]) ={[F;fNF]:F e F(M)}uU{ft}, (2.2)

where ff = bd™1(f) is the front face of the blowup. Then, given boundary-defining-functions (bdfs)
zp € C%°(M;RY) of the faces F € F(M), we can choose bdfs xp.¢p, g of the faces of [M;f] such
that, for each F € F(M),

. C
opobd — | PFOPITE (fC F),' (2.3)
Tyt (otherwise).

(We identify polyhomogeneous — in particular, smooth — functions on [M;f] with their restrictions
to the interior, so, going forwards, we can drop the “obd.”) Specifically, in addition to defining
rpsnr) = or if f € F, we can take

Trg = Z IR, (24)

FeF(M),fCF

and, if f C F, then

-1
.’E[F;fﬂF] = .%'F( Z JZF) . (2.5)
FeF(M),fCF

This follows from the analogous result for blowing up a facet of [0,00)". Note that because M is a
mwc and not just a polyhedron, if Fy,...,F; € F(M) are distinct faces with NsF5 # &, then the
connected components of NsFs are codimension d facets of M. (The 2D lens is an example of a
mwc with two faces whose intersection is disconnected.)

If U is an open subset of a mwc, then U can be considered as a mwc in its own right. We will say
that some function x € C*°(U;[0,00)) is a bdf in U of F € F(M) if it is a bdf of the face FNU of U,
assuming that F N U # @, in which case it is automatically a face of U. Let Ry = Ry U {—o00, +00}
denote the “radial” compactification of R. This is a (C'°°-)manifold-with-boundary, with 1/t serving
as a bdf for {oo} in {¢t > 0} and —1/¢ serving as a bdf for {—oo} in {¢t < 0}.

2.1. The Associahedra K/ ,,,. We now define the mwc Ky, , for £,m,n € N not all zero. The
blowup procedure below is a generalization of that in [[X'T86a]. We begin with the set

N
Do ={(z1,...,28y) €R 12y < <2y <0
<xpp1 < < xppm <1< pppmy1 <---<zn}, (2.6)

where N = ¢ + m + n. This is a compact sub-mwc of R, Naturally,
Dpmm = Dpoo X Dom,o X Do,o,n- (2.7)

1AISO7 Ag’oy() = Ag, AO,m,O = Am, and AO,O,n = An.

For example, in the case N = 2, we have six cases. These are Ag 0, N 2,0, Noo,2, each of which
is diffeomorphic to the triangle Ag, and Ay 10, A1,0,1, 01,1, each of which is diffeomorphic to the
square [lo.

If £,n = 0, in which case m = N, then Ay, ,, is just the standard N-simplex Ay.

We call a subset Z C Z/(N + 3)Z consecutive if it is of the form {k mod (N + 3),--- ,k +
x mod (N + 3)Z} for some k € Z/(N + 3)Z and k € N. (Thus, the empty set will not be considered
consecutive. )

We label the facets (of any codimension, possibly zero) of Ay, », using (unordered) partitions I
of Z/(N + 3)Z into consecutive subsets Z, with no two of 0,/ +1,{+m+2 € Z/(N + 3)Z appearing
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together in any element Z € I. Specifically,

for = {(331,...,:131\/) SIAV S (I cl=> {iii;iﬁ;j: 28 ; §;> } , (2.8)
where
ot;j=xjforj=1,...,¢,
e tyy1 =0,
o tyi14j=xpq  for j=1,...,m,
[] t£+m+2 = 1, and
® tyimiorj = Tppmey for j=1,...,n.
The dimension of fy 1 is given by
dimfy = |I| — 3. (2.9)

For notational simplicity, if I C I is I with the singletons removed, then we define f;, = f ;. Thus,
fz denotes the “bulk” of Ay, , and the faces of Ay, ,, are of the form f(zy for 7 a consecutive
pair. Rephrasing eq. (2.9),
codimfr = (|Z| - 1). (2.10)
Tel

As a bdf of f7y for T = {k mod Z/(N +3)Z,k+1mod Z/(N +3)} when k € {1,..., N + 1}, we
can take

T, = tht1 — Tk (2.11)
For the remaining two cases of Fyg 1y (which only exists if £ > 1) and fyy19 n43) (Which only exists
if n > 1), we can take zf, ,, = —1/21 and @, \., = 1/2N.

Let Frmn = Fomn(2) denote the family of facets fr of Ay, such that I = {Z} for some
consecutive subset Z C Z/(N + 3)Z of size |Z| > 2 not containing any two of 0,¢ + 1,¢ + m + 2.
In other words, Fy,, is the set of facets f; for I defining a partition of Z/(N + 3)Z into a single
interval of length at least two (not containing any two of 0,¢ + 1,/ +m + 2) and a number of
singletons which are being omitted from the notation.

For each d € {0,..., N}, let Fy n.a denote the set of elements of Fy ,, , of dimension d. Then,
the mwc Kjy , p, is defined by the iterated blowup

Ké,m,n = [Aﬁ,m,n; ‘Ff,m,n,O; T ;ff,m,n,N] = [ e [Aﬁ,m,n; ‘Ff,m,n;O] T ;fﬁ,m,n;N]- (212)

Le., we first blow up the elements of the collection Fy , .0 (which may be empty, namely if ¢,m, n
are all nonzero), and then, proceeding from higher to lower codimension, iteratively blow up the
lifts of the facets in F,, n.¢ (meaning the closures of the lifts of the interiors).

We should check that the blowup eq. (2.12) is well-defined, which concretely means that, for each
d, the blow-ups in the step in which we blow up the lifts of the elements of Fy ,, »,.¢ commute. This
can be done via a somewhat tedious inductive argument, which we only sketch.

When the time has come to blow up the facets f # " in the lifted Fp,; n.q, their intersection is —
if nonempty — either a point (which we denote K ) or else an associahedron Ky, ;- n, (Which
will not change upon performing further blowups) of dimension < N, and a neighborhood thereof is
diffeomorphic to

0, D)™ % Koy ey ey X [0, 1), (2.13)

with f corresponding to {t = 0} and {’ corresponding to {¢' = 0}; the blowups of these two faces in
the product above commute, with the result being naturally diffeomorphic to

[10, )Y {0} X K e nry x [[0, )57 % {0}]. (2.14)
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In order to prove the claimed decomposition, eq. (2.13), it is first useful to note when f N{" = &.
If 7,7 satisty |[Z| = N —d+1=|Z'| and ZNZ' # &, then the corresponding facets
f= Cl[Ae,m,n;H,m,n,o;m ;ff,m,n,dfl}f*({)z} (2.15)
' = A g mmiFommor i Foamma] T} (2.16)
of (A Femmoi- 3 Femm,d—1] satisfy f Nf' = @. Indeed, ZNZ' # & implies
firy Ny = frzury € Foma(D), (2.17)

and since this is blown up in an earlier stage of the construction, f and f’ cannot intersect.

So, if our two facets f,f’ to be blown up have nonempty intersection, then they must be the
lifts of fr7y and fy7/y for 7,7’ satisfying ZNZ' = &. The intersection f N{’ lies in the preimage of
frzy N7y = fiz, 7. This facet of Ay p is of the form Ay i ny for €n +mna +nq =2d — N > 0.
As seen inductively, the lift of this facet after performing the blow-ups so far is Ky - nn, although
this is not crucial for the proof that the construction is well-defined. Since this has dimension
2d — N, a neighborhood of this facet in our partially blown-up manifold automatically has the form

L = [07 1)2N72d X KEQ,MQJ’LQ7 (218)
so it just needs to be checked that f,f’ sit inside of this in the expected way. The d-dimensional

facets of L containing (0,---,0) X Ky mqn, all have the form [0, o0) V=4 x Ky oy for one of the
(2%:?) divisors [0, 00)VN =% C [0,00)2N~2¢, Thus, we can decompose

0,1)2V720 = [0, 1) x [0, 1)} x [0, 00)%, (2.19)

for some ¢ € N, such that f corresponds to {t = ¢” = 0} and {’ corresponds to {t' =" = 0}. But, if
d # 0, then f N {’ is too big, so § = 0. Thus, since f,f’ both have dimension d, it must be the case
that # = #' = N — d. This completes our sketch.

We now discuss the combinatorial structure of Ky, ,,. All of the faces of Ay, ,, are in Fop p n:N—1,
so every face of Ky, , is the front face of one of our blowups. So, the faces of Ky, , are in bijection
with the elements of Fy ,, , and thus with Z as above. Such a subset is uniquely specified by its
endpoints j,k € Z/(N + 3)Z, since only two consecutive subsets of Z/(N + 3)Z have the same
endpoints as Z, namely 7 itself and 7t U {j, k}, and the latter contains two of 0,¢ + 1,¢+ m + 2.
Let Jymn denote the set of unordered pairs {j, k} arising in this way. For {j,k} € Jpmn, let
Z(j,k) = Z(k,j) denote the unique consecutive subset of Z/(N + 3)Z having these endpoints and
containing at most one member of {0,¢+ 1,/ + m + 2}. For such j, k, let F; ;, = F}, ; denote the
corresponding face of Ky ,, and let ., = zp, ; denote a bdf of that face constructed inductively
as in the introduction to this section. (Note that these bdfs may depend on the particular order in
which the elements of the F , n.q are blown up.)

There are 271N (N + 3) faces in Kg -

FEzxzample. Consider the case N = 2. Then, up to essential equivalence, the cases to consider are
Ki1,0 and Kp20. These are depicted in Figure 3. The mwc K ;¢ is identical to Ay 1,0; in §2.2
we introduce notation for labeling the faces of the Ay, ,, and this notation appears in Figure 4
alongside that used for the Ky,,,. We have introduced an additional notation for the faces of
K¢ m n, indicating Z in the subscript using the following conventions:

e The elements 0,{ + 1,/ + m + 2 € 7Z/5Z are depicted using a ‘o,” and 0 is omitted if not
included in Z.

e The other elements of Z /57 are depicted using a ‘e

e Except for 0, the elements of Z/5Z are depicted in order. If 0 is to be depicted, it is listed
either first or last.

The elements included in Z are enclosed in parentheses. |
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FS 4 = Foo(oo) F374 = Foo(oo)

)

F2,4 - Fo(ooo)

F1,2 - F(oo)oo

FO,l = F(oo)ooo FLQ = F(oo)oo

F2,3 - Fo(oo)o

-- F1,3 = F(.oo)o F173 = F(ou)o
F2?3 = Fo(oo)o

FIGURE 3. The associahedra K1 (left) and Ky2 (right), realized as polyhedra
roughly in accordance with the blowup procedure. In the first figure, the horizontal
axis is roughly w; = 1/(1 — x1), increasing to the right. In the second figure, it is
just (roughly) x;. In both figures, the vertical axis is (roughly) .

F()f) — Fv_)f(i - F-ooo(oo) — F(A{i}’x
Y3~ : I FO,I - F(oo)ooo. = F{l},@;oo

F2,3 = Fo(oo)oo = F{2},®;0 -
1 Fl.,5 = Foo)ooo(o = F{l},{S};oc

Fi13=F(ece)os = Fy1},4210 ----- - F34 = Fao(eo)e = 2} (o)1

F4,a = Fooo(oo) = F{B},@;l

FIGURE 4. The mwc K 11, with labeled faces, realized as a polyhedron roughly in
accordance with the blowup procedure. Here w; = 1/(1 — x1) and y3 = (23 — 1)/x3.
The faces in the line of Sight are FLQ = F(oo)oon F173 = F(ooo)oo; F3’4 = F.O(.O).,
F3,5 = Foo(ooo)7 and F0,5 = Foooo(oo)'

FExample. Consider the case N = 3. Then, up to essential equivalence, the cases to consider are
Ki11, K120, and Ko30. These are depicted in Figure 4, Figure 5, Figure 6. The mwc K 11 is
identical to Ay 11.

We have modified the “e” notation from the previous example and used it to label the faces in
the figures, alongside the notation used in the rest of this section. For instance, when considering
Koy3,0, “o(eee)o” denotes {2,3,4} C Z/6Z. When considering K1 2, “o(e o ®)e 0” denotes {1, 2, 3}.
When considering Ki 11, “e)  o(eo” denotes {0,1,5}. [ |

The Ky, satisfy the following “universal property:”

e For any subsets S C {1,....¢}, Q C{¢{+1,....4+m}, RC{{+m+1,..., N} that are not
all empty, let forg : Npmn — Dsy 0l g| denote the forgetful map forgetting the variables z;
for j ¢ SUQ U R. Then, forg lifts to a smooth b-map [Mel]

forg : Kpmm — Kjs),j01,R|- (2.20)

Given any face F of K|g|q|,|R|s forg xr vanishes to first order at each face in ﬁfl(F).

This can be proven by inducting on the number of blowups.
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FIGURE 5. The mwc K 20, with
labeled faces, realized as a polyhe-
dron roughly in accordance with
the blowup procedure. As above,
wp = 1/(1 — z1). The faces
in the line of site are Fi2 =
Flac)eso; F13 = Flece)eos and
Fi5 = Fece(eo)-

FIGURE 6. The mwc Ky 3, with
labeled faces, realized as a polyhe-
dron roughly in accordance with
the blowup procedure. The faces
in the line of sight are Fy5 =
Fooo(oo) and F3,5 = Foo(ooo)' Ct.
[KT86a, Fig. 5.2], where the full
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; FO,l - F(oo)oooo

L7 Fy5 = Foou(o::)

F2,4 - Fo(ooo)o - -

Z2

F1,4 - F(oooo)o ‘
! F3 =F

w1y « ! <. D e0(ee00)
Fs,=F

FL.Z - F(uo)uoo o sofee)e

r3 — T2

~

F1,3 - F(ooo)oo
F2,3 - Fo(oo)oo

Fl 4 = F(oooo)o N

S
7 ‘ hR Fi}.f) - Foo(ooo)

T : \\‘ F3,4 = Foo(oo)o

F2,4 - Fo(ooo)o

blowup procedure is depicted.

Proposition 2.1. Suppose that p € C°(LDymn; Qe mpn) 95 a strictly positive smooth density on
ANpmn- Then, the lift of p to Ky has the form

I =" (2.21)

{jvk}EJZ,m,n
for a strictly positive i € C°(Kymn; U mn). Here, for j,k € Z/(N + 3)Z, we use the notation
‘] — /{:’ = min{|j0 — /430|7 ’ko —jo’ 2 Jo, ko € Z : jo = j mod (N+ 3),k0 = k mod (N+ 3)} [ |

In the product, each unordered pair is counted only once.

Proof. We recall the following lemma:

e Suppose that M is a mwc and g € C°(M; QM) is a strictly positive smooth density on M.
Then, if f is a facet of M of codimension d € NT, the lift of y to [M; f] has the form zf ‘v

and v a strictly positive smooth density on [M;{].
Working in local coordinates, this follows from the case of blowing up a facet in [0,00)". In this
case, we can use cylindrical coordinates (that is, spherical coordinates if the facet we are blowing up
is the corner). The result follows from the form of the Lebesgue measure in cylindrical coordinates.
The proposition follows from an inductive application of the lemma, once we note that |j — k| is

the codimension of F . O

Proposition 2.2. The Lebesque measure on RY, which defines a strictly positive smooth density
on N has the form

lm,mn’
¢ N
(TTa-=?][ II 3w (2.22)
j=1 j=C+m+1
for p € C®(Apmn; QD¢ mn) a strictly positive smooth density on gy, p. |
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Proof. It is the case that the 1-form dx; € QlAZm,n defines an extendable 1-form on Ay, if
je{l+1,--- £+ m}, and the extension is nonvanishing. The same holds for

o dw; =(1 —:L'])*zdx] for w; =1/(1 —x;)if j € {1,...,¢} and

o dy; =z 2daj for y; = (z; — 1)/zjif j€ {{+m+1,--- N},
since Ay, p is a submanifold of R". The i in eq. (2.22) can therefore be taken to be |[dwy A -+ A
dwg A dzppi A A dxppm A dYrsmy1 A+ A dyn|, which lies in C° (A n; QA0 ) and is strictly
positive. O

We now record the results of lifting the factors x;,1 — x;, and x; — x;, comprising the Selberg
integrand to Ky, ,. Beginning with the first two cases:

o Ifie{l,...,¢}, then

N+3 i l+m+1
—ze| I H LT T | 0% (K ), (2.23)
J=l+m~+3 k=i 7=1 k=(+1
N+3
17:31-6[ II Hm ]COO (Ko mn; RY). (2.24)
j=L+m~+3 k=i

e Ific{l+1,...,4+m}, then
0+ 4m1

xZE[H [T o, ]Co(KemamRY), (2.25)
7=1 k=i+1
i+1 N+2
t—zie | [T II wr]C(KommRY). (2.26)

J=+2 k=+m~+2
elfic{f{+m+1,...,N}, then

i+2
T; € [ H H Tp ]COO Kfmn7R+)a (2'27)
j—Z+m+3k 0
i+2 l4+m+2 N+42
—(1—%‘)6[ I1 H H II II = } (Kpmn; R). (2.28)
Jj=0+m~+3 k=0 J=L+2 k=i42

If N =1, then these are all trivial to prove. By applying the universal property of the associahedra,
the N > 2 case follows from the N = 1 case.
In a similar manner, by working out the case of K20 in detail and applying the universal
property, we get, for k > j:
o Ifj ke {lf+1,...,£+m}, then

l+1 4+m+1 j+1  N+2
o=y € [JT IT wey )| IT TT ow0 ) O (Keman RY). (2.29)
jo=1ko=k+1 jo=0+2 ko=k+1

Indeed, in the case of £,n = 0 and m = 2, this says that xo — 21 € zp, ;oF, ;2p,,C(Ko2,0;RT).
Indeed, if we construct Koo by first blowing up Fi 3 and then blowing up Fs 4, we get
2
To — I 2z9 — x5 — 11
TR, 3 = T2, TFyg = —————5——, TRy, = —————, 2.30

Fi,3 2 Fa3 2y — x% o Fa4 o ( )
so that zf, ;@F, ;2F,, = T2 — 1, on the nose. On the other hand, if we reverse the order of the
blowups, then we get

xro — IE% o — X1

TFy30= —% Tr,, =1 —1 2.31
1— 1 ) 2,3 Lo — x%’ 2,4 ) ( )

LFy 53 =
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so we still get o, ;2F, ;7F, , = T2 — 21.
From this, we can deduce the following.

o If j,k € {1,...,0}, then, in terms of w; = —x;/(1—x;), (zp—x;) = (1—w;) (1 —wg) " (w; —

wy), SO
N+3 ) J l4+m+1
Tk — x] |: H H mEjOak0i| |: H H ij() k()i| ngmyn; R+) (232)
Jjo=3j ko=£+m+3 jo=1 ko=

e Ifjke{f+m+1,...,N}, then, in terms of y; = 1/z;, (xf — z;) = yj_lyk,_l(yj — Yk), SO

Jj+2  N+2 k+2

Tk — T € [ H H xFio»k0:| |: H H J:F]o k0:| Kgmn,R+). (2.33)

j0=€+2 ko=k+2 jo l4+m+3 ko=0
The next three follow from the K1 10, K1,,1, and Ko 1,1 cases. We illustrate the K1 1 case, and
the others are similar.

elfje{l,....¢0}and ke {{+1,...,0+m}, then (z —z;) = (1—wj)*1(wj+a:k—kaj), SO

N+3 J  l+m+1
g — 1 € [H [T el JIIT TT e | O (Kemai RY). (2.34)
=j ko=0+m+3 jo=1 ko=Fk+1

In the case ¢,m = 1, n = 0, this says that (x9 —x1) € xgllf)xFLSCoo(KLLo;RJ“). Indeed,
the bdf TF 4 of F173 in KLLO is defined by

TFy3 = (I —wi) + a2 = 1Z - + x2, (2.35)
and f, , = o5, = w1 = 1/(1 —1). So,
Iﬁf,sﬂﬁFl,s = T2 —T1 — T1T2- (2.36)

The supposed C*(Kj1,0;RT) term above is therefore (zo — x1)(z2 — 71 — 129) "1 =

(1 — zom1 /(22 — 1)) 1. One way (besides checking in a system of local coordinate charts)
to see that this is smooth (and positive) on K7 1 is the identity

_ T LF12TF1 3LF2 3 _ (2.37)

T2 — 21 TF; o + LFs 3LF 1

The faces Fo 1, Fa 3 are disjoint from F o (see Figure 3), so the denominator on the right-hand
side of eq. (2.37) is nonvanishing, so the quotient is indeed smooth.

Likewise:
elfje{l+1,....04+m}and k € {€+m+1 ..., N}, then (2 — z;) =y, ' (1 — zjy1), s0
j+1 N+2 k+2
-1
T — x5 € { II 1I ijo,ko][ H I1 TF ko }Cw(Ke,m,n;Rﬂ. (2.38)
Jo=At+2 ko=k+2 70=0 kog=f+m+3
elfje{l,....0}and k€ {{+m+1,...,N}, then (v —2;) =y ' (1 —w;) " (1 — w; +wjy),
i N+3 k+2
~1 ot
-3 € | H H Sl H II o), |C®(Kemni RY). (2.39)
Jjo=J ko= jo=0 ko=¢+m+3
We associate to each face Fo € .7: (K ¢,m,n) an affine functional
pe i CZNHN(N=1)/2 5 (e, B,7) = pe(a,B,7) € C. (2.40)

Suppose that we are given some o, 3 € CY and v = {vik = i ti<j<k<n € CNIV=1/2_1f one of

(D) ke {l,....0}
(D) j ke {t+2,... . 0+m+1),
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(IfI) j,ke {{+m+3,...,N +2}
holds, then, letting k denote the larger of {j, k},
Pik=k=3+2 D Vjoko (2.41)
J'<jo<ko<k’
where, for each i € {j,k}, i =iifie{l,... .0}, =i—1ifie{l+2,....0+m+1},and i’ =i—2
ifie {{+m+3,...,N +2}. The other cases are:
elfje{l,....0+1and ke {f+1,...,4+m+1} and j # k, then

0 k
pik=k—j—1+> i+ > @1+2 D> Yok (2.42)
i=j =042 §<jo<ko<k—1
elfje{l+2,....0+m+2}and k € {€+m+2 ..., N +2} and j # k, then
t+m41
pie=k—j—1+ Y i1+ Z Biczt2 D oo (2.43)
=3 i=l+m+3 1—1<jo<ko<k—2
e Ifj{0,....0and k€ {{+m+3,..., N+ 3} and at least one of j # 0,k # N + 3 holds,
then
j j N+42 N+42
pik=k—j—N—-4=> a;—> Bi— ZO@ 2 — Zﬁz 2*22 Z Vi,
i=1 =1 j'=li= 11;&]
N N
-2 Z Z Vit + 2 Z Vi k2 Z Vit + 2 Z Z 'VJ’ ke (2.44)
K =k—2i=1,i#k'—2 1<)/ <k/<j k—2<j' <k'<N J=1k=

Proposition 2.3. Given any o, 3 € CV and v = {ik =i h<j<e<n € cNW _1)/2, the Selberg-
like integrand

N
[Tzt — )% [ (zk —2)®9%|day - don| € C°(AF 0 QA ) (2.45)
i 1<j<k<N

lifts, via the blowdown map bd : Ky pn — Dgmon, to an extendable density of the form

[T = memn(e.B,7), (2.46)

{jvk}ejéﬂn,n
for some strictly positive smooth density pigmn(ot, B,7) € CP°(Kpmn; UK mn), depending entirely
on a, 3,7. [ |

Proof. Each pj, is an affine function of a, 3,7, so it suffices to check 2N + N(N —1)/2 4+ 1 cases,
the case when all three of a, 3,7 are zero and 2N + N(N — 1)/2 cases where the triple (e, 3,7)
ranges over a basis of C2NTN(N=1)/2 \Write

(0)

pislen, B,7) = p + o\ (@, B,7), (2.47)

where p(,z = p;%(0,0,0) and P; k( B.Y) = pjkle, B,y) — P; ,3 is the linear part of p; . Thus, we

want to show that, upon hftmg to Kymons

©)
dz -~ dzy| € [ I1 ngjﬂcoo(Kg,m,n;QKe,m,n% (2.48)
{j,k}ejl,mn

N o Bi 2 P; ( o,3,) o +
[Tl —w® I @-ap?ee| JI o | (KpmniRY), (249
= 1<j<k<N {1,kYETt,m,n
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with it sufficing to check eq. (2.49) on a basis of C2N+NN-1)/2,

e Equation (2.48) is simply a restatement of Proposition 2.2.

e For a basis of C2NTNWV=1)/2 we look at (a, 3,7) such that all of the components o, . .., ay,
Bi,..-, BN, 1,2, of a, B, are all 0 except for one, which we set to 1. The result then
follows, via a bit of algebra, from eq. (2.23) through eq. (2.39).

O

Let T(¢,m,n) denote the collection of maximal families I of consecutive subsets Z C Z/(N + 3)Z

such that

e 2<|Z|< N+1forallZ eI,

e no two of 0,4+ 1,/ 4+ m + 2 are in any Z € I together, and

o if 7,7 € 1 satisfy ZNZ' # @, then either Z C 7' or 7' C 7.
The elements of T(¢, m,n) can be thought of as specifying valid ways of adding parentheses to group
together the elements of Z/(N + 3)Z without grouping any of 0,¢ + 1,¢ + m + 2 together. The
minimal facets of Ky, are in bijective correspondence with the elements of T(¢,m,n), with

fr = ﬂ Fjk (2.50)
Z(j,k)€T

the facet corresponding to I.

2.2. The Associahedra Ay, . We now define the mwc Ay, , for £,m,n € N not all zero. We
begin with the N = ¢ +m + n cube Oy = [0, 1]V. Parametrizing Oy by (t1,...,tx), the cube is
identified with

(00, 00%,__y, x [0.1]7 x [1,00]: (251)

I[+1,...,xe+m m[+m+17...,IN
via the coordinate changes t; = 1/(1 — z;) for z; € [-00,0] and i € {1,..., ¢} and t; = (z; — 1)/z;
for z; € 1,00l and i € {{+m+1,...,N}.
The facets of Oy we label by sextuples (S,Q,5",Q",S”,Q") consisting of (possibly empty)
subsets S,Q C {1,.... ¢}, 8", Q' C{{+1,....4+m},and 8", Q" C {{+m+1,..., N} such that
SNQ=5NQ =5"NQ" = . Let

. ! 1" L
JESUSUS =t;=0 } (2.52)

FS,Q,S’,Q’,S”,Q” = {(tl,. .. ,tN) S DN : ] c Q UQI UQH = t] =1

For instance, DN = Fg’g7g,g7g7@.
Now let Fym.n = Fomn(0) denote the family of facets defined by
Fomn = {Fso0000 50 U{Foqs.00.0t05 U{Fo00.0.570} 0 s7)\{0n} (2.53)
where 5,5, 5'Q, Q’, Q" range over all subsets as above. For each d € {0,...,N — 1}, let Fym n.a
denote the set of elements of F,, ,, of dimension d. Then, Ay ,, ,, is defined by the iterated blowup
Al,m,n = [DN; f[,m,n] = [DN§ }—Z,m,n;0§ T ;‘Fg,m,n;N—l]- (2-54)

As in the previous section, we should check that, for each d = 1,..., N, having already blown up
Fo.m,mdy for do < d, the blowups of the closures of the lifts of the interiors of all of the F' € Fy ,; 1.q
all commute. One way to see this is to split

Ov = |J OumalS.5,5", (2.55)
S,S’,S”

where S varies over all subsets of {1,..., ¢}, S’ varies over all subsets of {¢ +1,...,¢+m}, and S”
varies over all subsets of {{ +m + 1,..., N}, and

/ "y . ZGSUS/US//:>tZ€[O72/3)
Otmn(S, 5", )_{(tl,...,tN)eDN. ALt FENT (2.56)
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t3
e N
oy -

t LT

FIGURE 7. The 3-cube U3 and the three blowups A111 = K111, A1,20, 40,30
thereof. The Oy (S, 57, 5”) are eight subcubes corresponding to the eight vertices
of 3. One such cube is depicted in red.

Once we have established that blowing up Fmn:.0,- - , Fo,mn;d—1 is fine, then
[DN; ]:f,m,n;o; e ;]:K,m,n;d—l] = U [D&mﬂ’b(sv Slv S”); ]'—E,m,n;(); to ;]:&m,n;d—l] (257)
S,S7,8"

naturally, with the left-hand side being well-defined if the right-hand side is. Thus, it suffices to
check that the blowups [0 (S, 5", 8"); Fommn0;- - ; Fomm:a) are all well-defined. To see this,
identify

2\ 5 1 (8" 2\ L
ngmv"(s’ S/’S”) - ({0’ g){ti}ies % (g’ 1} ) 8 <[07 g){ti}ies’ . (g’ 1} {ti}iesc>

{ti}iE(S”)G
2\ 5" 1 7@t
X ([O, g){ti}ies” X (g,l} {ti}iE(S/)E) (2.58)

and note that the blowup prescription is just that of performing the total boundary (tb) blowup
[HMMO97] on each of the three factors. (Note that this is not the same as the total boundary blowup
of the product of the factors.) Here,

o SE={1,... . 01\5,

o (N ={r+1,....0+mhS,

eand (§")={(+m+1,....N}N\S".
Thus,

Aé,m,n = U

S,87,8"

2\S 1 (¢ 208 1 1S 208" 1 780t
(03 G, (037 G ) x (037 G1™),) e

The faces of Ay, are in bijection with the elements of Fy,,,,. We label the faces of Ay, , as
follows:
o for S C{l,....4} and Q C {{+m+1,...,N}, the face corresponding to Fg g o 0,5 ¢ is
labeled as Fs 0.co = FQ,5:005
o for Q C{l,...,¢} and S C {¢{+1,...,£+ m}, the face corresponding to Fz g 5,0 & is
labeled as as Fg .0 = Fg,s.0, and
o for S C {{+m+1,...,N}and Q C {{+1,...,04+m}, the face corresponding to Fz 5 5.0.5.»
is labeled as Fs .1 = Fg s;1-
Here, S, QQ are not allowed to both be empty.
For any subsets S C {1,... ¢}, Q C{¢{+1,....0+m}, RC{{+m+1,...,N} that are not
all empty, let forg : Uy mn — Ujs) @), r| denote the forgetful map forgetting the coordinates x; for
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Fo 1,230 F%v‘{-@};l Fo o
Fo (230, ,
| é - Fg (2351
,{1,3}1 | o
' - F@.{l.z.:s}:l
Fo (2350 - Fo sy
Fo (11 .7 1 'Fg gy
g, 1 I
' 1’ N F 9.
Fo {12310 ! L F, {)‘3';;‘,2}‘1

FIGURE 8. The eleven faces of A1 20 and the fourteen faces of Ag 3.

i ¢ SUQU R, Then, forg lifts to a smooth b-map
forg : Avsmn = Ajsijalal (2.60)
and given any face F of Aig)q|,r|, the pullback forg“zp vanishes to first order at each face Fy
satisfying
Fy C forg ' (F). (2.61)

This is the “universal property” of the Ay, . Via the decomposition in eq. (2.59), it follows from
the corresponding universal property of the total boundary blowup of a product, which is essentially
given by Proposition B.2.

Proposition 2.4. Suppose that 11 is a strictly positive smooth density on Uy, . Then, the lift of
w to Agmn has the form

I § ot AN | I 1 (N s A CYC2)

SC{L,...0} SC{L,...0} SCLe+1,... 0+m}
QC{t+m+1,..,N} QC{L+1,....b+m} QC{t+m+1,...,N}
for a strictly positive smooth density fi € C*°(Agmn; QA mn) 00 Agmn- [ |

As a notational convenience, we are setting zg, ., =1 for each zg € {0,1,00}.
Proof. Follows via induction on the number of blowups, as in the proof of Proposition 2.1. O

Proposition 2.5. The Lebesque measure on RY, which defines a strictly positive smooth density
on Dzmm’ has the form

l N
DICEEDE N (2.63)
j=1 j=l4+m+1
for some strictly positive smooth density p € C°(Opmn; Qe mn) 00 e pn- [ |
Proof. Follows from the same computation as in Proposition 2.2. [l

Proposition 2.6. For each pair of distinct i,5 € {1,...,N} such that either i,j € {1,...,¢},
i,je{l+1,....;0+m}, ori,j€{l+m+1,...,N}, the set Hjp =cla,,, {p€ O & T =ux}
is a p-submanifold of Agp n. [ ]

See [MS08, §1.2] for the definition of “p-submanifold.”
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Proof. Consider the neighborhood bd_l(Dg’m’n(S, S',8") C Apmn. If one of j, kisin SUS US”
and the other is not, then the intersection of H;j with bd (0. (S, 5, S")) is a submanifold
disjoint from the boundary and therefore a p-submanifold. It therefore suffices to consider the case
when j, k € SU S US” (and the case when neither are in S U S’ U S” is similar). For notational
simplicity, we only consider the case when j,k € S’. Then,

HjNbd 1 (Opmn(S, S, 8") =
2\8 41 (¢ . 28 1 1SC 208" 1 (st
(03) x G ), x(man(lo5) <G ),) < (lo3) x5 ), @6

where Hj, is the closure of {z; = z3} in ([0,2/3)% x (1/3, l]sc)tb, which is a p-submanifold [MS08]
(this also follows from Proposition B.1). Thus, H;x Nbd™ (Opm.n(S, S, S")) is a p-submanifold of
bd_l(D[’m’n(S, S’,5™)). As the neighborhoods bd_l(Dg’m’n(S, S’',58")) cover Agp, the conclusion
follows. O

This result is illustrated in Figure 9.
We now record the results of lifting z; and 1 —x; to Ay, , these being derivable via the universal

property.
o Ifie{l,...,¢}, then

—ee | T b, |l T #Reee]C(AmaRY), (265)
1€QC{L,...,.l} i€SC{1,...0}
SC{t+m+1,...,N} QC{l+1,....4+m}
(1-m) €| 11 Ti oo | O (At RY). (2.66)
1€QC{L,....0}

SC{t+m+1,..,N}

o Ific{l+1,...,4+m}, then

T; € [ H JJFS,Q;O}COO(AK,m,n;R_F)a (2'67)
SC{1,...,0}
1€QC{e+1,...,L4+m}
(—z)e| II  #rsen]C(AumniRY), (2.68)

i€SC{lH1, b +m}
QC{t+m+1,...,N}

elfic{f{+m+1,...,N}, then

x; € { H xF;qu}COO(Ag,m,n;RjL), (2.69)
1€SC{l+m+1,...,N}
QC{L,...}
~(1-m) €| I1 | I1 T oo | C% (A RY). (2.70)
SC{l+1,....04+m} i€SC{l+m+1,...,N}
i€QC{t+m+1,...,N} QC{1,...,0}

Let Z; ={1,... ¢}, b ={¢(+1,....,+m},and Zs ={{+m+1,...,N}. For j, k € Z, for the
same o € {1,2,3}, let y; ;. denote a defining function of Hj;, with the sign chosen so as to have the
same sign as x; — xj. Then, for all distinct j,k € {1,..., N},

(j — 1) € YjpXjhC(Apmn; RT), (2.71)
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where X, = X}, ; is given by

[ —1 .
I1 SCT3 Tpg Q.m] [Hj,kesgfl xFS,Q;o] (j, k € 1),
JEQCTy or keQCTy T QCT,
II scz $FS,Q;O:| [Hapkesgzg HJFS,Q;J (j, k € 1),
J,k€QCTs QCI;
-1 .
II scz xFS,Q;1:| [Hjesgg or k€SCT3 Tpg Qm] (J, k € I3),
Xjk _ ) 3,keEQCIs QCTy i (2 72)
d -1 . .
[ljescn Tpg Q.OJ [HjeSgIl OCFS’Q;O} (j €eh,k €1y),
- QCTIs e kEeQCT,
—1 .
IT scz, Ty, Qm] [Hjesg12 wFS,Q;l] (j € Iy, k € I3),
_ keQCIs e keQCIs
—1 .
{5kINSUQAE T

and Yj, = y; 1 if, for some o € {1,2,3}, we have j, k € Z,, and Y} ;, = £1 otherwise.
We associate to each face Fo € F(Ay ) an affine functional

00 : CHNHENWIN=D2 5 (o B, 4) = op, (ax, B,7) € C. (2.73)

Suppose that we are given some o, 3 € CN and v = {Vik = Y jti<j<k<n € CNW=1)/2 " Then,
0e(, 3,7) is defined as follows:

e For SC{l,....fyand Q C{l+1,...,0+m},
05,00 =1S1+1Q =1+ > aj+2 Y v (2.74)
JeESUQ 7,k€SUQ
i>k
efFor SC{/+1,....0+m}and QC {{+m+1,...,N},
001 =1SI+1QI =1+ > Bi+2 > A (2.75)
JjeESUQ 7,keSUQ
i>k
eFor SC{/{+m+1,...,N}and Q C {1,...,¢},
05Qoe = —ISI—1QI=1= > aj— D> B-2 > vk (2.76)
Jjesu JeSsSuQ i>k
JESUQ or keSUQ
Then, letting A C Ogm.n be defined by A = U3_; Ujtk, jkeTo 12 = Tk}

Proposition 2.7. Given any o, 3 € CN and v = {vjx = i h1<j<r<ny € CVE-D/2,

N
[Tlzil®t—zil? ] (wx—2;+i0)5*|dzy - - don| € CF(0,,,\A; CoUTG,, ,\A)) (2.77)
i=1 1<j<k<N

lifts, via the blowdown map bd : Ay pn — Lomm, to

0 QG v N U QR 1 | D U QR [ 0 | ¥R S U

SC{1,...0} SC{l+1,... f+m} SC{l+m+1,..,N} 1<j<k<t
QC{{+1,...4+m} QC{t+m+1,..,N} QC{1,...4}
| I g T (g 0P g (278)
H1<j<k<l4m Crmti<j<k<N

for some strictly positive smooth density pigmn € C(Apmmn; QAemn) 00 Agmn, depending entirely
on o, 3,7. [ |

Proof. Follows from the preceding computations, along with Proposition 2.5. O
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A120 Ap,3,0

e N

4

)|

FIGURE 9. The sets H;j € P in Ay 20 and Ag3zo. Pictured are I o, Hy 3, and >3,
where the axes are oriented as in Figure 7. In Ay 3, the intersection Hy oM H1 3N Ho 3
has been indicated with an extra dashed line.

If M is an orientable mwc, we say that a collection P of interior p-submanifolds each of codimension
one is consistently orientable if we can choose an orientation on each such that, for any p € M, the
subset

++
> NyPcCTyM (2.79)
PeP,peP
does not contain zero, where TTN*P C *N*P C T*M is the induced positively oriented conormal
bundle, sans the zero section, and T*M is the extendable cotangent bundle of M. Whether or
not this holds does not depend on the choice of orientation of M. Choosing defining functions
{yp}pep C C°°(M;R) for the P € P such that

dyp(p) € "Ny P (2.80)
for each p € P, we say that the {yp}pep are consistently oriented defining functions.

Ezample. In 00 5 o = (0, 1)3, consider P = {H? 5, H5 3, Hy 1 }. The functions xa —z1, 13 — 22, 71 — 23
are not consistently oriented defining functions, as

0= d(xg — l‘l) + d(l‘g — l’g) + d(:Cl - :Eg), (2.81)

but x9 — x1, x3 — x9, and x3 — x1 are. [ ]
Let

P ={Hjr}jkerijrk U {Hjk}jkeTsjre U {Hjk}jkeTs jrk- (2.82)

Proposition 2.8. The collection P defined by eq. (2.82) is consistently orientable, and {yy ;}j<k is
a set of consistently oriented defining functions. |

Proof. We will show that, for any p € Agmn and {Ajx}pen;, ep € [0,00), if the 1-form

> Njkdyr.; € X (Agmn) (2.83)
H]‘,kE’P s.t. pEHj,k
vanishes at p, then \;;, = 0 for all H;, € P such that p € H;;. Put differently, we want to
show that if P is any partition of {1,..., N} into nonempty subsets S C Z1,7Z», 73, then, given any
{Xjk}jkeser,j<k C R=9 not all zero, then

> Nk dyry (2.84)
j,k‘ESGP
i<k



26 ETHAN SUSSMAN

is nonvanishing on N; xesep,j<kH; k. If P consists only of singletons, then this is vacuously true, so
it suffices to consider the case when at least one member of P has cardinality > 1.

This is certainly true for p € 007, as dyy,j o dzy — dzj on Ug,, N Hjy, where the coefficient
of proportionality is positive. Indeed, by the results above,

Tk — T = [jkYk.j (2.85)
for some f; 1 € C°(Apmn; R=0) that is nonvanishing in the interior, so
dykj = fy (dzy, — daj) — f7lye; dfn (2.86)

in Dzm,n’ which is equal to fj_k1 (dxy — dxj) on Hjp N Dzm,n’ as claimed. This argument does not
work for p € Ay n, as fjr may vanish there.

A homogeneity argument can be used to show that, for any p € Ay, n, there exists a tubular
neighborhood T : U — Uy of a neighborhood Uy C Fy of p in Fy, where Fj is the smallest facet
containing p, such that the intersections U N P of this neighborhood with the P € P are all vertical
subsets, meaning of the form T—!(B) for some B C Uy. This implies that if the 1-form above
vanishes at p, then it also vanishes on the fiber of the tubular neighborhood over p and hence
somewhere in U7 . N (N, 5p Hijik)-

O

We illustrate the preceding argument with an example. Consider the case when the only one
of £,m,n that is nonzero is m, and consider p € Ny, ,epH;. The set Ny, epHjr C Aono (the
“small diagonal”) is a p-submanifold located away from all but the very first two blowups involved
in the construction of A no. Near this p-submanifold, Ay n is canonically diffeomorphic to
[Oo,n0, {0}, {1}], the result of blowing up two opposite corners of the N-cube. We consider the
situation near the blowup of

{0} =Fooq1,..N} 00,0 (2.87)
and the situation near the opposite corner is similar. In the interior of the front face of that blowup,
we can use ¢ = z1 as a bdf and coordinates #; = z;/x; for j =2,..., N as parametrizing the face
itself. In terms of these coordinates,

N, pep Hijp =A{22,-- 2y =1} (2.88)

locally, and, for 1 < j < k < N, we can write y; ; = Gx,,;C°° (Ao n,0; RT) for gi ; given locally by
Ukj = o Mg — xj) = &} — &j, where 21 = 1. This satisfies

djie; = {di”’“ U (2:89)
dip — dz; (j#1).

So, if Ag; > 0, then > 1< p<n Ajrdyrj = 0= Ajx = 0 for all k, j. Since the yj ; differ from the

Uk,j by a (smooth) positive factor, the y; ; have the same property on Nu, erHjk.

There is a more direct argument using the coordinates in Proposition B.1 (with the decomposition
eq. (2.59)). Namely, using eq. (2.59), the result follows from the analogous result for [0,1)}. Given
any o € Gy, consider the coordinates o, Z4(2), " ,Z,(n) defined in Proposition B.1, these giving a
(C*°-atlas as o varies over all permutations. In these coordinate systems, the relevant p-submanifolds
are, locally,

Hjp={&jp1-2p =1} C [0, 1)), (2.90)
so have defining functions y; ; = —1 + ;11 - - - 4. This satisfies
bodi

dyr; = Y

i=j+1

291
(291)
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on Hjj. The 1-forms, w; i = Zf:jﬂ :%;1 d#;, defined by the right-hand side of eq. (2.91) satisfy

{Ajk<j<k<n and jreser C [0,00) and > Njgwik =0
1<j<k<N and j,keSeP

= Njr=0foralj<kinSeP, (2.92)

from which the result follows.
Let XT(¢,m,n) denote the collection of maximal families I of pairs (xg,S) of zg € {0,1, 00} and
nonempty S C {1,..., N} such that
o if (x0,9), (z0,Q) € I, either SCQorQ C S,

SNIy =92 (xg=0),
(xo, S) €cEl=(SNL1 =9 ((IZQ = 1), (293)
SNI, = (.CI}(]:OO).

The minimal facets of Ay, are in bijective correspondence with the elements of ¥T(¢, m,n), with
fr = N Fsquo (2.94)
(x0,S)€I, SUQCS

the facet corresponding to I.

3. MEROMORPHIC CONTINUATION

We now turn to the analytic extension of Selberg-like integrals to dense, open subsets of the space
of possible exponents. As discussed in the introduction, the results in this section are apparently
sharp for generic Selberg-like integrals, but for e.g. symmetric Selberg-like integrals they are only
preliminary. Nevertheless, the results we prove here will be useful in establishing the sharp results
later. For our discussion of the symmetric and DF-symmetric cases, it is useful to consider somewhat
more general integrals than eq. (1.2). Let £,m,n € N satisfy £ +m +n = N € N*. Fix a finite
collection D of indexed sets

{dr}rer,,...) C R (3.1)
Define

N
SemalFl(e, B,7) = / {H |21 — $i|ﬁz} [ Il (@n-— mj)Q’Yj‘k}Fdlil ~odry,  (3.2)
Lmmn =1 1§j<k§N
for (e, B,7) € Qmn|D], where
e O .n[D] denotes the set of (o, 3,7) € CY x (Cg X (C,]\,V(ALU/2 such that

N
(TT o —zl®] [ TI @e—ap®or || T 2] € L'(Dpmm, daa--- dan)  (33)
i=1 1<j<k<N FEF(Kemn)

for all {dr}rer(x,,,.) € D, and
e F has the form

d
= Z [ H xFF}F{dF}Fe}'(KLmYn) (3.4)
{drtrerir,,, ) FEF(Kem,n)

for some F{dF}FEF(K&myn) € C®°(Kymn)-
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We denote the set of such F' by AD(Kg’m’n). From the definition eq. (2.6) of Ay, p, the integrand
is nonvanishing there, so the the absolute values in eq. (3.2) amount to a choice of branch.

Observe that €y, »,[D] is a nonempty, open, and connected subset of C2N+NWN=-1/2 p the case
N =1, we consider 2, »[D] as a subset of (C?lﬂ.

We write Q[F] to denote €, ,[D] for arbitrary D such that F € AP (Ky ). Let

Qemn = Qeman {{0 rer i, ) - (3.5)

If ¢ € C*°(Agmn), then we can consider ¢ as an element of C*° (K m.p), S0 Se.mnle] @ Qemmn — C
is well-defined, and Q¢ ;, n[¢] 2 Qo If f € Clay, ..., zn], then the lift of fy is also a classical
symbol on Ky, ,, (it is smooth if £,n = 0, but not necessarily otherwise), so

Sﬂ,m,n[f‘)p] : Qf,m,n[.ﬂ —-C (36)

is well-defined, except now we may have Q. n[fp] € Qe mn if £ # 0 or n # 0.
In the special case when ¢,n =0 and m = N, we use the abbreviations Qy nyo = Qn, Qo,no[®] =
QN[']? and

S(),Np[F](Ot,,B,’)’) = SN[F](Q,,B,’}’), (3.7)

this being consistent with our earlier notation.

As in the introduction, when a, 8, are constant, we just write ‘a’ in place of ‘a,” ‘3’ in place of
‘B, and ‘4’ in place of “y.” Let Uy, ,[¢] denote the set of (, 3,7) € C3 such that (e, 8,7) € Qm.nle]
holds when @ = o, 8 = 3, and v = 7.

Similar abbreviations will be used throughout the rest of this paper.

In addition to the general Selberg-like integral above, we have the following general integral of
Dotsenko—Fateev type:

N
[Tzl =2il®] [ TI (e =2y +i0)25# | Fdas--- day (3.8)
i=1 1<j<k<N

limalFl(e,8,7) = |

L,m,n
for (o, B,7) € Vimn[D], where now D denotes a finite collection of indexed sets {dF}Fe]:(Aeym’n) ccC,

® Vimn[D] denotes the set of (c, 3,7) € CPN+NWV=1/2 for which the integrand in eq. (3.8)
lies in L' (Qgymn, doy - - dzy) — that is the set of (o, 3,7) such that

N
(TT =zl TT lee—aPos ][ TI 2] € L'Oopmn, das -+ day)  (3.9)
i=1 1<j<k<N FeF (Kt m.m)

for all {dr}rer(a,,,,) € D, and
e F has the form eq. (3.4) for Flaeyeera,, ) € C>®(Apmn)-

In eq. (3.8), 27 = e™¥evloelel if < 0 and 27 = €71°8% if & > 0. We apply abbreviations for
Dotsenko—Fateev-like integrals that are analogous to those used for Selberg-like integrals.

Let Wn.n[e] denote the set of (a, 3,7) € C3 such that (e, 3,7) € Viimnle] holds when a = a,
B =3, and v = 7. Let WE};%[F] denote the set of (a_,ay, B, B+,v—,7,7+) € CT such that

(aDFO,,BDFO,’YDFO) c w,m,n[F] Let

IETE?T;LS[F](afva+75*7/8+a77,7037+) = I&m,n[F](aDFoa/BDFO)’YDFO)' (310)

This section is split into many short subsections. The general analytic framework in which the
extension is performed is discussed in §3.1, and the specific application to Selberg-like integrals
is contained in §3.2. We prove a family of identities relating Iy, ns Lo nm, Inem, -+ - in §3.3. As
preparation for our discussion of singularity removal in the DF-symmetric case, we discuss in §3.4 an
alternative regularization procedure suggested by Dotsenko—Fateev that works for some suboptimal
range of parameters (in particular allowing v9 = —1, but not allowing the real parts of a_, a4, 5, 5+
to be too negative). It should be remarked that this regularization technique can be combined with
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that in §3.1 to yield proofs of the main theorems without the technicalities associated with needing
to understand the analyticity of products of distributions like (y 4i0)* in A. As this lacks the purely
analytic flavor of the proof in §3.1, it is not the approach we follow here. The Iy, , are related to
the Selberg-like integrals Sg y, » in §3.5. A key lemma used in the removal of singularities is in §3.6.
This lemma is a generalization of a result proven by Aomoto [Aom&7] and discussed heuristically by
Dotsenko-Fateev [DF85a]. For completeness and later convenience, we record in §3.7 the symmetric
and DF-symmetric cases of the results in §3.2 regarding the Dotsenko—Fateev integrals.

Let Gy pmpn = & X 6, X &, which we consider as the subgroup of &y leaving each of Z;,73,73
invariant, where 77, 75,73 are as in the previous section, a.k.a. the Young subgroup associated with
the partition {1,...,n} =Z; UZy UTZ3. Given a permutation o € &y, p, let

N
[H \$i|ai’1—$z‘\6i} [ II (%(k)—%(j)JriO)Q%“)"’(k)}Fdwl < day,
i=1 1<j<k<N

Ié,m,n[F](avﬁ77)a = /

L,m,n

3.11
defined for (o, B,7) € Vimn[F]. If we define a?, 87,7 by af = ag(j), B = Bo(j), and é}’k :)
Yo(j),o(k)> and

Fo(y1,- - un) = F(Ys-101) - - -1 Yo-1 (V) (3.12)
then Iy pn[F](0, B,7)7 = Igmn[F7)(a?,87,~47). This relation will be very useful below. More
generally, for any o € Gy, let

Lpmn[Fl(0, B,7) = Lomn[F7](@,87,47) (3.13)
Sf,m,n[F](a7 /87 ’7)0 = Sf,m,n[FU](aU7 1607 70)7 (314)

defined for (o, B,7) € Vimn|F] in the former case or for
(0. 8,7) € Ul FI” = {(a, B,7) € CNHNETD2 (a7, 87, 97) € Q[ F7]} - (3.15)

in the latter case. We will use similar notation for other subsets of CZVNTN(N=1)/2 helow, as well as
for the meromorphic extensions of Sy, »[F] and Iy, »[F].

3.1. Some generalities. Let N € N be arbitrary. For a Fréchet space X, let ¢(C"; X) denote the
Fréchet space of entire X-valued functions on CV, where the topology is that of uniform convergence
in compact subsets, as measured with respect to each Fréchet seminorm on X, and similarly for X
an LF-space. Let £(RY) denote the LCTVS of compactly supported distributions on RY. By the
Schwartz representation theorem,

E'(RN) = Uper H™* (RY), (3.16)

where H(RY) is the set of compactly supported elements of H™(RY).
Let N e Nt k€ {0,...,N}, and x € N. For any

Y e CERE . E R )= U CF®RE.

tk+17"' 5
m,sER

 HIVE (RN RY) (3.17)

=tk Thse,e

let, for p = (p1,...., k),
IN,k,H[w](p) :/0 /0 tfltzk<1vw(tlvvtka_)> dtl dt/ﬁ (318)

which we abbreviate as

Ingalillo) = [ 18- ru(t) @™t (3.19)
k
Here, RY = [0,00)?17,,"% X RZ;’;,,,JN, and Iy .[¥](p) is defined initially for Rpq,---, Rpp > —1,

for which the right-hand side of eq. (3.18) is a well-defined integral.
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Let H{? (R™) denote the set of compactly supported elements of H™*(RN) = (r)=* H™(RN).
Let

OCF x C% PRy, . 4 ERYFL N =) U O CE®RY .4 HEdRYTF))), (3.20)

tk+1)"'7 sc,C
Q m,seR

endowed with the strongest topology such that the inclusions

_ —k
O CE R, . p,; Hed RYF))) = O(CF x C5CE(RY, i € RE T 1)) (3.21)
Q
are all continuous, where the left-hand side is an LF space. Here, € is varying over bounded domains
in CF x C*. We are identifying functions on C¥ x C* with their restrictions to subdomains. In other

words, an element of the space defined by eq. (3.20) is locally an analytic family of elements of
C’SO(th,, s H™3(RN=F)) for some m, s € R which are allowed to depend on €.

-tk Tsc,c

Proposition 3.1. Suppose that, for each p € C* and § € C*, we are given some ¢(—; p,8) as in
eq. (3.17), depending entirely on p,d in the sense that the map

CF x C* 3 (p,8) — b € C(R*; E/(RVFY) (3.22)
is entire, i.e. lies in O(CF x C*; Cgo(th._7tk;5’(RiZ:ﬁ._,,tN))). Define
Ink[¥)(P, 6) = Inkx[t(p, 0)](P). (3.23)

Then, the function Jy i .[¢] defined by
k
Ingsll(p, 8) = | TI T(os + D] Innl] (. 6) (3.24)
j=1

extends to an entire function on (C’;; x C§. Moreover, the function

INgow[—] 1 O(CF x CCR(RE, 3 ERYTE 1)) 39— Iypxlt] € O(CF x CF) (3.25)

tht1,-tN

18 continuous. [ |
Cf. [GS64][Var95, Lemma 10.7.9].

Proof. The k = 0 case is essentially tautologous.
We now proceed inductively on k. Let £ > 1, and assume that we have proven the result for
smaller k. Expanding v in Taylor series around ¢; = 0, there exist

P e o ((Ck x CF 0 (Rf;“l_vtk;5’(R£Z;1’f__.7tN))) (3.26)
EV € 6 (CF x €% C% (Ryy; CR(RE L i ERYTE ) (3.27)
which can be regarded as smooth functions (or generalized functions) of ¢i,...,ty, depending
analytically on parameters p € C¥ and § € C*. such that
J
w(tlu e )tN> P, 6) = Z t{w(J)(tQ) et 7tN7 P, 6) + t1J+1E(J+1)(t17 e 7tNa P, 6) (328)
j=0

for all J € N. Let K C CF* be an arbitrary nonempty compact set. There exists some T > 0
such that suppy(—; p,8) C {—T < t; < T} for all (p,d) € K. Then, if Rp1,--- ,Rpr > —1 and
(p,0) € K,

J N1 A
In_15-1,[0D](p,6)

I K 76 = : —

Nk, W](P ) jz(:] i1

. T
Tp1+]+1+/[) T BV (1, )6, 6) di,

(3.29)



THE SINGULARITIES OF SELBERG- AND DOTSENKO-FATEEV-LIKE INTEGRALS 31
where p = (p2, -, pr). We now define Jy i .[¢](p,d) : {Rp1 > —2—J} x C§ — C by

1 i JN—l,kfl,m[w(j)](fL 9) Tei+i+1
L(p1+1) pr1+3j+1

1 T

i F(p1+1)/0 Iy e [BYTD (8, -)](6,6) dby. (3.30)
By construction, eq. (3.24) holds when Rpi,--- ,Rpr > —1. By the continuity clause of the
inductive hypothesis, the integral in eq. (3.29) is a well-defined Bochner integral, for each individual
(p,d) € {Rp1 > —2 — J} x C*. Moreover, the right-hand side of eq. (3.30) depends analytically on
(p,8) € {Rp1 > —1 —J} x C*. By the inductive hypothesis, this is true for the sum on the first line
(multiplied by I'(p1 +1)71), as the simple poles due to the factors of 1/(py +j + 1) cancel with those
of I'(p1 + 1). So, in order to show that the whole right-hand side of eq. (3.30) depends analytically

n (p,d) in this domain, we can show it for

InNkx[Y](p,0) =

T
/0 T Iy e [EYTD (8, )], 6) dt. (3.31)

Justifying differentiation under the integral sign, this is a C'-function of (Rp1,Sp1) € {(u,v) €
R% u > —1 — J}, and it satisfies the Cauchy-Riemann equations, so it follows that the integral in
eq. (3.31) is analytic as a function of p; € {Rp; > —1 — J}, for each fixed p € C*~! and & € C*.
Adding p, 6-dependence does not change the argument.

So, the formula eq. (3.29) yields an analytic extension of Iy ., and we can take a union over all
J € N, the various partial extensions agreeing with each other via analyticity. The continuity clause
is evident from the formula eq. (3.30) and the inductive hypothesis. g

Consequently, Iy .[1] admits an analytic continuation I Nixlt] 0 © = C to the set Q =
(CIZ\ Ujen,...pipj € Z="1}) x C%, and the map

Inga[=]: O(CF x CHOXRE, 43 E YT 13)) 39 = Ingslv] € 0(Q) (3.32)
is continuous.

If P is a consistently orientable collection of codimension-1 interior p-submanifolds on a mwc M,
then, letting zp for F € F(M) denote a bdf of the face F, it is the case that, for any 6 € C” and
p € CF(M) the product

w(p,d) = H b (yp 4 i0)°F : C°(M; QM) > p— lim / H H 2 (yp +ig)°

FeF(M)  PeP 20T IM pF(ary PEP
(3.33)
is a well-defined classical distribution on M, where {yp}pep are consistently oriented defining
functions. (Here, C’é’O(M ; QM) is the set of compactly supported smooth densities on M that are
Schwartz at each boundary hypersurface.) That is, w is an extendable distribution on M and defines,
for small € > 0, an element of C*°([0, €),,; D'(F)) for each face F. We write the right-hand side of
eq. (3.33) as [, w(p, d)p. More generally, if p € C°(M;QM), then

li 2)°P = :
lim, / IT II =& e +ie)ru /Mw(p, &)u (3.34)
FeF(M) PEP

exists whenever pp > —1 for all F € F(M).
Let s € N. Suppose that we are given some entire family

p: CFM) 5 CF x €% — C°(M; QM) (3.35)
of compactly supported smooth densities u(p, §,A) € C°(M;QM) on M. Consider the function
IIM, 1](p,8,A) : {(p,8,A) € C7TM) 5« CP x C*: pp > —1 for all F € F(M)} — C (3.36)
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defined by
1M, )(p,8.X) = [ w(p.8)u(p. 8,7, (3.37)

Proposition 3.2. Suppose that, for some No € Nt we are given an affine map L = (L1, Lo, L3) :
C]QVO — C;:(M) x C§ x C% such that, for each F € F(M), the affine functional

(Le)p : CNo 5 g (Lig)p € C (3.38)

is nonconstant. Then, there exist entire functions Iieg¢[M, p](Le) : (Cgo — C associated to the
minimal facets f of M such that

IM.pl(Le) =" I T+ (Lo)w)|legslM. pl(Le) (3.39)
f  Fer(M)FDf
for all @ € CNo for which the left-hand side is defined by eq. (3.37). [

Proof. Pass to a partition of unity subordinate to a system of coordinate charts on M and apply
Proposition 3.1 locally. O

Then, letting £ = {(Le)p : F € F(M)},
1
[AI;IE W}IW, u(Le) (3.40)

extends to an entire function (CgO — C, where #, € N1 is the maximum size of any set S C F(M)
of faces such that NpegF # & and (Le)rp = A for all F € S. Indeed, this follows from the proposition
above since, for each facet f,

1
- I'(1 L 3.41

is entire.

3.2. Specialization to generic Selberg- and DF-like integrals. We now apply the results of
the previous section to the specific case of the integrals eq. (3.2) and eq. (3.8). Fix {,m,n € N
satisfying { +m +n =N, N € N,

3.2.1. The Selberg case. Fix F € AP(Ky ). Let pjx = pjr(a, B,7) be defined by eq. (2.41),
eq. (2.42), eq. (2.43), and eq. (2.44). Recalling the definition of T(¢,m,n) given in §2.1:

Proposition 3.3. There exist entire functions

2N4+N(N-1)/2

Sﬂ,mm;reg?I,{dF}FE;(KZ’m’n) [F] : Caﬁﬁ ( )/ — (C, (342)

associated to pairs of minimal facets £ of Ky my and collections {dr frer(, mn) € D of weights such
that

Sf,m,n[F](a7:8a7) = Z Z { H F<1 + Pj.k + dFjvk)}
1€T(¢,m,n) {dr}r €EF (Kpm,n)€ED  Z(j,k)ETL
X Sf,m,n;reg,l,{dF}FGf(Kg,m’n)[F] (auﬁ77) (343)
fO?” all (a7/677) € Qf,m,n[p]' u

Proof. This is a corollary of Proposition 2.3 and Proposition 3.2, using the fact that the minimal
facets of Ky, are in correspondence with the elements of T(¢, m,n) via eq. (2.50). O
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Consequently, there exists an analytic extension Sg’m’n[F ] : Qg7m7n[D] — C of SpmnlF] -
Q¢ mn[D] — C, where

QD] = oy U2\ | U (U Aoetde, ezs)] (349)
{drtrer(x,,, »EP {3k}E€Ttmmn

This is an open and connected subset of full measure; namely, it is the complement of a locally finite
collection of complex (affine) hyperplanes in C2V+V (N=1)/2 1n the case m = N, this agrees with

eq. (1.13).
As a corollary of the previous proposition, there exists an entire function
2N+N(N-1)/2
Sé,m,n;reg[F] : Ca,,@,’y ( ) —C (3.45)
such that
StmalFle B = TI DO+ ps + )| Stommwea Fl(@. B7)  (3.46)
{jvk}esﬁ,m,n

holds for all (e, B,7) € Qo.m.n[D], where d¥i® = min{dp : {dro}roer Ky mn) € D}

The case of the proposition above where m = N gives Theorem 1.1. Indeed, if F' € C*®(Ay), F
lifts to an element of C°°(Ky n,0), and the orders of vanishing of F' at the relevant facets of Ay
imply the same order of vanishing at the lift in Ko n 0.

3.2.2. The Dotsenko—Fateev case. Fix F € AD(AZ,m,n), where D is now a collection of orders for
the faces of Ay, . Recalling the definition of XT(¢, m,n) given in §2.2:

Proposition 3.4. There exist entire functions

. 2N+N(N-1)/2
If,m,n;reg,I,{dF}FE]_—(ALm‘n) [F} . (Ca,,B,-y —C (347)
associated to the I € ¥T(¢,m,n) such that
LmalFlle.8,7) = 3 S ([ II v+ esqu +drsg.,)]

I€XT(¢,m,n) {dF}FeJ:(AZ,m,n)ep (z0,S)€1

X IE,m,n;reg,I{dF}Fe]:(Aé’myn) [F](aa 187 7)) (348)

for all (o, B,7) € Vymn[D], where we have abbreviated Iy NS, Io NS, and I3 NS as S or Q as
appropriate. |

Proof. Follows from Proposition 2.7 and Proposition 3.2. U

Consequently, I, n[F] : Vimn[P] = C admits an analytic continuation I tmnlF] ngn[D] — C,
where

) 2N+N(N-1)/2 3
VemnlD] = Cgo gy (N-1)/ \ U U Ufesgue + drsg., €257} (3.49)
{dF}FE]:(AZ,m,n) z0€4{0,1,00} S,Q

Note that ngn[F] ) m(;e@&m’nﬂg,m,n[F]g, as every functional (o, 8,7) — 05,000 (, 3,7) has the
form p; (a”,87,~7) for some 0 € &Sy, and {j,k} € To.mn-
As a corollary of the previous proposition, there exists a function
. ~2N+N(N-1)/2

Iﬂ,m,n;reg[F] . Ca”@ﬁ —C (350)
such that, for all (a, 8,7) € Vimn[Dl,
IE,m,n[F](au B, 7) = [ H H F(l + 08,Q;z0 T d?;l@mo)}If,m,n;reg[F](aa /67'7)7 (351)

:E()E{O,LOO} S,Q
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where S, ) vary over subsets of 7y = {1,..., ¢}, Zo = {{+1,...,04+m},and Zs = {{+m+1,...,N},
depending on xg.
The m = N case of the previous proposition is Theorem 1.3.

3.3. A simple identity. For each permutation o of {0,1,00}. Let

(E mvn) (0= ):
(na maf) (U = (0 1))7
" n!) = (Evnﬂn) (U: (0 OO))a
(€, m’,m) (m,l,n) (0= (100)), (3:52)
(n,f,m) (o0 =(0100)),
(m,n,f) (0 =(1000))

In other words, if the elements of {0, 1,00} label the vertices of a triangle and the edges are labeled
accordingly — that is, ‘¢’ labels the edge between 0 and co, ‘m’ labels the edge between 0 and 1, and
‘n’ labels the edge between 1 and oo — then (¢, m/,n’) is the permutation of (¢, m,n) resulting from
applymg o to the triangle and reading off the new labels.

Let T, : CP! — CP! denote the unique automorphism acting on {0, 1,00} via 0. These are

1
Tiz) =2 TenG)=1-2 Tex) =7 Tawx()=—7 i = (3.53)
1 -1
Tor)) =727 Town) = i — (3.54)
Let gParam . CZN+N(N-1)/2 _, C2N+N(N-1)/2 denote the affine map
(a,8,7) (c=1),
(ﬁ ) (0 =(01)),
aram _ ( 2-—a-— 13 - 27—‘1 ﬁ 7) (0 = (O OO)),
Up (a’IB’ﬂY) B <a7 —2-a- 16 - 27J177) (U = (1 OO))7 (355)
(—2—a-B-2v.1,a,7) (0=(0100)),
(,3,—2—(1—,@—2’7_11,7) (O':(lOOO)),

where v.1 € CV has jth component > oktj Vik- Let rev € &y denote the permutation
that reverses the order of the elements in each of the sets {1,...,¢'}, {¢'+1,...,¢ +m'}, and
{¢+m'+1,...,N}. Let |o| denote the order of o.

Proposition 3.5. If (a, 3, ’y) € "/g,m,n, then oP*a™ (o, B, ~) € "/Vg/7m/’n/, and if (o, B,7) € Qe,m,n;
then oP*™(ay, B, ) € Qrev‘ and

v m/ \n'>»
Tomn[1)(ct, B,7) = Tpr g [1] (O.param(a’ﬁ77))rev\cl,
Stmnl1](@, B, ) = Spr ot [1) (0P (cx, B, 7))
for all (e, B,7) € Qmn- .
Proof. It can be checked case-by-case that
{05,Qie 0 P 0 € {0,1,00},5,Q as above} = {050 : ® € {0,1,00}, 5, Q as above}, (3.57)

where on the left-hand side (S, Q) varies over appropriate pairs of subsets of {1,...,¢'}, {¢' +

S0 +m'} and {¢/ +m' +1,..., N} and on the right-hand side (S, Q) varies over appropriate
pairs of subsets {1,...,¢}, {{+1,...,+m},and {{+m+1,..., N}, depending on e. It can be
seen from eq. (3.57) that

(3.56)

Vé,m,n = (Uparam)_l(W’,m’,n’)~ (3.58)
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The case of Q&mm is similar but more complicated.
Equation (3.56) can be proven for (a, B,7) € Qp ,.n by way of a change-of-variables by substituting
& = T,-1(y). The full result follows via analytic continuation. O

3.4. An imperfect alternative. For I € {(—00,0],[0,1],[1,00)} and > 0, let I'1 4+, : (0,1) - C
be defined by

t+irt (t €(0,1/3)),
Tioa)er(t) =t +ir/3 (te[1/3,2/3)), (3.59)
t+ir/3Fir(t—2/3) (te€(2/3,1)),

F[l,oo),:l:,r(t) = F[O,l],q:,r(l — t)_l, and F(—oo,O},:l:,r(t) =1- F[LOO)FFJ(l —t). Note that the images of
these contours are permuted amongst themselves by the transformations T, above.

Sz

A
1
1
1
1
1
!
1
1
1
1
1
i
1
1

0 1 Rz

FiGureE 10. The contours F(—oo,O],+,1a F[O,l],—l—,l? F[071]7+’4, 1—‘[1’00)7"!‘11' Cf. [DF?’%.)A,
Figure 16]. (For our purposes, the contours drawn by Dotsenko & Fateev approach
+o00 with imaginary part too small. This is why our I't 4 , look different for I # [0, 1].

Suppose that F' € Clzq, xfl, .oy TN, mjvl] For any compact K € C with nonempty interior, let
O = O[F,K] denote the set, which depends on ¢,m,n € N, though we suppress this dependence
notationally, of (a, ) € C2V such that

‘/F( 0,0],+,0 /F( 00,0],+,—1 |:/F[O,1],+,0 /1:‘[0,1],+,77L1 I:/F[l,oo),+,0 ‘/F[l,oo).ﬂ»,nl

(H z:7 (1 — zj) ) H (2 — zj)27f,kF0 dzy - -- ng+m+1} dzpsm - dZe+1} dzg---dz;  (3.60)
1<j<k<N

is an absolutely convergent Lebesgue integral whenever v;;, € K for all j,k € {1,..., N} with j < k,
for every monomial Fy in F. In the definition of the integral above we are defining the integrand
such that the branch cuts are not encountered. For such (a, 3,7),

(a, 3,7) € VimmlF), (3.61)

and the integral in eq. (3.60) is equal to Iy, (e, B,7)[F], assuming that we choose our branches
appropriately. The latter part of this statement can be proven by checking that the integral defined
above depends analytically on its parameters and agrees with Iy, (o, 3,7)[F] for (e, 3,7) €
Vimn[F], which in turn is proven via a contour deformation argument.

The set O is nonempty, open, and contains an affine cone. If

e «; has sufficiently large real part for j € Z; UZ; and sufficiently negative real part for j € Z3,
and
e (3, has sufficiently large real part for j € Zo UZ3 and sufficiently negative real part for j € 73,
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then (a, B) € O[F, K], where what “sufficiently large” means depends on K. Consequently, given
any subset S C &y x &,, X &, the set O°" defined by

05" = {(a, 8) € C*¥ : (a”,87) € O[F?,K] for all 0 € S} (3.62)

is open and nonempty. If K contains e.g. —1, then O[F) K] contains some (e, 3) such that (e, 8,7) ¢
VimnlF]. So, eq. (3.60) gives us an alternative definition of Iy, ,,(a, B,7)[F] for some range of
parameters.

Proposition 3.6. Consider @ € {1,2,3} and j, k € I, with j < k and |j — k| = 1. Suppose that
Vik € L. Let T € &y, denote the transposition swapping j, k. Then,

L F) (0t B,7) = Tonn[F)(x, B,79)7 = / / {
[(—0,00,4,0:1 D (Zo0,0],4,6—1;¢

N
Q .
/ / [/ / (HZ'JO(l_ZjO)Bjo)
jo
To,1),+.,0541 Troa),+,m—1364m ~ Y T1,00), 4,00 4m+1 o) 4 in-1N  jo=1

X ( H (2o — sz)QWjO’kt))FdzN e dze+m+1} d2zpgm - - dzu_l} dzg--- dz, (3.63)
1<jo<ko<N

whenever (o, 8,7) € O where Ii4ri = 'ty unless i = j, in which case I't 4 ry =
14 ri({2i0 Figj) @8 a small counterclockwise circle around zj, not winding around any of the other
z’s or 0, 1. |

Proof. 1t suffices to consider the case F' = 1. Indeed, if F' is a monomial, then we can simply absorb
it into a redefinition of ce. The set O™{17} is decreasing with the set of monomials in F', so once the
result has been proven for monomials, it follows for all Laurent polynomials.

For e = 2, the proposition follows via a straightforward countour deformation argument. The
case ® € {1,3} can be reduced to e = 3 via Proposition 3.5. O

3.5. Symmetrization. Let F € AP(Ay,,).

Proposition 3.7. For any (o, 3,7) € ﬂgegz,mynﬂam’n[F](’,

jﬁ,m,n[F] (Ol,ﬁ,’)/) = Z eie(o_l)gﬁ,m,n[F](av6’7)0’ (364)

0‘66(77”’71

where ©(o) = 21 Zl§j<k§N Lo(j)>o (k) Vik- [ |

Proof. By analyticity, it suffices to prove the result when the quantities above are well-defined
Lebesgue integrals. Decomposing [y, , into £lm!n! copies of Ay, p,

N
IE,m,n[F](auga ’7) = Z / H ‘xj|ao(j)‘1 — xj’Ba(j) H (.Tg—l(k,) — 2,105 . Z'O)Z'Yj”“

0EGp,n ” Thmn j=1 1<j<k<N
X F(y-1(1), s Tp-1(y) AV (3.65)
The right-hand side is
N
e [ [Tl - ageor [ (- ay)Peoee () Ve, (3.66)
0€Csm,n Bemn j=1 1<j<k<N

which is the right-hand side of eq. (3.64). O
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Proposition 3.8. Suppose that o, 3,7 are invariant under all o € Sy, , and suppose now that
F € Clxy,...,xN]|%mn. Then, for all (e, B,7) € QumalF),

4 ik m 2mik n 2mikny:

. 1 —e Y1 1 —e Y2 1 —e Y3

Ie’m’”[F] (OL, B, 7) = [ H 1 — e2mim } [ 1 — e2miv2 } [ 1 — e2mivs
k=1 k=1 k=1

where, for each € {1,2,3}, ve = ;1 for all distinct j, k € Z,. |

}S&m,n[F](aﬁm), (3.67)

Here, we are treating (1 — e?™)~1(1 — ?™7) as an entire function.

Proof. Applying the previous proposition,
Iﬁ,m,n[F] { Z 671'100 (o)y } { Z e7r7,oo J)'y} [ Z em’o.o.(a)’y} Sé,m,n[F](ayﬁa'Y)y (368)
ceSy ceSy, ce6G,

where 0.0.(0) is the number of out-of-order pairs in 0. We appeal to the algebraic identity

N-1 n Cn
Z Co.o.(o) _ H Z Cm _ H 7 (369)

ceG N n=0 m=0 n=1 C
which holds for all N € N and encodes the bijection between &y and the set of possible runs of the
bubble sort algorithm. Plugging in ( = ™7, eq. (3.68) becomes eq. (3.67). O
3.6. The Aomoto-Dotsenko—Fateev relations. Fix N € Nt and F ¢ (C[xl,xl_l, e ,xN,:U]_\,l}.
For each j € {1,...,N}, let 0; € & be the permutation that takes 1 and inserts it in the jth

position while maintaining the relative order of the other terms. That is, o; =(1jj—1 --- 2).
For any £ € N* and m,n € N with £ +m +n = N, let

AZ,m,n[F] = Vé,m,n[F] N ‘./Z—l,m—&—l,n[ﬁw]mZ N W—l,m,n+1[F]Je+m (3 70)

= w,m,n[F] N W—l,m—&—l,n[F]UHm N W—l,m,n—&—l[F]UNa

BemnlF] = (Mim1Qemn [ F17) N (N7t nl F17) 0 (e pm Qe [F17). (371

Note that Z'ng%n[F], Agymyn [F'] are open, dense, and connected subsets of C2N+N(N=1)/2 heing the
complements of locally finite unions of complex affine hyperplanes.

Proposition 3.9. For any (o, 3,7) € @gmm[F],

l+m
- Z e:tszé,m,n[F] (a7677)0j + Z eiszéfl,erl,n[F] (avﬁaﬁy)gj
J=1 j=t

N
+ > S L [Flla, B,7)7 (3.72)
j=fl+m

holds for each choice of sign, where 0; = 2T 3 o <i V1,4, Vj = T+ 27 Y o< o< V,jos» and @ =

Proof. Without loss of generality, we may assume F' = 1. Let Uy, ,, denote the subset of (o, 8,7) €
C2N+N(N=1)/2 defined by

Qo mon (€ {1,. —1})

Q1 mrin (jell+ 1 Al +m—1})
Otymm = § (@, 8,7) : (@7, 877,7477) € § Q1 mn+1 Ge{l+m+1,...,N})

Qomn N Q1 mr1n (=190

Qo 1mr1n N 1mnr1 (G =L£+m)

(3.73)
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Let € > 0. Foreach F1,F2,F3>0and~,7 € (—(N-1)"1,0) with v <7, let Oo,r 55 (suppressing
the £, m,n dependence for brevity) denote the set of (a, 3,v) € C2NTN(N=1/2 guch that
o v < Ry <7 forall j,ke{l,...,N} with j # k,
o [ 1 < Ra; < Foforeach j € {2,...,0}, Ra; > Fq for each j € {{+1,...,0+ m}, and
Raj < —F3foreach je {{+m+1,...,N},
o [1<RBj<Faoforeachje{l+m+1,...,N}, RG; > Fforeach je {{+1,...,04+m},
and Rp; < —F 3 for je{2,...,0},
where F = (F1,F 2, F 3). The set Oo,r 7,7 1s open and nonempty. By eq. (1.7) and the analogue of
eq. (1.7) for the m < N case, there exist F oo, F 0, F 01 > 0 (depending on £, m,n,~,7) such that

def
Or 17 = {(a, 8,7) € Bos 4 and (a1, 1) € 21,001 Q20,1.0 N Q0,01} € Bemn (3.74)

whenever Fo > F1 > Fgand F3> Fo1F 2+ Fgo. Observe that €24 0,00 Qo 1,0 N 9070,1 is the subset
of C? o5 defined by the inequalities —1 < Ra, B3 and Ra + RS < —1. The set

{(r1,m2) € R?: =1 < 71,79 and 7 + 19 < —1} (3.75)

(N—1

is a nonempty triangle. So, U 5= is an open and nonempty subset of C2N+N )/2 and moreover

of GZ,m,n-
For such F and (e, 8,7) € Uf 55, €q. (3.72) (with F' = 1) just reads

l+m
= > Sl Be)7 + D Sy a1 (e, B,7)
J=1 j=t

N
+ > €St mna[l](e, B,7)7 (3.76)
j=fl+m
(pote the absence of the dots over the S’s). By the analyticity of all of the functions in eq. (3.72) on
O¢m,n, it suffices to prove that eq. (3.76) holds for such (e, 3,7).
By Fubini’s theorem, the right-hand side of eq. (3.76) is

+00 N
/ w(xa, ... ,mN)[/ (—x1 £40)** (1 — z1 £10) Bl(H — x +10) 271]) dx} dzo -+ - dzy,
Al 1,m,n

—00

7j=2
(3.77)
where w(za,...,zy) = | ;}722 |2|% |1 — ;]5] [ho<jck<n(zr — x;)*k. The claim then follows from
+o0 N
0= / (—£i0)*(1 — 2 %i0)* ( [] (2; — 2 = i0)*) da, (3.78)
o i
which holds for every (z2,...,2x) € (R\{0,1})N~1 such that x,...,zy are pairwise distinct and

all a, 8,7v9,...,vny € C for which

e the integrand of eq. (3.78) lies in L!(R) and

e Rv; € (—1,0) for all j € {2,...,N}.
Denote the right-hand side of eq. (3.78) by Zy = Zi(x9,...,zN;,8,72,...,7n). For R >
max{|z1|,...,|lzn_1]},

o
|
5 —
<H
=
N
H_
-~
8
)—l
|
N
H,
.
O
H:12
N
IS
H_
~.
O
l\?
2
(oW
n

(3.79)

where 'y (R) =T+ (R)(x2,...,zn) C C is the semicircular contour (with N 4+ 1 semicircular insets
placed so that the contour avoids xa, ..., xxN) connecting —R and + R, with the arc and semicircular
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Sz
A

—-R 1 T2 0 z3 1R"é%2

FIGURE 11. The contour I'; (R) in the case £ =2,m = 1,n = 0.

insets in the half-plane {z € C: £32z > 0}. See Figure 11. In eq. (3.79), the integrand is defined
taking the branch cut along the negative real axis, so

(2 — 2+ i0)2 = exp(2vy;(log |z — 2| + z'ar.g(xl— 2))) (+ case,Jz < 0), (3.80)
exp(2v;(log |x — 2| — 2mi + iarg(z — 2))) (— case, Iz > 0),

for any x € R, where arg(z — z) € [0,27). We orient I'}. counter-clockwise and I'_ clockwise.
Let 'y 4 (R) denote the large arc of I'{ (R) and I';o(R) denote the rest, and likewise let I'__(R)
denote the large arc of I'_(R) and I'_o(R) denote the rest. Then,

N
Z. = lim (—z £i0)*(1 — z £i0)” [[ (x; — 2 £i0)*" d=. (3.81)

R=00.JTo(R) =2

On the other hand, for R sufficiently large,
N
| / (=2 4i0)*(1 = 2 £i0)" [ (2 — 2 £i0)? da| < 7(2R)H P — O(R™5)  (3.82)
Fxx(R) j=2

for some € > 0 depending on («, 5) € £1,0,0 N Q0,1,0 N Q0,0,1. Combining eq. (3.79), eq. (3.81), and
eq. (3.82), we get 7y = 0. O

Proposition 3.10. For any F € C[azl,azfl, o ,xN,fol],

. . L N .
0= I&mm[F] ((1, Ba‘Y) + e+7”(01+2 Zj:z Vl’J)IE—l,m—I—Ln[F](av /377)0l

O N [Fl e By (3.83)

0 = TpmulFl(c, B,7)7 + ¢ 7T Zie 9 oy 1, Fl (0, B,7y)74m
o AR [y [Pl e B) (3.84)
both hold, for all (o, B,7) € Ag7m7n[F]. [ |
Proof. Let G/E,m,n denote the Young subgroup of &, , consisting of permutations which fix 1, i.e.
Shmm =10 € Sy s.t. o(1) = 1}. (3.85)

Via analyticity, it suffices to prove this for all (o, 8,7) € Nyee, Ot.mn|F)°.
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For such (e, 3,7), we can cite the previous proposition to get

4
0= Z WZ@ {Z 163 Sfmn ](aaﬂaﬁy)ajg
l4+m N .
+ Z € ] S@ 1,m+1, TL[ ](a,,@, V)O’ja + Z eiupj S@*l,m,n+1[F] (a7 B77)Uj0’:| ) (386)

j=t+m

where 7 = 2 22<30<J Mo (jo): V7 = ma+2m 22<]0<] V,0(jo), and ¢f = ma+mS+2m Zz<]o<] V,0(jo)-
The order of multiplication is such that ojo is a permutation satisfying (o;0)(1) = j. In eq. (3.86),
© is defined as in Proposition 3.7.

Every o¢g € &y, has the form oy = oj0 for some j € {1,...,N} and 0 € &, satisfying
o(1) = 1. It can be seen that

O(oy ) =O(c1) +67. (3.87)

Using Proposition 3.7, we check that the two cases of eq. (3.86) yield the two results, eq. (3.83) and
eq. (3.84). For instance,

Z 7r2@(a—1) Z 6+19J SK - n[ ](O(,,@, ,7)jSr — Z 67Ti@(0_1)5£7m7n[F](a,,3, ,Y)U
O'GG/ Jj=1 UEGe,m,n (388)

= jl,m,n[F} (Oé, /Ga 7)

Similar statements apply to the other two sums in eq. (3.86) in the ‘4’ case, thus yielding eq. (3.83).
Similar computations apply to the ‘—’ case. O

3.7. The symmetric and DF-symmetric cases. Fix F € AP(A;,, ), not necessarily symmetric.
We assume that dpg,, € Z for all Fgg.e € F(Agmn). Let

op = min{drg o, : S € 71,Q C o, [SUQ| = k} (3.89)
for each k € {1,...,0+m},

b = min{dpg,, : S C 1o, Q C Ty, [SUQ| = k} (3.90)
for each k € {1,...,m +n}, and

d, = —min{drg . : S CT3,Q CTh,|SUQ| =k} (3.91)

for each k € {1,..., ¢+ n}. Here, we are ranging over all {drtrcr(a,,, ) € D-

Let Wi m.n[D] denote the set of (a, 8,7) € C3 such that (e, 3,7) € Vinn[D] whenever o, 3,
have components given by o; = « and §; = f for all indices j € {1,..., N} and ~;; = ~ for all
Jke{l,...,N} with j < k.

Proposition 3.11. There exists an entire function Iy, n:Reg[F] : C3 — C such that

{+m m+n
TemnlF)(e,,7) = [ TT TGk + k(1 at (k= D) | T TOx+ (1 + 5+ (k= 1))
k=1 k=1
l+n

x [ T T(=dx = k(1 +a+ B+ (2N = k = 1)7)) | Lo nres Fl(a, 8,7) (3.92)

for all (c, 8,7) € WemnlD]. n
Proof. Follows from Proposition 3.4. U
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For later reference, consider the special case F' € C[zy,...,2nx]®N. Referring to eq. (1.14),
eq. (1.15), and eq. (1.28), set drg o, = 0;[F], drg o, = 6;[F], and dpg, . = deg;[F], for S,Q C

{1,..., N} as usual, where, for each S and @, j = |S U Q|. Then, as follows straightforwardly from
eq. (2.23), eq. (2.25), eq. (2.27),

Fe I =FC®(Apmn). (3.93)
FEF(At,m,n)

Thus, letting D denote the collection of the integers above, F' € AP(Ay,,.,). We can therefore apply
the results above, with d; = 0;[F], 6; = 6;[F], and d; = — deg;[F].
We now turn to the “DF0-symmetric” case. For any S C {1,..., N}, let

WZ?;?AS[F] = {(a—7a+7/8—76+77—7707’7+) € (C7 : (aDFoaﬁDF077DFO) € w,m,n[F]} (394)

This is a dense, open, and connected subset of C” and depends on S only through the numbers
|S N Z;|. Actually, we need a slightly refined version of this later; let

. DF
W SIF] = {(0— 1,0z 2,0 3,001, a2, 0 3, B 1, B2, B3, B 1, B2, By 37— 70, 74) € €7
 (@PF1, BPF1 APFOY c ), IE) (3.95)

where aPF1, @PF1 are defined as their DF0-counterparts, but defining the jth component using

a4 in place of ay and B4, in place of Sy for v € 7,

i -DF
For (Oéﬂa%ﬂﬂﬁ%Vﬂ%,VH € W&m?r;S[F]a let

DFO; .
Iﬂm?ns [F](a—¢a+7ﬁ—>/8+17—7'7077+) = IZ,m,n[F](aDFOa/BDFoa"YDFO)' (396)

Let b =SSNy, b_=0—40y, my=SNLy, m_=m—my,ny =SNZIz,and n_ =n—ny. Set
Ny =|S|and N_ =N — Ny.

Suppose now that F € AP(Ay,,.) is symmetric in the variables {z;};es and {7i}igs separately.
Let

0j_jy = min{drg 1 S CT1,Q CIp, [(SUQN\S| = j—, [(SUQ) N8| = jit} (3.97)
forj_ e{l,....0_+m_}and j; € {1,..., 04+ +my},

b s, =min{dy, o, S C 1, Q C Ty [(SUQNS| = . |(SUQ)NS| = ) (3.98)
for j_ e{l,...,m_+n_}and jy €{1,...,my +ny}, and

dj_j, = —min{drg o 1S CT3,Q C Iy, [(SUQN\S| = j-,[(SUQ) N8| = jt} (3.99)

for j_ e {l,...,0_+n_} and j; € {1,...,4 +ny}. A similar argument to that above yields:
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Proposition 3.12. There exists an entire function I?n}zonsReg[ ]: C" — C such that
I?ELOH[F](&_, ) B—: /B—H -0, 7+) = IEnFm(,)n;Reg[F] (Oé_, a4, B—a B—H Y—570, ’Y—i—)

{_+m_ €++m+
II Il Ty +i-(+a+(- 1)’7—)+j+(1+04++(j+—1)’Y+)+2’Yoj—j+)]
J-=1 j4=1
m—+n_ my+ny
x| TIT TI TGy (4B + G = Do) + 50 (14 By + Gy — D1e) + 230554
Jj-=1 j4=1
8 +’I’L €++n+

II II T(=dj_j, —j-(1+a_+pB-+(2N_—j_—1)7-)

Jj-=1 j4=1
=+ +oq 4 B + 2Ny —jy — )y4) — 270(7!]#)} (3.100)
holds whenever (Oé*’ Oy 677 BJra Y—570, ’er) W£D750n[ ] m

4. REMOVING SINGULARITIES

As in previous sections, fix £,m,n € N not all zero, and let N =¢+m +n and Z; = {1,...,/},
Io={l+1,....0+m},and Zs = {{+m+1,...,N}. For k € N, let

C,\{kyecZ='andy¢Z} - C (4.1)

denote the analytic function given by F (7) = ['(1+7)"'T(1 + k) for ky ¢ Z<~1. We can consider
r ;1 as an entire function.

4.1. The symmetric case. Fix I € C[z1,...,25]%", and let §;,b;,d; € N be as above.

Let Ug}mjn[F] denote the set of (a, 3,7) € C? such that (o, 3,7) € ngmyn[F] whenever «, 3,7y
have components given by «; = « and §; = f for all indices j € {1,..., N} and ~;; = ~ for all
j < k. Thus, we can define

Sf,m,n[F](av ﬂ7 7) = Sg,m,n[F] (a7 ﬁa 7) (42)
for any (a1, 5.7) € Ugmn F].
Proposition 4.1. The function S,% | [F]: UrmnlF] — C defined by

l+m 1
1% [F (e B7) = | TT D0k + k(L + o+ (k= 1)7))]
k=1
m4n 4 _ln 1
x [ T D(ok + k(1 + B+ (k= 1)7)] [Hr (=di = k(1 +a+ B+ (N +k - 2)7))]
k=1
l 1 m 1 1 )
X SomnlFl(a, B, 4.3
I e L 7 UL g emal e s 0
extends to an entire function (CZ’Y’@7 — C. |
Proof. e Since the prefactor on the right-hand side of eq. (4.3) consisting of all of the I'-function

reciprocals is entire, Sr n[F] extends to an analytic function on Up.mn[F], the domain of

SemalFl(e, B,7)-
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e For all (a, 8,7) € UpnnlF], we have

4 1— e27rikv moq_ 627rik7 no1— 627rik'y

I == O [T 7= e[ 1] 7= F 10 515 F) e 8,
k=1 k=1 k=1
= IZ,m,n;Reg[F](a7 /8’ ’Y) (44)

by Proposition 3.8. By Proposition 3.11, this extends to an entire function C3 aBy C.

The product Fj(y)(1 — e2™*7)(1 — 27”7) , with its removable singularities removed,
vanishes if and only if ky € N and v ¢ N. Thus, Sreg o[ F| extends to an analytic function on

C 5\ Uils {ky € N,y ¢ N}, (4.5)

where M = max{¢,m,n}. '
Combining these two observations, 5,7 [F] extends to an analytic function on Upp, ,[F] U

(C2 5.\ Uhly {ky €N,y ¢ N}).
The set UM, {kvy € N,y ¢ N} is a union of hyperplanes, and it is disjoint from

N
U {k(k+ 1)y e Z=7F}, (4.6)
k=1

$0 Upm.n|F1U(C3, 8, ’y\Uk o, {kv € N,y ¢ N}) is the complement in C2 5. of alocally finite collection

of complex codimension-2 affine subspaces of C3. The result therefore follows from Hartog’s extension
theorem. 0

For any ¢ € NT and m,n € N,
{(Oé,ﬁ,’)/) € Cg : (aaﬁ)7) € Gﬁ,m,n[F]} = Uf,m,n[F] N Uf—l,m-i-l,n[F} N UK—l,m,n—l—l[F]- (47)

The symmetric case of Proposition 3.9 reads, after multiplying through by 1 — e*2",

0= (1= ™) Sy nlFl(a, 8,7) + T OFHEND (1 — 220G, 4 W [Fl(as 8,7)
+ eI (1 — 20N G, [F)(, 8,7) (48)
for all («, 3,7) in the set defined by eq. (4.7). Define
On.o = {(a,8,7) €C*:a+jy ¢ Z for any j € {0,...,N — 1}}, (4.9)
Ona = {(a,8,7) €C*: B+ jy ¢ Z for any j € {0,...,N —1}}. (4.10)

Proposition 4.2 (Cf. [DF85a][Aom87][FW08]).
e For all (o, B,7) € UN7070[F] N UOJV,Q[F] N ON;l;

in(m(a+ B+ (N+m-—1)y))
sin(7 (8 + m7y))

N-1
SonolFl(e, B.9) = (D[ I ° [SvoolFl(e, 8.7).  (411)
m=0

o For all (a,ﬂ,'y) € U()7N7Q[F] N U0707N[F] N ON;(),

{]\i—fsm a4+ B8+ (N+m—1)y))

So.no[Fl(a, ,7) sin(7 (o +m7y))

}SO,O,N[F](%@’Y) (4.12)

m=0
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Proof. We prove the second claim, and the proof of the first is similar. Suppose that
N N-1
(a,8,7) € () UoNennlFIN [ UN—1—nn[F]- (4.13)
n=0 n=0

We can apply eq. (4.8) for £ = 1 and all pairs of m,n € {0, ... N — 1} such that m +n =N — 1.
Combining the plus and minus cases of eq. (4.8) to eliminate the Si y_p—1,[F] term,

1 1— e+27ri(m+1)’y i 1— e—27ri(m+1)'y

| tmia -7 .
27 |:e 1-— €+27ri'y € 1— e—?ﬂ'i’y i|SO7N—n,n[F](OZ, 57 ’Y)

(n+1)y —27mi(n+1)y

o
_ 1 {e+ﬂi(a+ﬁ+2(1\f—n—1h)% _ e—ﬂi(a+/5’+2(N—n—1)v)1_e—}
2 1— e+27ri7 1— e—27ri7
X So.N-n-1n+1[F)(, B,7)  (4.14)
if v ¢ Z. We calculate:

Llominl= AT e—zmw—"h] _ 2s()s(a+ (N —n—Dy)s((N —n)y)

2i 1 — et2miv 1 — e—2miy 1 — cos(277)
(4.15)
and
1 [6+7ri(a+ﬂ+2(an71)7) 1 — g2ty _ —milatB+2(N—n—1)7) 1- 6—27r7j(n+1)'y}
2 1 — et2miy 1 — e—2miy
25(7)

=7 2N —n —2 1 4.16
I eos(aryy (T B+ N —n = 2)s((n 1)), (416)

where s(t) = sin(nt). So, for (a, 5,7) as above such that none of the trigonometric factors on the
right-hand side of eq. (4.15) vanish,

. s(la+ B8+ 2N —n—2)y)s((n+1)7) .
So.N—nn[Fl(a, 8,7) = — s+ (N —n=1)7)s((N —n)7) So,N-1-nn+1[Fl(e, B,7).  (4.17)
Applying this recursively for n =0,..., N — 1, we end up with eq. (4.12).

In summary, eq. (4.12) holds for a nonempty, open subset of (a, 3,7) € Uy n.0[F]NUp 0.5 [F]NOn-0.
By analyticity, the result follows. 0

Proposition 4.3. The function Sn.reg|F](c, 5,7) defined by

N 7 .
F2+dj+a+B+(N+j—2)7)
SN;Re [F](Oévﬁﬂ): = .J = . SN[F](Q757’Y)
s {jlillf(1+5j+a+(]—1)’7)F(1+5j+5+(.7—1)7)&(7)}
(4.18)
extends to an entire function Sn.Reg|F) : (Ciﬁﬁ — C. u

Proof. We begin by defining the following open (and dense) subsets of C3:
Qno=1{(a,3,7) €C*:6;+a+(j—1)y¢ Nforany j € {1,...,N}},

Qna={(a,8,7) €C?:6;+ B+ (j — 1)y ¢ Nforany j € {1,...,N}},

QNwoo = {(a,3,7) €C? :dj +a+ B+ (N+j—2)y¢ Z52 forany j € {1,...,N}},

Uno = {(a,8,7) €C¥:8; +j(a+(j—1)y) ¢ Z=7 for any j € {1,...,N}},

Uva = {(a,8,7) € C*: b5+ j(B+ (j — 1)y) ¢ Z=7 for any j € {1,..., N}},

Uniso = {(a,8,7) € C*: =dj = j(1 + @+ B+ (N +j — 2)y) ¢ Z=° for any j € {1,..., N}}
={(a,3,7) €C*:dj +j(1+a+ B+ (N+j—2)y) ¢ Nforany j€{l,...,N}}.

(4.19)
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FIGURE 12. The sets in S, S2, S3 in Riﬂﬁ N{B =1/5} in the case N = 2.

We write

SN;Reg[F](Oé7677) = To(CK,B,’}/)Tl(Oé,B,’}’)
N _
< [TI T+ 50+ a+ (G = D)L + 5L+ B+ G = Dy ()] SwlFl(a,B,7) (4.20)
j=1

for
T D6+ (14 a+ (G = DY) +5(1+ B+ (G — 1))
Tole5,7) _jl;ll T+ tat(—UyLA+6+8+(G 1) (4.21)
N
Yi(a,8,7)=[[T@+dj+a+ B8+ (N+j—2)7). (4.22)

J
By Proposition 4.1, the second line on the right-hand side of eq. (4.20) defines an entire function.
Since T extends to an analytic function on Un,o N Un;1 and Ty extends to an analytic function on
QNioos SNiRegF] extends to an analytic function on Un,o N Un.1 N QNioo-
In Onyp N UQN’O N U0707N, Proposition 4.2 gives

Il
—

SniregFl(e, B,7) = (—=1)N Yo (e, B,7) s(ex, B,7)

N —
s« [TIT(ds — 3+ @t Bt (V45— 2y )0(o + 50+ B+ (= DY) SoonlEl(e B,
j=1
(4.23)

where

N L +j1+ 8+ —1)) (4.24)

Tz :jHl sla+ (G — DL +6+a+ (G —Dy)FA+06+ B8+ (5 — 1))

N
Ts=][s(a+B+(N+j—2NF2+dj+a+B+(N+j—2))
j=1
xI'(=dj —j(1+a+ B+ (N+j5—2)y)). (4.25)

By Proposition 4.1, the function on the second line of eq. (4.23) extends to an entire function of
a, 3,7. On the other hand, Ty extends to an analytic function on Qn.0 N Un.1, and Y3 extends to
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an analytic function on Uy,s. Combining these observations, Si,Reg [F'] analytically continues to
Qno NUN;1 NUN;oo-

Likewise, Sn:Reg[F] extends analytically to Un.o N Qn;1 N Un;ioo, using On,1 in place of Opn,o and
the other part of Proposition 4.2.

So, Sn:Reg[F(a, B,7) analytically continues to

U= (UnoNUn;i N@nN;oo) U (Unjo N Qnit NUnjoo) U (R0 N Unit NUNoo)- (4.26)
This is
v=c*\[( U Hy 1 Hy 0 Hy)), (4.27)
H1€81,H2€S2,H3€83
where

e & is the set of hyperplanes that are contained in the complement of one of Un.o, Un;1, @ N0,
e Sy is the set of hyperplanes that are contained in the complement of one of Un.o, @n;1, UN;c0,
and

e S3is the set of hyperplanes that are contained in the complement of one of Qn.0, Un:1, Un;oo-

Let
’H:{HlﬁHzﬁHg#QlHlGSl,HQESQ,H3653}, (4.28)
so that Sy.geg[F| defines an analytic function on U = C*\Uyey H. Observe that every H € H is
an affine subspace of C3 of complex codimension two or three (since S; NSy N S3 = @), and the

collection H is locally finite.
Hartog’s theorem therefore implies that Sy.reg[F] analytically continues to the entirety of C3. [

This completes the proof of Theorem 1.2.

4.2. The DF-symmetric case. Giveny; € C\{0,1} and ay, 5+ € C,let v_ = 7;1, a_ = —y_ay,
and f_ = —v_f4 as in the introduction. Fix S C {1,...,N}.

Given 74 # 0,1 and F € DFSym(N;8,\) for A =77 (v4 — 1), let WZE:Z[F’ 7+] denote the set
of (ay, 1) € C% such that

(OéfvaJraB*»BJrva*a _17’7+) € WDFO,S[F]' (429)

£m,n

For (ay, By) € W o [F; 4], let

£m,n

rDF; DFO;
Ie7m7i[F](Oé+, ﬂ-f-? 7+) - I&m’ns[F} (Oé_, a, /8—7 B-l—: V- _17 ’7+) (430)
Then, as adumbrated by Dotsenko and Fateev:

Proposition 4.4. For any 0 € Gy p,

fDF; iDF; o

Izvmvi [F] (aJrv ﬁJra ’Y+) = IZ,m,i [F] (a+7 BJra 7+) (4.31)
for all (cy, By) € Wy S [Fiv]. n

Since W, X *[F] depends only on S through |S N Zy|,[S N Zal,|S N Zs),

£m,n
i/ DF, i DF,
Wl F3 4] = W IF5 417, (4.32)

so the right-hand side of eq. (4.31) is defined for any (o, 81) € WPES[Fiyy].

l,m,n

Proof. Since &y .y, is generated by transpositions 7 of adjacent elements of 7,75, 73, it suffices to
consider the case when ¢ is such a transposition, 7. For notational simplicity, we consider the case
when 7 is a transposition of some j,j + 1 € Zy and j € S. The other cases are similar but involve
some notational changes.
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Let WZDTE}lS[ :7+] € C8 denote the set of (a1 4,024, a3+,B1.+, B2+, B3.+) € CO such that

DF1,8
(04_71, a_2,&_3,004 1,04 2,043, /8—,17 5—727 5—,37 5—}-,17 B—i—,?a B+,37 Y- _17 7+) € WZ m,n [ ]7 (433)

where a_ , = —y_ay , and S_ , = —y_f34 ,. It suffices to prove that, for any o € &y, 1,

Ly [Fl(o 1,0 2,0 3,001, 04 2, 0y 3, B 1, B 2, B 3, B4.1, B2, B35 7+)

:DF,1:8
=Ly Flla 1,00, a3 a1, 004 0,000 3, B 1, B 2, B3, B+.1, B4 2, B3, 7+)7  (4.34)

DF,1,s
for all (a1,4,02. 4,03+, 61,4, B82+,83.+) € ngn [F;v4], where

:DF 155
Iy [Pl 1,0m 0,0 3,0 1,00 9,003, B 1, B 2, B3, B41, B4 2, B3, 7+) =

Tpmn [ F](aPF1, gPFL APF)  (4.35)

DF,1 gDF,1 DF1_ gDF1

where a are defined as o ,using a— , = —v_aq, and B_, = —v_ B4 ..
First observe that there exists a nonempty, open subset

O C Wy [F 4] (4.36)

(containing an affine cone) such that (aP¥!, 8PF:1 4PF) ¢ 0117} whenever (g1,...,B43) €0,
where O117} is defined as in §3.4. We can choose O such that Rot 2, RB+ 2 > 0 everywhere in O.

Since th nlz i[ ;7+] is connected, it suffices via analyticity to prove the result for

(14,024,034, 81+, 82,4, 83+) € 0. (4.37)

We write a4 in place of ot o and B+ in place of B+ o below.

We can apply Proposition 3.6 for (a4 1,...,8+.3) € O. By Proposition 3.6, it suffices to check
that, whenever all of the z;’s besides z; and z;1 are somewhere in the interior of the corresponding
contour in eq. (3.63),

/ f%’“(l — )P (1= z40)7 ( II (2o = 2jo) V040 ) F dz; dzj41 =0,
Lio,1),4,5—¢ 1<jo<ko<N
{do,ko}n{j.i+1}#2
(4.38)
where the inner integral is taken over a small circle around z;41, for each 241 € F[0’1]7+7j,g\{0, 1}.
Since the integrand is holomorphic in z; in a punctured neighborhood of z;y1, we apply the
Cauchy residue theorem to deduce that the left-hand side is proportional to

oG
o G
Tlo,1],+,5—¢ aZ]
where

Golz1, .-y 2n) = 25 (1 = 2j41)°- [ I1 (zj+1 — Zjo)%*} [ IT G- Zjo)_ﬂ’ (4.40)

de+1, (4.39)

Zj=Rj+1

Jo€([N\8)\{7+1} jo€s\{s}
G(z1,...,2N) = z?*(l - zj)ﬁJf[ H (zj — Zjo)_ﬂ [ H (zj — zj0)27+}F. (4.41)
Jo€(IN\8)\{7+1} jo€s\{s}

We are choosing branch cuts such that we do not encounter any as zj, z;11 are integrated along
L(0,1),+,j—¢ (except at the endpoints). Other than that, it is not important what the precise choice
of branch cuts are.
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The integrand in eq. (4.39) is computed to be

0G « I5; 1 1
Goaz :{z-—i__l—; T2+ Z Zitl — % -2 Z Zit1— 2
J 'ZiT R+ j+1 J+1 joes\ {5} j+1 Jo Joe(IN\S)\{j+1} Jj+1 Jo
0, F
i |, (442)
Folzj=z0
where H = GoG|.;=z,;,,- On the other hand,
0OH a-+tay B+ 1 1
0zj :{ Zj . 1—z (@1 -2) Z Zit+1 — Z; +(27--2) Z Zjt+1 — %
i+l i+l i+l joes\{j} JHL T A Joe(INNS)\{g+1} T+ =70
1 P (F"ZFZN)}H. (4.43)
Flaj=z
Since 1 —v- = a7 (o +ay) = 7' (B- + B1) =75 (74 — 1) = A, and since F € DFSym(N, 8, A),
0G 1 0H
Go— — . (4.44)
82’] Zj=Zj+1 A@sz
Consequently,
oG 1 OH
Go dz; i+1 = —dz j+1- (4.45)
/F[o,1],+, 82{7 Zj=Zj+1 ! A Tio,11,+,5—¢ 8Zj—f—l !
The right-hand side is proportional to
OH
dz. 4.46
azj+1 Zj+1 ( )

if a, By ¢ 7, where p is a Pochhammer contour in C?\{0, 1} staying sufficiently close to Lio1),4,5—¢
Lifting to a cover of a neighborhood of T’ 1) 4 j_, on which H lifts to a single-valued analytic
function, we can conclude (using analyticity) that the integral in eq. (4.46) is zero. By analyticity,
we can remove the nonintegrality constraint on a4, 8+ to conclude that

oH
2 dzj1 =0 (4.47)
/Fm agoe 0741

for all (a4 1,...,0+3) €0

Proposition 4.5 (Cf. [DF85a]). Given the setup above, for arbitrary S:
e For all (a4, ) € W]]\D,EZS[F; Y+] N W(EEZS[F; v+] such that B+ +myys ¢ 7 for any my €
{0,...,Ny — 1}
:DF, DF
Io,N,%[F](a+»5+77+) (— )NINO?J[F](O‘+aB+v7+)

Ny—1 N
1 osin(m(ag + By + (Ny +my — 1)) sin(m(a- + B + (N + m— —1)y-))
) [ 11 sin(m (B4 + m4v4)) } [ 1_[: sin(m (8- +m-v-)) ]

m4 =0

(4.48)
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e For all (ay,B4) € W(])?]I\?,ZE[FWA N Wé?g}\sf[F;%] such that oy +myyy ¢ Z for any my €
{0,..., Ny — 1},

:DF, DF,
IonolFl(ar, Bevy) = ()N g N [Fl(ar, By, vy)

’]V —1 N_—-1
7 sin(m(ag + B84 + (N +my —1)74)) sin(m(a— 4+ - + (N-+m_ —1)y-))
" [mljo sin(m(ay +myy)) } [ 11 sin(m(a— +m_v_)) ]

m_=0

(4.49)
Fors={1,..., N4}, we also have:
e For all (ay,B+) € W]]\?f”i,ﬂo[F;qq] N W(?JE:(S][F; v+] such that By + miyy & Z for any
m4 S {0,...,N+—1}

:DF, iDF,
Io,N,%[F](OUm Bisv+) = (—1)N+IN+,§\/,,0[F](04+, Bsv+)

Ni—1
)  sin(m(ay + By + (N +my — 1))
ml:lzo sin(m(By +myyy)) } . (4.50)

e For all (a4,B4) € W(]]?ﬁig[F;’er] N Wé?fff,N, [F';v4] such that a— +m_~vy_ ¢ 7Z for any
m—_ €{0,...,N_ — 1},

:DF, _DF,
Io,N,%[F](Oé+,5+;’Y+) = (-N Io,Nf,N_ [F](ogs By ve)

N_—-1
sin(r(a_ + B+ (N_+m_ —1)7))
8 [ H sin(m(o— +m_~y_))

|- (@s1)
m_=0
Similarly, for S={N — Ny +1,...,N}, we have:
e For all (ay,B4) € WJI\?TJSV%O[F;'H] N WSJE:S[F; Y+] such that f— + m_~y_ & Z for any

m—_ €{0,...,N_ —1}

:DF, _ :DF,
Io,N,So[F](04+,5+W+) = (-~ IN_,§V+,O[F](0+75+,7+)

N_-1
sin(r(a_+ f-+(N_ +m_—1)3))
s [ 11 sin(m(B- +m_vy_))

|- (52
m_=0
e For all (ay,B4) € WO]?E:(S)[F;’V_,_] N Wg?f,fN+ [F';v4] such that oy + miyy ¢ Z for any
m4 € {0,...,N+—]_},
TNl (@, By o) = (1N I v, [Fl(ovss B v4)
X [Nﬁl sin(m(ay + B4 + (Ny +my — 1)74))
sin(m (o + myy4))

|- (453)

my=0
|

Proof. Follows from a repeated application of Proposition 3.10, as in the proof of Proposition 4.2.
The only difference with the proof of Proposition 4.2 is that we appeal to Proposition 4.4 to show
(instead of it being an automatic consequence of symmetry) that

jé,m,n[F] (aDF,S’ ,BDF’S, ,YDF,S) — I'e’m’n[F](a{DF,S7 ,BDF’S, ,YDF,S)Ug (4‘54)
jﬂ—l,m—i—l,n[F](aDRSa I@DF,S, ,YDF,S)W — jﬁ—l,m—&-l,n[F](aDF’Sa BDF757 ,YDF,S)Jg_,_m (455)

I.é—l,m,n—&—l[F](aDF’S: /BDF’S, ,YDF,S)UZ+m — jZ—l,m,n{—l[F](aDF’sa BDF’Sa ,YDF,S)O'N‘ (456)
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Proposition 4.6. For vy € C\{0,1}, the functions I]]\D[.Ffiig{F](a+,/8+,'y+) defined by

DF S sin(m(ax + B+ + (Nx 4 j — 2)y+))
SN B = 1 H Sntr{as + = Da)) s (32 % G = T770)))

XIB};{ig[F](a+aﬁ+ﬁ+) (4.57)

extend to entire functions I]]\D,F S [F]: C? — C. mO

;Reg at,B+

Proof. The proof is very similar to that used to prove Proposition 4.3. Using the previous proposition
with Proposition 4.4, it suffices to note that the union of all nine of the sets

DF,s  DF,S_ DF,S_ [,  DF,S_ ) - DF,S_ )
WNOO [Fs7+], Wono v+l Woo N 37+l W 'n, ol F5 v+l W o, [F 7+,
DF,s_ + DF,S DF,s DF,s
Wo JN_,N, [F§7+]7WN+7N+_70[F§’Y+] WN+ 07\7_ [ 741, Wo N+J§V [F;v4] C Ca+ By (4.58)
where Sy ={1,...,N;} and S_ = st is the complement of locally finite set of points, and then the
result follows via Hartog’s theorem.

O
APPENDIX A. THE N = 2 CASE
We now consider the N = 2 case in some detail, beginning with the formula
r( INQ! re+2 ra+2
Sy(cx, B,7) = (L4+a)l'(1+ B2)l(2 4 2v12 + a1 + a2)'(1 + 2712) Fy(a,b:1), (A1)

L2+ a1 +272)T (3 + a1 + az + B2 + 2712)

a = (a1,a2,a3) = (1 4+ a,—p1,2+ 2v12 + a1 + ag) and b = (b1,b2) = (2+ g + 2v1,2,3 + a1 +as +
B2 + 2712). This is asymmetric in the role of the a’s and /’s, but there is an analogous formula
with the a’s and ’s on the right-hand side switched. Some of the singularities of Sy are manifest in
this formula, but others are hidden in the 35 factor.

Consider now the Dotsenko—Fateev-like integral

1 41
IQDFO(Oq, ag, f1,B2,7) = / / z{teg? (1 — xl)ﬁl(l — 1:2)’32 (xg —x1 + i0)% dz; das. (A.2)
o Jo
By the previous proposition:
Corollary A.0.1.

F(l + 041)1_‘(1 + 52)3172((1, b; 1)
F2+ar+27)I@+ a1 +az + 2 +27)
omin I'(1+ )T (1+ 51)3Fa(d’, V1) } (A3)

T2+ az+27)T(3+ a1 +az + fi +27) )

where o’ = (a},ab,a) = (1+ az, —f2,2 4+ 27+ a1 + az) and ' = (b),b5) = (2 4+ as + 27,3+ a1 +
az + S+ 279). LIl

IDFO(ala a2, Blvﬁ?)’y) = F(Q + 2'}/ + o1 + O[Q)F(l + 2’)/)|:

+e

The formula eq. (A.3) is not suitable for analytic continuation to v = —1, for which we instead
use the method described in §3.4. That yields

I(ar, a9, B1, Ba, ) = P%;;fg:ﬁ ;1)51) /1“ [z‘”*”(l _ )P

X 2F1< — 27,14+ 1,2+ a1 + B %)} dz, (A.4)
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where the I is a trapezoidal contour in the upper-half of the complex plane. This formula can be
used to numerically compute [ DFO(al, ag, b1, P2, 7y) for v with large negative real part, as long as
a1, a9, b1, B2 have sufficiently large positive real part relative to ~.

We illustrate the method of proof of Theorem 1.1 with the computation of the residues associated
with a_ + a4 +2v € 724, Introducing coordinates ¢ = xo and A = z1/x2,

Sa(a, a2, B1, Ba, ) / / 9252 (1 — 21)P (1 — 29)2 (w9 — 21)% dry day
(A.5)
:/ / Ql+a1+a2+2'y)\a1(1 _ )\0)61(1 _ Q)Bg(l _ /\)27 d\do.
0 Jo

Expanding (1 — Ao)? (1 — )% in Taylor series around ¢ = 0, we have

(1= ) (1~ ZZ(/B )( 52K>)\K(—Q)k' (A.6)

k=0 k=0

Then, computing the outer integral term by term and using the formula for the g-function for the
inner integral,

00 k
Sa(ar, o2, B1, B2, 7) ~ > 1 > <5l> <k52 ) D+ an + )T+ 29) (A.7)

k:02+a1+0¢2+27+k5:0 K — K L2+ a1 +2y+ k)

where the ‘~’ means modulo an error which is not singular at (all but a positive codimension subset
of) the hyperplane under investigation. The right-hand side of this has an apparent pole whenever
a1+ oo+ 2v € 7572,

We now examine some special cases. Fix d € N. First consider

Solz ]( ,By7) = Sa(a,a+d, B, B,7) / / :caxg+a(1—xl)ﬂ(l—xg)ﬂ(xg—xl)z'ydxldxg. (A.8)

By eq. (A.1),

'+ o)1+ 81 +29)I'2+ 20+ 27+ d)
F'2+a+29)3+2a+F+2y+d)

where now a = (a1, az, az) = (14+a, =, 24+2a+2v+d) and b = (b1, b2) = (2+a+27, 3+2a+54+27+d).
A numerically generated plot of the absolute value of the right-hand side is given in the case d = 2
in Figure 13. Applying Theorem 1.1, in which o« = o, @« = d+2a+27, B« = B, B2« = 28+ 27,
and 712+ = 27, we deduce that Sa[z?](a, B,7) extends to an analytic function on

Sala?)(e, B,7) =

-3F(a,b; 1), (A.9)

C3 5, \[{o € 25 Ufa+y € 2725 U{B € 257} U{B+7 € 271252} u{y e 2712571

(A.10)
In the d = 2 case, this can be seen in Figure 13.

On the other hand, consider

1 9
Saly? (e, B,7) = Sa(a+d, o, B, 8,7) :/o /0 a2 (1—21)P (1—22)° (22— 21)% day dzs. (A1)

By Equation (1.20),

Fl4+a+dI'1+8)I'1+29)I(2+ 2+ 2y +4d)
Fre+a+2y+dIlB+2a+5+2y+d)

where @’ = (a,a2,a3) = (1+d+a,—8,2+d+2a+27y) and b’ = (b),b2) = (2+d+a+27,3+d+
2a 4 B+ 27v). We again apply Theorem 1.1, but now a1, = d+ «, ag« = d + 20+ 27, in order to

Saly (e, B,7) = B V1), (A12)
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|Solz?) (v, 1/2,1/3)] vs. a

1Sa[y?](ar, 1/2,1/3)| vs. a
40 . W sriten 12 |

30¢

20

FIGURE 13. The absolute values of the right-hand sides of eq. (A.9) (left) and
eq. (A.12) (right) plotted against «, for § =1/2 and v = 1/3 fixed. The singularities
predicted in eq. (A.10), eq. (A.13) have been drawn as dotted vertical lines, those
associated with {« € Z} in blue and those associated with {a +~ € 27!Z} in red.
It appears that all of the poles that could be present are present. The apparent
zeroes of So[F(a,1/2,1/3) in the depicted range of o have been marked with dotted
black lines and numerically computed to be ~ —2.48503 for F' = 22 and ~ —3.06833,
—3.57013, and —4.08562 for F = 3.

deduce that So[y?] (e, 3,7) extends analytically to

C3 5, \[{o € Z571 7 U ety € 271257208 € Z5 U+ € 27125 Uy e 2712571
(A.13)
See Figure 13 for a numerically generated plot.
If we instead pick F(z,y) = z% + y¢, which is in some sense the symmetrization of the previous
two examples, the situation looks very different. Combining the formulas above yields

Sala + 5@, 8,7) = (Sala] + Saly (e, B,7) = RCSE(; . 5)&13123(12(2512;123)+ ’

Fl+a+dI'2+a+2y)
'+ a)l'2+a+2v+d)

x [3F2(a, b 1) + S3Ba(a b)) (A14)

On the other hand, by Theorem 1.2, we know that Sy[z? + y?] extends analytically to

(Czﬁﬁ\[{a € nglfgl} U {Oé + v e ZS*Q*SQ} U {/8 c Zﬁflfgl} U {/8 +ye nglfzg}

U{ye2z="1 4 ¢ Z}}, (A.15)

where 81,61, 09, b2 are as in the theorem. In this example, 61,61, 62 = 0, 6 = [d/2], dz = d, and
dy = |d/2]. See Figure 14, in which d = 2.

In the sum eq. (A.14), the poles of the individual summands at such 2a + 2y € Z=~279N (2Z 4 1)
(which we can see from Figure 13 exist) must cancel. By eq. (A.7), the residue of Sa[z? + y?)(a, 8,7)
at such a point is proportional to

~ (%[ # A+a+k) N(1+a+k+d)
:‘;)(K/) (k_’i> |:F(2+OZ+2")/+/€) +F(2+a+27+/€+d)}' (A.16)
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2 2 ra
|9s[2” + y7](a, 1/2,1/3)] vs. @ |So[2® + 7] (ar, 1/2,1/3)| vs. o (Inset)
PTTTETE v 1 025 R e
10 il ]
- R 0.20¢
8.
0.15¢
6_
A 1010F
! L 0.05}2
0 S I i 0.00 : : i LN i /i
-3 -2 -1 0 -6.0 =58 -56 -54 -52 -50 -438
a «

FIGURE 14. The absolute value of the right side of eq. (A.14), plotted against

€ (—6,0) (left) and a € (—6.1,—4.75) (right), for f = 1/2 and v = 1/3 fixed.
Singularities associated with {a € Z} are marked with blue lines and those with
{a+~ € Z} with red. The zeroes associated with {ov + [ + + € Z} are marked in
green and those with {« + 7+ 2+ ¢ 7} in orange. The location of the second plot is
marked as an inset on the left plot (not to scale).

This therefore has to vanish whenever —2 —d —k is odd and (,7) € {2a+2y = —2—d—k} c C2
is such that the functions in eq. (A.16) are well-defined. A direct algebraic proof of this fact is not
entirely trivial, but it is straightforward to check case-by-case.

The function Sa.reg[r? + y?] (e, 3,7) is plotted as a function of a € C in Figure 15, still in the
case d = 2 — for fixed 3,7. As expected, it appears to have no singularities, in accordance with
Theorem 1.2. Unlike in the case F' = 1, where Selberg’s formula shows that Sa.reg[1](cv, 5,7) is
constant, So.geg[r? + 37| is nonconstant.

| So.Reg[2” + yf](a, 1/2,1/3)] vs. «

FIGURE 15. The function Sa.geg[®? + y%](c, 1/2,1/3) defined by eq. (1.29), plotted
as a function of a € C.
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Consider now IP¥(ay,By) = IP"(ay, —ay, By, —B4,1), which is a DF-symmetric integral with

v+ = —1. This is given concretely by

1+ o)1+ By) / {2a++2’7(1 _ Z)5+
T

rDF _
‘[2 (a-‘r?/B-‘r) - 1—\(2_|_a+ +/B+)

X 2F1( -2y, 1+ ay, 24+ ay + By %)} dz (A.17)

when the real parts of o, 4 are sufficiently large. The Dotsenko—Fateev claim, eq. (1.49), is, up to
a sign, that
1+ o)A+ B )T (o )T(B4)

rDF —
1% (g, By) = (1 + oy + B) (s + By

(A.18)

APPENDIX B. EXPLICIT COORDINATES ON [0, 1)}

In this appendix, we discuss the total boundary (tb) blowup [0,1)Y the mwc constructed by
blowing up all of the facets of [0, 1)N , starting with those of the lowest dimension.

For each nonempty subset S C {1,..., N}, let Fg denote the face of [0, 1)9{) corresponding to the
facet {j € S = z; =0} of [0, 1)N. Tracing through the construction of the total boundary blowup,
we have the following explicit choice of boundary-defining-functions (bdfs) of the various faces. If
N > 3, these are different from the recursively defined boundary-defining-functions discussed in the
introduction to §2.

It is possible to prove:

Proposition B.1. The function
(_1)\SI*\50|

ITFg = TFg,N = H { Z xj} (B.l)

So2S  jESo

serves as a bdf of Fg.
Suppose that I is a (possibly empty) set of nested nonempty subsets of {1,...,N}. Then,

fi = {xpg =0 for all S € I} (B.2)

is a codimension |I| facet of [0,1)X. This defines a bijective correspondence between the set of nested
nonempty subsets of {1,..., N} and the set of facets of [0,1)}.
If p lies in the interior of f1, then, letting o € G denote any permutation consistent with I,

0= To(1), Lo(2) = To(2)/To(1), > Bo(N) = Za(N)/To(N-1) (B.3)
give a local set of coordinates near p. [l
Here, we say that o € Gy is consistent with I if, whenever j <k, o(j) € S € I = o(k) € S.
We can cover [0,1)Y with the N! coordinate charts whose restrictions to the interior are of the
form
{0 < zpn) < 2zo(nv_1) < -+ <2V, <2V} (0, )N

5[0, D)y ) % [0,2)1 ) fs X o+ % [0,2) (B.4)

To(N)Y/Ta(N=-1)"

for o € Gy.
The preceding proposition is used to prove:

Proposition B.2. For any M € {1,...,N — 1} and nonempty Q C {1,..., M},

J;FQ7M = H xFQUQoaN (B5)
QOQ{M+197N}

in (0,1). [ |
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Proof. A factor of }_;cquq, ¢; appears on the right-hand side of eq. (B.5) to the power

Z (_1)\Q0\’ (B.6)

Q1CQo
which is, by the binomial theorem, +1 if Qo = & and 0 otherwise. Thus, [T car41,... N} TFougy. N =
The full proof of Proposition B.1 is somewhat incidental to the rest of the paper, so we merely
illustrate the argument in the case N = 3. This generalizes to the N > 3 case, and applies in an

even simpler form to the N = 2 case.
The total boundary blowup [0, 1)} is defined as

[[07 1)3; {x7y72 - 0}7 {yaz = 0}; {x,z - 0}7 {.’L’,y = 0}]7 (B7)

where the first blowup is that of {z,y,z = 0} and must be performed first. The other three blowups
can be performed in any order, and each order yields a canonically diffeomorphic mwc. The input
and output of the first blowup, yielding [[0,1)3; {x,y, z = 0}], are

x/(x+y+2)

respectively, where we are marking the faces with boundary-defining-functions (using the Cartesian
coordinates x,y, z in place of x1,x9,x3). The choice of bdfs on the blowup are in accordance with
the prescription in the introduction of §2.

The next blowup, yielding

[[0’ 1)3; {-’Zf,y, z = 0}7 {yv z = OH? (BS)

has input and output

x/(z+y+z)

(y+2)/(x+y+2)

Again, the choices of bdfs are in accordance with §2.
Next, we blow up the facet of [[0,1)%;{z,y,2 = 0};{y,z = 0}] corresponding to the y-axis.
Because the previous blowup was located away from the facet being blown up now, we can use the

sum
T z r+z
+ = (B.9)
r+y+z x+ty+z xty+z
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of the bdfs of the adjacent faces in [[0,1)3; {x,y,z = 0}] as a bdf of the front face of the current
blowup rather than
T z _:Ey~|—2xz+yz~|—z2

+ =
r+y+z y+z (ytz)(zty+e)
which would be the prescription in §2. The choices in eq. (B.9), eq. (B.10) are equivalent, in the sense
that their quotient is a smooth, nonvanishing function on [[0,1)3; {x, y, z = 0}; {y, 2 = 0}; {z, 2 = 0}].
Given that eq. (B.9) serves as a bdf of the front face of the latest blowup, the quotient
v/(r+y+z)  x

(x+2)/(x+y+z) z+=z
serves as a bdf in [[0,1)3; {z,y, z = 0}; {y, 2 = 0}; {x, z = 0}] for the lift of the yz-plane, and
z/(y + 2) _ zzty+2)
(z+2)/(z+y+2) (2+2)(y+2)
serves as a bdf for the lift of the xy-plane. In summary, the third blowup has input and output

: (B.10)

(B.11)

(B.12)

z/(x+y+z) z/(x 4+ 2)

(y+2)/(x+y+2) (y+2)/(x+y+2)

z/(y +2)

(@+2)/(@+y+2) " 2@yt etz y+2)!

The final blowup, yielding [0,1)3, = [[0,1)%; {z,y,2 = 0}; {y,z = 0}; {z,2 = 0}, {z,y = 0}], is
similar. We use (z +y)/(x +y + 2) as a bdf of the blowup of the face corresponding to the z-axis,
and we can then use

z/(x + z) _ z(x+y+2)
(+y)/(z+y+2z) (z+y)(z+2)
y/(y +2) _ ylz+y+2) (B.13)

(@+y)/@+y+z)  (z+y)y+2)
as bdfs of the faces corresponding to the yz- and xz-planes, respectively. Thus, we end up with

(z+y)/(x+y+2)

zz+y+2)(z+y) Yo +2)7t yet+y+2)(@+y)y+2)7

(y+2)/(r+y+2)

(@+2)/(x+y+2) " 2aty+)atz) " y+2)!

as our final result.
This establishes the first part of Proposition B.1, at least in the N = 3 case.
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The rest can be deduced. For example, consider the upper-left corner of the hexagonal face
fri1,2.3) in [0, 1)3,. This is fri1y,01,2).{1,2,3)}- Nearby, z > y > z, so, in some neighborhood U of
that corner, and

T +y+z€z0°U;RY), v+ 2z € 20°(U;RY), x+ye€yCeU;R"). (B.14)

Thus, the chosen bdfs depicted above are z +y + z € 2C°(U;RY), (x +y)/(z +y + 2) €
(y/2)C>(U;RY), and

w(@+y+2)(z+y) e +2)7 € (2/y)C(URY). (B.15)

This shows that z,y/z,x/y serve as a valid coordinate system within U. The only permutation
o € &3 consistent with I = {{1},{1,2},{1,2,3}} is 0 = (1, 3), which reverses the order of 1,2, 3.
That is, 0(1) = 3, 0(2) = 2, and 0(3) = 1. The coordinates p, Z; defined in eq. (B.3) are

o=x3=2, Ia=ux9/x3=1y/2 (B.16)

and &1 = z1/x2 = x/y. It can be seen that U can be taken to be any open set not containing any
of the other corners of f{;;23};. Each corner is analogous, so the final clause of Proposition B.1
follows, at least in the considered N = 3 case, from the computations above.
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