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POTENTIALS

ETHAN SUSSMAN AND JARED WUNSCH

Abstract. We provide a short proof of the convergence of the Born series on asymptotically
conic manifolds, at sufficiently high energy. The potential is allowed to have multiple Coulomb
singularities. This is handled using powerful semiclassical estimates recently proven by Hintz for the
case of a single dipole (or better) singularity. The potential is also allowed to be long-range, like the
actual Coulomb potential 1/r; long-range potentials are handled using anisotropic semiclassical (sc-)
Sobolev spaces. As a consequence of the above estimates, we show the existence of a resonance-free
region for Hamiltonians with multiple screened Coulomb singularities.
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1. Introduction

Let X be a non-trapping asymptotically conic manifold [Mel94; Mel95], with dimension d ≥ 3.
For example, the manifold-with-boundary X could be the radial compactification of Rd (the “exactly
Euclidean” case),

Rd = Rd t∞Sd−1, (1)
in which case X◦ = Rd; the reader may then forget ∂X =∞Sd−1, for most purposes. Part of the
data of an asymptotically conic manifold is a Riemannian metric on the interior; in the exactly
Euclidean case, this is the Euclidean metric. Suppose we mark some finite number # ∈ N of points,
p1, . . . , p# ∈ X◦. Consider a possibly long-range potential with Coulomb singularities at those
marked points, but smooth otherwise. That is,

V ∈ r−1C∞(X;R), (2)
1
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where r ∈ C0(X◦;R≥0) is a function such that
• r2 ∈ C∞(X◦;R), so r2 is smooth at each marked point (note that X◦ includes the marked
points),
• r2 is a quadratic-defining-function of the union of the marked points, which means that

(i) for x ∈ X◦, we have r(x) = 0 if and only if x is one of our marked points,
(ii) the Hessian of r2 is non-degenerate at each marked point,

• 〈r〉−1 ∈ C∞(X) is a boundary-defining-function of ∂X.
(When X = Rd and we are interested in a single marked point, then r can be the distance to the
marked point. However, our main interest is in situations with multiple cone points.)1

In this note, we are interested in the high energy behavior of the “limiting resolvent”

RV (σ ± i0) = s-limε→0+(4+ V︸ ︷︷ ︸
P

−σ2 ± iε)−1, σ > 0 (3)

associated to the Schrödinger operator

P = 4+ V. (4)

Here, 4 is the Laplace–Beltrami operator on X (the metric dependence being suppressed in the
notation) with the sign convention that 4 is positive semi-definite. High energy means σ →∞; σ is
the “frequency” and σ2 the “energy.” The various objects of interest in scattering theory (perturbed
plane waves, the scattering matrix, the spectral measure, etc.) can be written in terms of the
limiting resolvents.

When the potential is small, one expects the methods of perturbation theory to be available. In
particular, the Born (a.k.a. Neumann) series

B(σ ± i0) =
∞∑
j=0

Bj(σ ± i0)

Bj(σ ± i0) = R0(σ ± i0)(−MVR0(σ ± i0))j
(5)

converges to the actual resolvent in suitable operator norm topologies:

RV (σ ± i0) = lim
J→∞

J∑
j=0

Bj(σ ± i0), (6)

relating the resolvent RV to the free resolvent R0.2 In the Euclidean case, this is very classical.
Convergence is also true if σ is sufficiently large, regardless of whether or not V is small. The
purpose of this note is to prove this in a rather general setting.

The most elementary convergence result to state regards uniform bounds, in the σ →∞ limit, of
the terms in the Born series. Note that the j = 0 term is already well-studied [VZ00] and enjoys
the estimate

‖MχR0(σ ± i0)Mχ‖L2→L2 = O
( 1
σ

)
. (7)

We will prove:

1Actually, in the body of this paper, we will allow (real-valued) V ∈ r−1S0([X; markings]), where, for any compact
manifold-with-boundary Y , S0(Y ) denotes the set of functions smooth on the interior which are conormal to the
boundary. Here, [X;markings] is the result of blowing up each marked point in X, replacing it with a Sd−1. This
effectively means passing to spherical coordinates near each marked point. Being conormal of weight 0 means remaining
bounded under powers of the tangential vector fields r∂r and ∂θ.

2Here, MV : u 7→ V u is the usual multiplication operator. We use the sans-serif font ‘B’ to denote that the Born
series should be considered as a formal series until proven otherwise.
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Theorem A. For all χ ∈ C∞c (X◦) and ε,Σ > 0, there exists a constant C > 0 such that the jth
term Bj(σ ± i0) in the Born series obeys a bound

‖MχBj(σ ± i0)Mχ‖L2→L2 ≤
( C

σ1−ε

)j
(8)

for all σ > Σ. Consequently, if σ is large enough, the cutoff Born series MχB(σ ± i0)Mχ converges
geometrically in the L2 → L2 operator norm topology to MχRV (σ ± i0)Mχ, and the estimate

‖MχRV (σ ± i0)Mχ‖L2→L2 = O
( 1
σ

)
(9)

holds, just as in the free case.

Remark. More refined estimates, including control on derivatives, and without the cutoffs χ, are
proven below. Via Sobolev embedding, one gets control in other function spaces besides L2

loc, but
we will not pursue such estimates.

Remark. We will exclusively talk about convergence in operator norm, but it is also interesting to
fix f(x) (independent of σ) and study the convergence of B(σ ± i0)f as σ →∞. The convergence
should be more rapid, with each successive term suppressed by Of (σ−2) relative to the previous,
owing to semiclassical elliptic estimates (in which h = 1/σ is the “semiclassical parameter”).

By contrast, if f = f(−;σ) is a family of functions which oscillate like the Liouville–Green ansatz
eiσ• – i.e., if f has semiclassical wavefront set on the semiclassical characteristic set of 4− σ2 –
then instead of elliptic estimates one is forced to use semiclassical propagation estimates. These
lose a factor of σ relative to the elliptic estimates. So, for such f , the successive terms in the Born
series are Of (σ−1), saturating the uniform bounds eq. (8).3

Because V has simple poles at the marked points, it might look like the jth term in the Born
series has a severe singularity. Part of what needs to be shown is that the “free” resolvent R0(σ± i0)
mollifies the singularity by at least one O(r) each time it is applied. Hardy’s inequality justifies this
easily, but at an O(σ) cost that is too high to be used in an argument proving the convergence of
the Born series. A sharper analysis of the joint r → 0+, σ →∞ limit is therefore required.

Such an analysis has been supplied recently by Hintz [Hin24], in great generality, though the
basic ideas go back further – see the literature review in [Hin24, §1]. In the exact Euclidean case,
the homogeneity of the Laplacian suffices to reduce the problem to the limiting absorption principle,
if one is willing to forgo the use of variable decay orders (which we do not want to do if the potential
is long range). So, Hintz’s tools are overkill for this particular, constant order, case. However, we
do use the variable order case.

Blackboxing Hintz’s estimates, Theorem A will be shown to follow quickly.
The allowed long-range tail of the potential offers a further complication. For proving the

convergence of the Born series in the presence of such a potential, anisotropic Sobolev spaces4 turn
out to be convenient. To see the complication posed by long-range potentials, consider the Born
approximation when X = R3. The Born approximation is just the truncation of the Born series,
eq. (5), to the first two terms:

RV (σ ± i0)(x, y) ≈ e±iσ|x−y|

4π|x− y| +
∫
R3

e±iσ(|x−z|+|z−y|)V (z)
16π2|x− z||z − y|

d3z. (10)

3Allowing Coulomb singularities might possibly worsen these estimates by O(σε), for arbitrarily small ε > 0. We
do not rule this out, as is apparent from eq. (8).

4Anisotropic Sobolev space are by now a standard tool in microlocal analysis. Examples include the work of
Hintz and Vasy on asymptotically hyperbolic and Kerr–de Sitter spaces [Vas13][HV15], the work of Faure–Sjöstrand
[FS11] and Dyatlov–Zworski [DZ16] on Anosov flows, work of Vasy and Vasy–Molodyk on the Klein–Gordon equation
[Vas18][MV25], work of [BVW15] on the wave equation, and work of Hassell et al. on Schrödinger [GRGH22; GRGH23].
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If V (z) decays only like 1/z as z → ∞, then the integral here is only conditionally convergent,
since the integrand is Ω(1/〈z〉3). So, getting any estimate at all requires taking into account the
oscillations of the integrand. Microlocal tools do this in a natural way.

To round out our presentation, we give some quick applications:
• Perturbed plane waves and the S-matrix can both be expressed in terms of the resolvent, so
the Born approximation for the latter yields the Born approximation for the former. We
explain how this works (just for perturbed plane waves, for brevity) in the asymptotically
Euclidean case, in §5.
• Modulo a low energy obstruction, the convergence of the Dyson series for the (wave) Cauchy
problem follows. Via the Vainberg method, this yields a result about resonances. These
results are discussed in §6.

The behavior and convergence of the Born series is a classic problem in the physics literature,
with a long history: see, e.g. [Dal51], [JP51], [Koh54], [Dav60], [Wei63], [Man65], [Bus72], [GT81].
Convergence for short-range central potentials with mild (e.g. Coulomb) singularities is long since
established. For instance Jost–Pais [JP51, Appendix (III)] show convergence of the Born series for
perturbed plane waves at any finite frequency for a class of central potentials V (r) vanishing as r−1

as r → 0,∞ and satisfying ∫ ∞
0
|rV (r)|dr <∞. (11)

[JP51, Eqs. 46, 47]; this class thus includes screened Coulomb models such as the Yukawa and
Hulthén potentials, but excludes long-range potentials such as the actual Coulomb potential or
V (r) = 〈r〉−2 (which fail eq. (11)). Work of Kohn [Koh54] and Gesztesy–Thaller [GT81] elucidates
the convergence at high-energy of the partial wave expansion for short-range central potentials. The
convergence in Im σ > 0 was extended by Weinberg in [Wei63, Section III] to what is described
as “almost any interesting two-body interaction;” this work in particular showed that for V ∈ L2,
not necessarily central, the Born series for the resolvent converges (nonlocal potential are also
permitted); however the author leaves open the analytically more delicate question of what happens
as Im σ → 0 (see the end of Section III).

Besides the fact that we work on general (non-trapping) asymptotically conic manifolds, our
treatment here offers greater generality than the works cited above in the following ways:

• We consider long-range Coulomb-type potentials; this entails describing convergence in
somewhat exotic spaces with variable Sobolev orders (“anisotropic” Sobolev spaces).
• We consider potentials that are not spherically symmetric, and indeed allow for multiple
singularities; correspondingly, we make no use of partial wave expansions.
• Detailed Sobolev spaces provide refined information on the convergence of the Born series in
different operator-norm topologies.

Acknowledgements

The first author was supported by an NSF Postdoctoral Fellowship; the early stages of this work
began with conversations with András Vasy and Peter Hintz. The second author acknowledges
partial support from NSF grants DMS-2054424 and DMS-2452331 and from Simons Foundation
grant MPS-TSM-00007464.

2. Definition of the Born series

Recall that we let [X,markings] denote the new manifold-with-boundary obtained by blowing
up X at the marked points in the sense of [Mel94, Section 18]; this process replaces each of these
points with its spherical normal bundle (i.e., locally passes to spherical coordinates). For any
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manifold-with-boundary Y , we let S0(Y ) denote the space of conormal distributions of order 0 on
Y ; letting Vb(Y ) denote the space of vector fields tangent to ∂Y , this space is described as follows:

f ∈ S0(Y )⇐⇒ V1 . . . VNf ∈ L∞(Y ), for all N ∈ N, V1, . . . , VN ∈ Vb(Y ). (12)
Specializing to Y = [X,markings], the space consists of functions that enjoy Kohn–Nirenberg symbol
estimates of order zero near infinity, and have iterated L∞ regularity under application r∂r and ∂θ
in spherical coordinates near each of the marked points.

The purpose of this section is to show that provided
V ∈ r−1S0([X,markings]), (13)

the individual terms in eq. (5) make sense. For this purpose, we use the “sc-b” Sobolev spaces

Hm,s,`
sc−b ([X,markings]), (14)

which by abuse of notation we abbreviate to Hm,s,`
sc−b (X). The space locally agrees with the sc-Sobolev

space Hm,s
sc [Mel94] at large r and a b-Sobolev space [Mel93] at small r. Thus,

• near ∂X, it is a generalization to non-Euclidean X of ordinary weighted Sobolev spaces
〈r〉−sHm(Rn);
• at the various marked points, it is a b-Sobolev space, measuring finite order conormal
regularity with respect to the point in question, with a (local near 0) weight r` relative to
L2, where r is the distance to a marked point.

Thus s measures the decay as r →∞ and ` is the decay as r → 0 (i.e., at marked points). As usual,
m is the number of derivatives controlled. By “derivatives,” what is meant is a vector field V which
is a sc-vector field near ∂X and a b-vector field near the marked points. For u to lie in Hm,s,`

sc−b means
that

V1 . . . Vmu ∈ H0,s,`
sc−b (15)

for any such V1, . . . , Vm.
A subtlety here is that the decay order s ∈ C∞(scT

∗(X)) is allowed to be a function on the phase
space scT

∗
X [Mel94; Mel95], the ball-bundle over X whose fibers are parametrized by oscillations of

finite frequency. The variable order s is said to satisfy the incoming/outgoing Sommerfeld conditions
(which depend on σ) if:

• s is monotonic under the Hamiltonian flow Hp within the sc-characteristic set (with
√
|Hps|

being a well-defined symbol),
• s > −1/2 on the incoming radial set WFsc(e−iσr),
• s < −1/2 on the outgoing radial set WFsc(eiσr),
• s is constant in neighborhoods of the two radial sets.

Note that this depends on σ.

Remark. Because this depends on σ, the s below will depend implicitly on σ. Later on, s can be
taken to be a constant function of the “semiclassical scattering frequency” variables hξ = ξ/σ.

Membership in the Sobolev spaceHm,s
sc (X) therefore allows an outgoing spherical wave r−(d−1)/2eiσr

but forbids an incoming spherical wave r−(d−1)/2e−iσr. The Sommerfeld conditions characterize in
this way the monochromatic radiation emitted by a source f . See [BVW15] for an introduction to
variable order (a.k.a. anisotropic) Sobolev spaces. We refer to [Mel94; Mel95] for further discussion
of radial point conditions in asymptotically Euclidean scattering theory. For more discussion of the
sc-b Sobolev space alongside other Sobolev spaces that we employ below, see §A.

Example 2.1. In the asymptotically Euclidean caseX = Rdx, take s of the form s = −1/2−εψ(θ·ξ/σ)
near ∂X, where ε > 0 is small, θ ∈ Sd−1 is the spherical angle, ξ is the momentum coordinate dual to
x, and ψ ∈ C∞(R) is monotonic, identically −1 near −1, and identically +1 near +1. This satisfies



6 ETHAN SUSSMAN AND JARED WUNSCH

all of the requirements, except for the technical condition (imposed so as to avoid appealing to the
sharp Gårding inequality in the proof of positive commutator estimates) that |Hps| be the square of
a symbol. This extra condition is easy to satisfy if ψ is of the form ψ(t) = exp(−z/(t2 − 1)) (or
something similar); see the proof of positive commutator estimates in [Hin25, Chp. 8], and [Hin25,
Eq. 8.43] specifically.

We now recall that the limiting resolvent RV (σ ± i0) = limε→0+ RV (σ ± iε) exists as a map
C∞c (X◦)→ S ′(X) (“limiting absorption principle”); for long-range potentials without a singularity,
this is in [Mel94], [Vas21]. The same proof applies in the setting with Coulomb singularities (and
even dipole singularities) [Hin24], as the proof of the next proposition (though written for R0) shows.
We thus take as given the existence of the limiting resolvent; what is at stake here is whether and in
what manner the Born series converges to it. However, this paper can also be read as giving an
alternative construction of the limiting resolvent as a map between suitable function spaces. One
can then show that the object -constructed in this manner is indeed the limit of the resolvent as the
spectral parameter approaches the real axis.

We now address more refined estimates on the mapping properties of the free resolvent on a
scattering manifold with marked points.

Proposition 2.2. For each σ ∈ R, the free resolvent R0(σ ± i0) extends (uniquely) to a bounded
linear map

R0(σ2 ± i0) : Hm−2,s+1,`−2
sc−b (X)→ Hm,s,`

sc−b (X) (16)
whenever m ∈ N, s satisfies the incoming/outgoing (depending on ±) Sommerfeld conditions, and
` ∈ (2− d/2, d/2). �

Proof. Let {χj}#j=1 ⊂ C∞(X) denote a partition of unity such that the support of each χj contains
at most one marked point pj . Then,

R0(σ ± i0) =
#∑
j=1

Mχj ◦R0(σ ± i0) ◦Mχj +
∑
j 6=k

Mχk ◦R0(σ ± i0) ◦Mχj . (17)

We have split the sum into a “diagonal” part and an “off-diagonal” part.
• To handle the diagonal part, we can use the case of a single marked point, where we claim
that

R0(σ2 ± i0) : Hm−2,s+1,`−2
sc−b ([X, pj ])→ Hm,s,`

sc−b ([X, pj ]) (18)
for all m ∈ R, s satisfying the relevant Sommerfeld conditions, and ` ∈ (2−d/2, d/2) (implicit
in [Hin24]). This amounts to an estimate of u in terms of 4gu in the sc− b-spaces. These
estimates follow straightforwardly from stitching together (via an elliptic estimate in the
interior) the standard sc- estimates at large-r [Mel94, Proposition 10] and elliptic b-estimates
at small-r [Mel93, Theorem 5.60]. The restriction 2− d/2 < ` < d/2 on ` can be understood
as arising from separation of variables and analysis of the resulting indicial roots. Imposing
the regular boundary condition at r = 0 requires that ` > 2− d/2. The requirement ` < d/2
is needed because general solutions of the PDE have no better decay as r → 0.
• For the off-diagonal part, use the same estimate, together with

Mχk : Hm,s,`
sc−b ([X, pj ])→ Hm,s

sc (X). (19)

The point is that away from pj , being in Hm,s,`
sc−b ([X, pj ]) just means being in Hm,s

sc (X). Next,
we claim that there is an inclusion (technically induced by the pullback under the blowdown
map)

Hm,s
sc (X) ⊆ Hm,s,0

sc−b ([X; pj ]) : (20)
Away from the marked points, this is tautological, so the key point is comparing having m
orders of b-regularity at the marked points with m orders of ordinary Sobolev regularity.
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It suffices to consider the case of the marked point being the origin in Rd. Then, f ∈
Hm

b ([Rd, {0}]) nearby means that Lf ∈ L2 nearby for L formed out of up to m-fold products
of

r∂r =
d∑
j=1

xj∂xj , ∂θj,k = xj∂xk − xk∂xj . (21)

This follows from being in the ordinary Sobolev space Hm locally; the extra factors of x•
only help.

Thus,
Mχk ◦R0(σ ± i0) ◦Mχj : Hm−2,s+1,`−2

sc−b (X)→ Hm,s,0
sc−b (X). (22)

The last thing to do is improve this to Hm,s,`
sc−b (X). But this follows immediately from elliptic

regularity – indeed, R0(σ± i0) ◦Mχj outputs things which are smooth near pk, which means
being in

rd/2−Hm
b ⊂ r`Hm

b (23)
locally.

�

Now we let X±, Y± denote the union of all of codomains resp. domains in the previous proposition:

Definition 2.3. For each σ > 0, let

X± =
⋃
m∈R

⋃
`∈(2−d/2,d/2)

⋃
s ±-Sommerfeld

Hm,s,`
sc−b (X), (24)

Y± =
⋃
m∈R

⋃
`∈(2−d/2,d/2)

⋃
s ±-Sommerfeld

Hm−2,s+1,`−2
sc−b (X). (25)

Then R0(σ ± i0) : Y± → X±. (The extension of R0(σ ± i0) to two different sc-b Sobolev spaces,
having the same marked points but different orders m, s, `, has to agree on their overlap, since we
can find a bigger sc-b Sobolev space containing both and satisfying the hypotheses of the previous
proposition.)

Note that the multiplication operator MV satisfies MV : X± 7→ Y±. Indeed, for each m, s, ` as
above,

MV : Hm,s,`
sc−b (X)→ Hm,s+1,`−1

sc−b (X) ⊆ Hm,s+1,`−2
sc−b (X) ⊆ Y±. (26)

We are thus in a position to define the Born series.

Definition 2.4. For each σ > 0, the Born sequence {Bj(σ ± i0)}∞j=0 ⊂ L(Y±,X±) is defined
recursively by:

• B0(σ ± i0) = R0(σ ± i0),
• for j ≥ 1, assuming that we have already defined Bj(σ ± i0) : Y± → X±, then

Bj+1(σ) = −R0(σ ± i0)MVBj(σ), (27)

which also lies in L(Y±,X±).

3. Hintz’s semiclassical cone estimates

In order to estimate the terms in the Born series, we will need to control the limiting resolvent
R0(σ± i0) on functions of the form f(x)/r for f in semiclassical Sobolev spaces. To begin, we recall
Hardy’s inequality: ∥∥∥f(x)

r

∥∥∥
L2
. ‖f‖H1 . (28)
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Recall also that in the classic cutoff free resolvent estimate σR0(σ ± i0) : L2
c → L2

loc (where the
constant is uniform as σ →∞, see, e.g., [Bur02, Prop. 2.1], [DZ19, Thm. 3.1]), we can trade the σ−1

for a derivative, by making use of a semiclassical elliptic estimate, or more simply by estimating
‖u‖H1 in terms of 〈u, (P0 − σ2)u〉 by integrating by parts. This yields that R0(σ2 ± i0) : L2

c → H1
loc

uniformly in σ. Combining this with (28) yields the uniform estimate∥∥∥χR0(σ ± i0)f(x)
r

∥∥∥
H1
. ‖f‖H1 . (29)

Note the lack of any decay as σ →∞. Consequently, Hardy’s inequality does not suffice to prove
that successive terms in the Born series are suppressed as σ →∞. Something more sophisticated is
required.

At this point, let us change notation slightly so as to match that used by Hintz; define
h = 1/σ. (30)

Then, the σ →∞ limit is the same as the h→ 0+ limit. Hintz’s estimates are phrased in terms of
h, which is referred to as the “semiclassical parameter.”

It turns out that, for this purpose, one wants to allow different orders as r → 0+ for h > 0 fixed
and as r, h→ 0+ together, proportionally. One natural scale of Sobolev spaces accomplishing this is
that of the semiclassical cone Sobolev spaces of Hintz [Hin22; Hin24]. Hintz was only concerned
with the situation in compact subsets of X◦, so no decay order s was present. Consequently, instead
of Hintz’s semiclassical cone spaces, we work with a four-index family

H∨(X) = {Hm,s,`,α
∨ (X)}

m,`,α∈R, s∈C∞(sc,~T
∗
X;R), (31)

which agree with Hintz’s semiclassical cone spaces in compact subsets of X◦ and which agree with
the ordinary semiclassical scattering Sobolev spaces Hm,s

sc,~ near ∂X. We note in particular the
relationship to Hintz’s semiclassical cone spaces for functions localized near marked points: fixing
K ⊂ X◦ compact,

Hm,∗,`,α
∨ (K) = Hm,`,α,0

c,h (K)

hbHm,∗,`,α−b
∨ (K) = Hm,`,α,b

c,h (K)
(32)

in the notation of [Hin24]. (Again, see §A for the precise details.) The H∨-spaces are indexed such
that

H0,0,0,0
∨ (X) = L2(X), (33)

and increasing m, s, `, α results in more regular functions, i.e., smaller spaces. The order m is the
number of derivatives controlled, which is mostly inessential here since we deal with the solution to
an elliptic equation. The other three orders s, `, α, are of greater importance: these serve respectively
as the number of orders of decay at spatial infinity, the number of orders of decay at the marked
points (for r � h), and the number of orders of decay as r, h→ 0 together. Hintz’s ch- spaces have
one other index, the ‘b’ in eq. (32), standing for the number of orders of decay as h→ 0 for r � 0.
As eq. (32) indicates, incrementing that index is the same as multiplying by an overall factor of h
while decrementing the α index. Consequently, that index is optional, and we choose not to use it,
instead keeping explicit factors of h.

Example 3.1. Take m = 0 and s equal to some constant s ∈ R. Then, the ∨-Sobolev space is

H0,s,`,α
∨ (X)(σ) = r`(r + h)α−`〈r〉−(s+α)L2(X), (34)

where h = 1/σ.

Thus, ignoring the subtlety that we will need the decay order s to be different in different regions
of phase space (hence a variable order), and ignoring the question of which weighted derivatives
will be controlled, the H∨ spaces are just the ordinary L2-based Sobolev spaces but allowing some
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b

`

α

s

r

1/r
h = 1/σ

r̂−1

h
r̂ = rσ

Figure 1. The manifold-with-corners [X × (0,∞]σ; {r = 0, σ =∞}] on which the
polynomial weights defining the ∨-Sobolev spaces are defined. The various boundary
hypersurfaces are associated with different Sobolev orders.

simple weights, r, 〈r〉, (r + h). They key weight that allows for the analysis of the joint h, r → 0+

limit is r + h. Because we also have r as a weight, the ∨-Sobolev spaces can capture distinct decay
rates as r → 0+ for h > 0 fixed versus in the regime where h→ 0+ too.

One has in this setting an analogous set of Sommerfeld criteria for s. Because only the index s is
relevant to the r →∞ regime, the definition in the setting with marked points is identical to that
without marked points.

3.1. The basic estimate. The next proposition bounds the free resolvent with respect to the
∨-Sobolev spaces in the case where there is one marked point. Note that the metric – and therefore
the free Helmholtz operator itself – has no singularity at the marked point. The point of this
estimate is to control u = R0(σ ± i0)f for f which may have a singularity at the marked point,
either for individual σ <∞ or in the σ →∞ limit, and to understand the singularity or smoothness
of u there.

Proposition 3.2. Suppose that X has only a single marked point. Then, for each m ∈ R, ` ∈
(−2− d/2, d/2), s satisfying the incoming/outgoing Sommerfeld conditions, ε > 0, and Σ > 0, there
exists a constant C = C(X,m, `, s, ε,Σ) > 0 such that

‖R0(σ ± i0)‖
H
m−2,s+1,`−2,−1/2
∨ (X)→Hm,s,`,1/2

∨ (X) ≤
C

σ1−ε (35)

for all σ ≥ Σ. �

Proof. This is essentially a special case of [Hin24, Thm. 5.7] (the only reason that it’s not is that
Hintz stated the case X = Rd); we present a variant of Hintz’s proof. This involves sandwiching the
propagation estimates in [Hin24, §4] with standard semiclassical scattering radial point estimates.
Hintz’s estimates are used to estimate the resolvent output away from the boundary at infinity ∂X
(and in particular they apply at and near the marked point), while scattering radial point estimates
apply to the resolvent output near ∂X.

The strategy of proof is as follows: first, we obtain an estimate at the incoming radial set, based
only on background regularity/decay assumptions on the solution (“above threshold regularity”).
By standard methods, we can then propagate this estimate to the whole of phase space except for
those rays that emanate from the marked point, i.e., we have control on those rays that asymptote
to the incoming radial set through X\{p} in backward time. The essential technical novelty is thus
to use an estimate of Hintz [Hin24] to propagate regularity through the marked point, whence we
may continue to obtain an estimate on all of phase space in the customary manner.

(i) Fix a microlocalizer E ∈ Ψ0,0
sc,~ such that the backwards geodesic flowout of the essential

support
WF′sc,~(E) ⊂ sc,~T ∗X (36)
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of E does not pass over the sole marked point. Let χ ∈ C∞(X) equal 1 identically on the
projection down to the base X of the backwards flowout of the microsupport of E. The
standard5 propagation and radial point estimates in the setting without any cone/marked
points yield

‖Eu‖Hm,s
~,sc
. h‖χPu‖

Hm−2,s+1
sc,~

+ hN‖E0u‖Hm,−1/2+δ
sc,~

+ hN‖u‖
H−N,−Nsc,~

(37)

for any δ > 0, N ∈ R, E0 ∈ Ψ−∞,0sc,~ (X) elliptic on the incoming radial set.6 The estimate
above holds for all u ∈ S ′(X), but the right-hand side may not be finite. (The same applies
to the other formulas below.) For example, the right-hand side is infinite if u does not have
−1/2 + δ orders of decay on the incoming radial set. Hence, this estimate is only useful
when u is “above threshold” in terms of its amount of incoming decay.

For the purpose at hand, it will suffice to take E elliptic on a small neighborhood of
an annular region around the backwards flowout of the conormal/cosphere bundle of the
marked point. See Figure 2.

(ii) For E as above, with Schwartz kernel compactly supported in (X◦\{p})2, and such that
every geodesic which is incoming to the marked point passes through the elliptic set of E,

‖χu‖
H
m,∗,`, 1+ε

2
∨

. h1−ε‖χ̃Pu‖
H
m−2,∗,`−2,− 1+ε

2
∨

+ ‖Eu‖H−M~
+ hδ‖χ̃u‖

H
−N,∗,`, 1+ε

2
∨

, (38)

for any M,N ∈ R, ε > 0, some δ > 0 depending on ε, and any χ, χ̃ ∈ C∞c (X◦) such that
χ is supported in a small neighborhood of the marked point and χ̃ = 1 identically on a
geodesically convex set containing the support of χ, the marked point, and the projection
down to the base of the essential support of E. The conclusion and proof are essentially
those of [Hin24, Prop. 5.2]; the hypotheses are slightly weaker, but the Sobolev spaces
appearing in the final estimate are the same, except we now have an extra

hδ‖χ̃u‖
H
−N,∗,`, 1+ε

2
∨

(39)

5While these estimates are folklore in the literature on radial points, the specific estimate we have written down
here is appears nowhere verbatim, as it is a hybrid of existing estimates. Equation (37) follows by taking apart the
global commutator argument employed in the proof of the main theorem of [VZ00]. In particular, we may take the
commutator argument of Section 3 of that paper but instead of using the full symbol q constructed in Section 4,
we just use the part of it denoted q−, microlocalized near the incoming set. It follows from (4.16) of [VZ00] that
the commutator with the quantization of q− produces top order terms of only one sign, and we have a radial point
estimate near the incoming set, predicated on the function in question lying in an “above-threshold” Sobolev space. In
[VZ00] this background regularity is guaranteed by the presence of an imaginary part to the spectral parameter (as the
goal there is to prove the limiting absorption principle), while here we enforce it by including the hN‖E0u‖Hm,−1/2+δ

sc,~
term on the RHS of the estimate. Finiteness of this term guarantees the desired above-threshold regularity.

Having established the desired estimate for E microsupported near the incoming radial set, the estimate can be
extended by standard propagation arguments, as the Hamilton vector field is nonradial elsewhere. (Note that the
outgoing radial set is all visible from the Coulomb singularity, i.e., is connected to the marked point by geodesics,
so we are not trying to extend the estimate to the outgoing set at this stage.) In the notation of [VZ00], we can
accomplish this next step by repeating the commutator argument with commutants given by quantization of qξ and q∂ :
this gives positive commutator estimates with error terms in the “control region” supp q− from the previous estimate.
A version of the microlocalized argument described here is well-exposed in [DZ19, Sec. E.4.3], but is not in the context
of the scattering calculus; the results described here can thus be derived from those by conic localization and Fourier
transform (cf. [Mel94, Sec. 4]).

6Equation (37) also holds with χ replaced by an appropriate microlocalizer, but we will not make use of this.
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X(a)

E

suppχ

(b)

Figure 2. The projection down to the base, E , of the essential support of E (in
red), and suppχ. The marked point is in the middle (•). Depicted in (a), (b) are
different sets of geodesics; (a) depicts the geodesics in the backwards flowout (flowin)
of the conormal bundle of the marked point. The essential support of E is contained
near the portions (orange) over E of the lifts of these geodesics. In (b) are shown
the incoming geodesics emanating from the left. Note that (lifted) geodesics which
stay far from the marked point never pass through the essential support of E, even
if they pass over E , because they never stray close enough to the flowin of the marked
point.

term on the right-hand side to make up for the weaker hypotheses.7 In order to prove eq. (38),
we go back to [Hin24, Thm. 4.10.(1)].8 The range of ` allowed in that theorem is given in
[Hin24, Lem. 5.1]; it is what is stated in the proposition statement here, ` ∈ (−2− d/2, d/2).
Also, our theorem here is stated without variable semiclassical order, so is lossy compared to
[Hin24, Thm. 4.10]. The deduction of the constant-order statement from the variable-order
statement is exactly the same as in the proof of [Hin24, Prop. 5.2].

(iii) For any
• χ, χ0 ∈ C∞(X) such that χ0 = 1 identically on the support of χ, and
• Q ∈ Ψ0,0

sc,~ whose Schwartz kernel is supported away from the marked point (on projection
to either factor) and such that every geodesic over suppχ eventually passes through
the elliptic set of Q while remaining where χ0 does not vanish,

the estimate

‖χu‖Hm,s
sc,~
. h‖χ0Pu‖Hm−2,s+1

sc,~
+ ‖Qu‖Hm,s

sc,~
+ hN‖u‖

H−N,−Nsc,~
(40)

7The main notational difference between eq. (38) and [Hin24, Prop. 5.2] is that what Hintz calls Ph,z is what we
call h2P = σ−2P . One of these factors of h cancels with the h−1 on the right-hand side of the estimates in [Hin24,
Prop. 5.2], and the other h is the source of the 1/σ in front of ‖χ̃Pu‖ in eq. (38). Moreover, [Hin24, Thm. 5.7] is
stated in terms of Ph,1 = Ph,1 + iQ, with ‖Ph,1u‖ on the right-hand side. Here the Q term is a complex absorbing
potential which is elliptic on the whole characteristic set of Ph,1 in some region; moving this to the other side of the
equation and using the triangle inequality gives an estimate of the form (38), but with Q replacing E. Since our
estimate in (38) replaces this term with a microlocalized term E, however, we are in principle forced to revisit the
proof of [Hin24, Thm. 5.7], which nevertheless goes through essentially verbatim to yield the result stated here. The
main difference is that the additional semi-global error term (39) cannot be absorbed in the LHS since the LHS of the
estimate is now local.

8That theorem is for X a compact manifold-without-boundary, but this does not matter, because if χ0 ∈ C∞c (X◦)
is identically 1 on a large enough set, then χχ0u = χu, χ̃Pu = χ̃P (χ0u), Eu = E(χ0u), and χ̃u = χ̃(χ0u). So, we
can apply [Hin24, Thm. 4.10] to χ0u to get eq. (38). This is why we have left the sc-decay order unspecified in that
equation.
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holds. This involves the standard below-threshold radial point estimate in the setting
without any cone/marked points.9

Owing to the non-trapping hypothesis, every backwards geodesic asymptotes either to the incoming
radial set or the marked point, where we have control according to (i) and (ii). Consequently,
control can be propagated throughout, including the outgoing radial set, according to (iii). Stitching
together the estimates above yields

‖u‖
H
m,s,`, 1+ε

2
∨

. h1−ε‖Pu‖
H
m−2,s+1,`−2,− 1+ε

2
∨

+ hN‖Q0u‖Hm,−1/2+δ
sc,~

+ hδ‖u‖
H
m,s,`, 1+ε

2
∨

. (41)

The last term can be absorbed into the left-hand side, as can the penultimate term under the
assumption that it is finite. Hence we obtain

‖Q0u‖Hm,−1/2+δ
sc

<∞ =⇒ ‖u‖
H
m,s,`, 1+ε

2
∨

. h1−ε‖Pu‖
H
m−2,s+1,`−2,− 1+ε

2
∨

. (42)

For any u ∈ S ′(X), if σ is large enough and such that WFsc(u) is disjoint from the incoming radial
set for that value of σ, then we may choose E0 as in (37) so that

‖E0u‖Hm,−1/2+δ
sc

<∞, (43)

hence the inequality on the right-hand side of (42) holds. The key property of the limiting resolvent
R(σ ± i0) is that its output R(σ ± i0)f has this property whenever f ∈ Y± [Mel94].10 We thus
conclude

‖R(σ ± i0)f‖
H
m,s,`, 1+ε

2
∨

. h1−ε‖f‖
H
m−2,s+1,`−2,− 1+ε

2
∨

. (44)

We can drop the ε’s in the Sobolev orders, as doing this weakens the estimate. �

An especially important case of Proposition 3.2 is when X is exact Euclidean space, with only
a single marked point, in which case R0 is the free Euclidean resolvent. Then a direct proof is
straightforward if s = s is constant. One way of doing this is by using the homogeneity of the
Euclidean resolvent. Rescaling r to r̂ = rσ reduces the energy σ2-resolvent to the energy-one
resolvent.

Remark. Hintz’s argument works when the metric has a conic singularity at the marked point (as
clearly stated before [Hin24, Thm. 5.7]), or if a dipole potential is present (this being part of [Hin24,
Thm. 5.7]). The argument breaks if more than one instance of these is present. The reason is that
in order to control the resolvent output satisfactorily, one needs a priori control on all geodesics
incoming towards the cone points/point dipoles. With only one, all incoming geodesics originate
at spatial infinity, so the required control is provided by the limiting absorption principle. With
multiple cone points/point dipoles, geodesics can originate at one marked point and terminate at
another. This is the unstable trapping explored e.g. in [BW13], [HW20].

3.2. The estimate for multiple marked points. For any p ∈ X◦, we can apply the preceding
proposition with p being the marked point (being careful to note that the ∨-Sobolev spaces involved
depend on p). This yields the following:

Theorem B. For each m ∈ N, ` ∈ (−2− d/2, d/2), s satisfying the incoming/outgoing Sommerfeld
conditions, ε > 0, and Σ > 0, there exists a constant

C = C(X,m, `, s, ε, β,Σ) > 0 (45)
such that

‖R0(σ ± i0)‖
H
m−2,s+1,`−2,−1/2
∨ →Hm,s,`,1/2

∨
≤ C

σ1−ε (46)

9Once again we refer the reader to [VZ00] for details: this estimate employs the commutant obtained from quantizing
q+ in the notation of that paper, with error terms now estimated by the output of the estimate in our previous step.

10This is also true when there is a 1/〈r〉 potential present, as long as it’s real-valued. See [Mel93, §16][Vas21].
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for all σ ≥ Σ.

Proof. Let {χj}#j=0 ⊂ C∞(X) denote a partition of unity such that
• the support of χ0 is disjoint from every marked point,
• for j ≥ 1, the support of χj contains at most one marked point and is disjoint from ∂X.

The supports are as depicted in Figure 3. Then, R0(σ ± i0) = D + O + R for

S1 S2

S3

X

Figure 3. The sets Sj = suppχj in the proof of Theorem C are chosen to only
contain at most one marked point pj (blue) each. (They can even be chosen to be
disjoint.) In this case, there are # = 3 marked points. The set S0 containing ∂X is
not shown.

D =
#∑
j=0

Mχj ◦R0(σ ± i0) ◦Mχj , O =
∑
j 6=k
j,k 6=0

Mχk ◦R0(σ ± i0) ◦Mχj (47)

and

R =
#∑
j=1

(Mχ0 ◦R0(σ ± i0) ◦Mχj +Mχj ◦R0(σ ± i0) ◦Mχ0). (48)

The estimate for the “diagonal part,” D of R0(σ ± i0), is immediate from Proposition 3.2, as is
the estimate for R, which involves all of the other terms whose Schwartz kernels may have support
at ∂(X ×X). It is only the “off-diagonal” terms Mχj ◦ R0(σ ± i0) ◦Mχk ∈ O, for nonzero j 6= k,
that need to be controlled. These contain the information about how the various marked points
communicate.

Let U = Mχj ◦R0(σ ± i0) ◦Mχk . This satisfies the PDE P0 ◦ U = F for

F = Mχjχk + [P0,Mχj ] ◦R0(σ ± i0) ◦Mχk . (49)

It follows from Proposition 3.2, applied using pk as the marked point, that the operator

[P0,Mχj ] ◦R0(σ ± i0) ◦Mχk = [4,Mχj ]︸ ︷︷ ︸
∈σDiff1

~

◦R0(σ ± i0) ◦Mχk (50)

satisfies
‖[P0,Mχj ] ◦R0(σ ± i0) ◦Mχk‖Hm−2,∗,`−2,−1/2

∨ →Hm−1,∗,∗,∗
∨

. σε. (51)

So, the “forcing” F satisfies

‖F‖
H
m−2,∗,`−2,−1/2
∨ →Hm−2,∗,∗,∗

∨
. σε. (52)

The support of the output of F does not intersect ∂X, so the fact that P0 ◦ U = F implies
U = R0(σ ± i0) ◦ F . Nor does the support of the output of F contain any marked point. So, noting



14 ETHAN SUSSMAN AND JARED WUNSCH

that the output of U = Mχj ◦R0 ◦Mχk is supported away from every other marked point besides
pj , we can apply Proposition 3.2 with pj as the marked point to conclude, from eq. (52), that

‖U‖
H
m−2,∗,`−2,−1/2
∨ →Hm,∗,`,1/2

∨
.

1
σ1−2ε . (53)

�

Remark. Key in the proof of the preceding theorem is the freedom to choose the marked point with
respect to which Proposition 3.2 is stated. If the coefficients of P0 had a singularity somewhere, for
instance if the metric had a cone point, then we could not apply Proposition 3.2 with any marked
point other than the cone point. This is the essential point where our setup differs from that in
[BW13].

4. Convergence of the Born series

Using Theorem B, it is easy to deduce the convergence of the Born series. First:

Proposition 4.1. For each m ∈ R, s satisfying the incoming/outgoing Sommerfeld conditions,
` ∈ (2− d/2, d/2), and ε > 0, there exists a constant C > 0 such that

‖Bj(σ ± i0)‖
H
m−2,s+1,`−2,−1/2
∨ →Hm+2j,s,`,1/2

∨ (X) ≤ C
jσ−(1−ε)(j+1) (54)

for σ ≥ 1. �

Proof. The definition, eq. (27), of Bj was Bj(σ ± i0) = R0(σ ± i0)(−MVR0(σ ± i0))j . Combining
• ‖MV ‖Hm,s,`,1/2

∨ →Hm,s+1,`−1,−1/2
∨

. 1 with the conclusion
• ‖R0(σ ± i0)‖

H
m−2,s+1,`−2,−1/2
∨ →Hm,s,`,1/2

∨
. σ−(1−ε) of Theorem B,

we have σ1−εMVR0(σ± i0) : Hm−2,s+1,`−2,−1/2
∨ → H

m,s+1,`−2,−1/2
∨ , uniformly. The claimed mapping

property of Bj follows immediately. �

Theorem C (Convergence of Born series). For m ∈ R, and ` ∈ (2− d/2, d/2), there exists a Σ > 0
such that if σ > Σ, then the Born series

∑∞
j=0Bj(σ ± i0) converges in

L(Hm−2,s+1,`−2
sc−b (X), Hm,s,`

sc−b (X)) (55)

(in the operator-norm topology) to the resolvent RV (σ ± i0), with the bound

‖RV (σ ± i0)‖
H
m−2,s+1,`−2,−1/2
∨ (X),Hm,s,`,1/2

∨ (X) = O
( 1
σ

)
(56)

as σ →∞.
Moreover, the tail of the Born series is increasingly regularizing: for any ε, δ > 0, for σ > Σ, for

Σ > 1 large enough, the tail of the series converges to zero in the norm topology on

L(Hm−2,1/2+ε,`−2
sc−b (X), HM,−1/2−ε,d/2−δ

sc−b (X)), ε > 0, (57)

for any M ∈ R. Moreover, for any K ∈ N, if N � 1 is large enough, then the tail
∞∑
n=N

Bj(σ ± i0) (58)

is, as σ →∞, O(1/σK) as an operator Hm−2,1/2+ε,`−2
sc−b (X)→ H

M,−1/2−ε,d/2−δ
sc−b (X)).

Proof. By Proposition 4.1, the Born series and its tail are geometrically convergent in the stated
topologies if σ is large enough. In fact, it converges in

L(Hm−2,s+1,`−2,−1/2
∨ (X), Hm,s,`,1/2

∨ (X)). (59)
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Applying PV = 4+ V − σ2 to the Born series, we can do so term-by-term, so whatever the Born
series converges to, it produces a right-inverse to PV . Because the limiting resolvent is uniquely
characterized by producing a solution in H∗,s,∗sc , the result must be the actual resolvent.

When proving that the tails of the Born series are regularizing, one has to convert ∨-regularity
(which involves iterated regularity under the application of vector fields with an h out front) to
ordinary sc− b-regularity (which is h-independent); ∨-regularity is weaker than sc− b-regularity.
However, any finite number of orders of ∨-regularity can be upgraded to the same number of orders
of sc− b-regularity at a cost of some power σk of σ – see (124), (127) below. Fortunately, if we go
far enough out in the Born series – that is, if N � 1 in eq. (58) is large enough – then all of the
terms in the Born series are O(1/σk) in operator norm between the relevant ∨-Sobolev spaces. �

Remark. The exact same argument shows that if V ∈ 〈r〉−1S0([X,markings]) + r−1L∞c (X◦), then
the Born series converges in

L(H0,1/2+ε,`−2
sc−b (X), H0,−1/2−ε,`

sc−b (X)) = L(〈r〉−`+3/2−εr`−2L2(X), 〈r〉−`+1/2+εr`L2(X)) (60)

to the actual resolvent, with a corresponding uniform bound in the H∨-spaces. The point is that we
can handle arbitrary L∞c (X◦) potentials, at the cost of giving up on the semiclassical smoothing of
Bj .

5. Application: series formula for Coulomb plane waves

The purpose of this section is to illustrate how the Born series, in the form presented above, can
be deployed to understand perturbed plane waves.11 Rather than aim for maximal generality, we
will focus on a single example of historical interest, a superposition of multiple Coulomb potentials.
We restrict attention to Euclidean space: X = R3 with # ∈ N+. The Green function for the free
Helmholtz equation (with the outgoing radiation condition) is then

R0(σ + i0)(x,x′) = eiσ|x−x′|

4π|x− x′|
. (61)

Expressions involving R0 below are therefore explicit integrals.
Consider # ∈ N+ marked points x1, . . . ,x# ∈ R3. Now consider the “Born–Oppenheimer”

operator

P = − ∂2

∂x2 −
∂2

∂y2 −
∂2

∂z2 −
#∑
n=1

Zn
|x− xn|︸ ︷︷ ︸
V

−σ2, (62)

where Zn ∈ R\{0} and x = (x, y, z). A solution u to Pu = 0 describes the wavefunction of a
(nonrelativistic) electron of energy σ2 moving under the influence of # point charges Zn clamped in
place, or approximated as such.

11A perturbed plane wave is a solution to Pu = 0 that, for r � 1, looks like a plane wave plus an outgoing scattered
wave. Physicists use perturbed plane waves to model what happens when a wave deflects off of a potential. A
perturbed plane wave is the correct model (as opposed to, say, a perturbed spherical wave) when the incoming wave is
much wider than whatever the wave is deflecting off of. Perturbed plane waves can also be used to construct the
S-matrix [MZ96].

What this means precisely depends on whether the potential is short-range or Coulomb. If the potential is
short-range, then to top order it is still the case that u(x) ≈ eiσx, where the difference lies in the anisotropic sc-Sobolev
space describing outgoing waves; in other words, the scattered wave may be viewed as a perturbation when viewed far
away from the potential poles. (For simplicity, we only consider plane waves moving in the x-direction.)

By contrast, in the presence of a (long-range!) Coulomb potential, we cannot find u ≈ eiσx such that Pu = 0.
Instead, u ≈ eiσx(r − x)−iZ/2σ is the relevant replacement (with ≈ having the same meaning as in the previous
paragraph), and the scattered wave cannot be so readily teased apart from the plane wave. This has to do with the
logarithmic divergence of Coulomb trajectories from free trajectories.
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Remark. According to our sign conventions, a positive Z• means an attractive force, and a negative
Z• means a repulsive force. However, nothing we say will depend on the sign of Z•.

Example 5.1 (Exact Coulomb plane waves [Tem28]). Consider the case with only a single Coulomb
potential, i.e. # = 1. Then, without loss of generality, we can take p = p1 to be the origin, and we
abbreviate Z1 = Z. Consider

u(x) = eiσxv(r − x), 2sv′′(s) + 2(1− isσ)v′(s) + Zv(s) = 0, (63)

where r = |x|. Then u satisfies Pu = 0. The ODE that v satisfies is a form of the confluent
hypergeometric equation [OMe, Eq. 13.2.1], with a, b parameters a = iZ/2σ and b = 1. Which
confluent hypergeometric function v should be (there is a two-dimensional space of possibilities)
is determined by enforcing smoothness of u near r = x, away from the origin (since u solves an
elliptic equation with smoooth coefficients). This forces v to be proportional to Kummer’s confluent
hypergeometric function M(a, b, isσ) [OMe, Eq. 13.2.2], also known as 1F1. (Indeed, the usual choice
of second linearly independent12 solution to the confluent hypergeometric equation, U(a, b, isσ), has
a logarithmic singularity as s = 0 [OMe, Eq. 13.2.19].) The constant of proportionality is just a
normalization constant. We thus take

v(s) = CM
( iZ

2σ , 1, isσ
)
, C = (−iσ)

iZ
2σΓ

(
1− iZ

2σ
)
,

u(x) = CeiσxM
( iZ

2σ , 1, i(r − x)σ
)
∈ C∞(R3\{0}).

(64)

Remark. Because M(0,−, z) = 1, when Z = 0 we recover the ordinary plane wave, u = eiσx.

It follows from the large-argument expansions of M [OMe, Eq. 13.7.2] that

u(x) = eiσx exp
[
− iZ

2σ log(r − x)
]

︸ ︷︷ ︸
=(r−x)−iZ/2σ

+O
(1
r

)
(65)

as r → ∞ within any backwards cone. Evidently, the approximation u(x) ≈ eiσx misses a
logarithmically oscillating term (r − x)−iZ/2σ.

As r →∞, the potential V (x) can be expanded in powers of 1/r:

− V (x) =
#∑
n=1

Zn
|x− xn|

= Z
r

+ x · a
r3 +O

( 1
r3

)
, (66)

where
• Z =

∑#
n=1 Zn ∈ R denotes the total charge (a.k.a. monopole moment), which can be positive,

negative, or zero, and
• a ∈ R3 is the dipole moment. Concretely, a =

∑#
n=1 Znxn.

This is the multipole expansion. If the total charge Z is nonzero, then the dipole moment a depends
on the choice of origin: fix x0 ∈ R3, and consider moving each point charge Zj from xj to xj + x0.
Then, a changes by Zx0. We can use this freedom to reduce to the case where the dipole moment is
zero: a = 0.

The plan for the rest of this section is as follows:

12M(a, b, z) is independent from Tricomi’s confluent hypergeometric function U(a, b, z) unless a is a nonpositive
integer, in which case U(a, b, z) manages to be analytic at z = 0. For us, a ∈ iR, so we do not encounter the exceptional
a. We are interested in the a→ 0 limit, however.

http://dlmf.nist.gov/13.2.E1
http://dlmf.nist.gov/13.2.E2
http://dlmf.nist.gov/13.2.E19
http://dlmf.nist.gov/13.7.E2
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Figure 4. The real and imaginary parts of the function v(s), plotted on a log-linear
plot vs. s. Also shown are the real and imaginary parts of s−iZ/2σ, which v(s)
approximates at large s.

• As a warm-up, we will consider in §5.1 the case where the monopole and dipole moments
both vanish:

Z,a = 0. (67)
In this case, the potential is short-range: V = O(1/r3).
• We will consider in §5.2 the case where Z 6= 0 and a = 0. Then, the potential is Coulomb
(with quadrupole and higher-order corrections): V = −Z/r +O(1/r3).
• The remaining case, where Z = 0 but a 6= 0, requires special attention and will be dispatched
in §5.3. This is the case of a dipole potential V ∼ 1/r2 (with higher-order corrections).

Note that this trichotomy is only about the r → ∞ behavior. All of our potentials are at worst
Coulombic as r → 0.

5.1. The short-range case. Suppose that Z,a = 0. Then, the potential consists of at worst a
quadropole potential, decaying like 1/r3 as r →∞, plus faster decaying terms:

− V (x) = xᵀQx
r5 +O

( 1
r4

)
, Q ∈ R3×3 (68)

as r → ∞, where Q is a symmetric 3-by-3 matrix, the “quadrupole moment” of the charge
distribution. The potential V is therefore short range.

Let u0 = eiσx. Then, Pu0 6= 0 (unless all the charges are zero), but Pu0 ≈ 0, in the sense that
the quantity

f0
def= Pu0 = eiσxV (x) = eiσxO

( 1
r3

)
(69)

is decaying fast enough to lie in the domain of the resolvent. Specifically:
• as r →∞, we have O(1/r3) decay, which means lying in 〈r〉−3/2+εL2{r � 1}, and
• as x→ xn, we have O(1/r) growth, which is not severe enough to prevent lying in L2 locally.

Thus, f0 ∈ 〈r〉−3/2+εL2(R3) = H
0,3/2−
sc (X). This is contained in the domain of the resolvent, Y+.

We can therefore define an exact solution to Pu = 0 by writing

u = u0 −R(σ + i0)f0 ∈ eiσx + X+. (70)

This is the perturbed plane wave.
The Born series for the resolvent then yields a series representation for u:
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Proposition 5.2. For every compact subset K ⊂ R3\{0}, there exists a Σ > 0 such that, if σ > Σ,
then

u = u0 −R0(σ + i0)
∞∑
j=0

(MVR0(σ + i0))jf0, (71)

where the series is uniformly convergent in K. If J � 1 is sufficiently large, each term in the tail
with j ≥ J is O(1/σ1−ε) relative to the previous term. �

Proof. This follows from plugging Theorem C into eq. (70). We do not even need uniform bounds
on f0. �

Under the assumption a = 0, the norm ‖f0‖〈r〉−1+εL2 is bounded uniformly in σ, for any ε > 0.
Consequently, the previous proposition gives bounds on u which are uniform in the σ →∞ limit.

Remark. As the arguments above make clear, we only made use of (i) the short-range nature of
the potential as r →∞ and (ii) the Coulomb singularity of the potentials as r → 0. Consequently,
Proposition 5.2 applies, mutatis mutandis, to other potentials with the same large- and small-r
behavior. For example, it applies to any superposition of Yukawa potentials V (x) = e−γr/r, γ > 0.

5.2. The long-range case. If either of the monopole moment Z or the dipole moment a is nonzero,
then the function f0 = eiσxV (x) defined in the last subsection is

f0 =
{

Ω(1/r) (Z 6= 0),
Ω(1/r2) (Z = 0, a 6= 0),

(72)

as r →∞ (excepting a measure-zero set of directions in the latter case). Consequently,

f0 /∈
{
L2(R3) (Z 6= 0),
〈r〉−1/2L2(R3) (Z = 0, a 6= 0).

(73)

For f0 to lie in the domain of the resolvent, Y+, we would want f0 ∈ 〈r〉−1/2−εL2 (for some ε > 0).
When Z = 0, our f0 has borderline decay – it just barely fails to lie in Y+. In the Z 6= 0 case, it is
not even close. Thus we cannot use eq. (70) as a useful first ansatz to obtain the perturbed plane
wave u by applying the Born series, since we cannot even apply the operators to this function.

The problem is that u0 = eiσx is just not a very good approximation to the true perturbed plane
wave. It is not hard to find a better approximation, as we now explain. Let Z 6= 0. (We will discuss
in the next subsection what to do when Z = 0 and a 6= 0.)

A natural guess, that should yield a better approximation when r � 1, is to take the exact
Coulomb plane wave with charge Z. Intuitively, one expects that, far away, a collection of point
charges is indistinguishable from a single point charge whose charge is the total charge Z. This
is what the multipole expansion eq. (66) makes precise, and extends. Thus instead of defining
u0 = eiσx, we let

u0(x) = Cχ
(1
r

)
eiσxM

( iZ
2σ , 1, i(r − x)σ

)
, (74)

where χ ∈ C∞c (R) is identically one near the origin. (Thus χ(1/r) localizes near infinity.) Then
Pu0 = f0 for

f0 = −W (x)u0 + [P, χ(r−1)]u0/χ(r−1)︸ ︷︷ ︸
∈C∞c (R3)

, (75)

where W is the O(1/r3) error term in eq. (66); here we are using that a = 0, the case to which we
reduced.

In Lemma B.1 we prove that the M(a, b,−) factor in u0 lies in L∞(R3); see also the z → ∞
asymptotics of M(a, b, z) in [OMe, Eq. 13.7.2]. Consequently, f0 is O(1/r3) as r →∞, i.e., it has
two whole orders more decay as r →∞ than eq. (72) yields in the general long-range case. It follows
that

http://dlmf.nist.gov/13.7.E2
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f0 ∈ 〈r〉−3/2+εL2 ⊂ Y+. (76)
(Note that we have not needed to say anything about the sc-wavefront set of f0.) We can then
define our perturbed plane wave u by eq. (70).

Proposition 5.3. The conclusion of Proposition 5.2 applies, except with u0 defined by eq. (74) and
f0 = Pu0. �

Proof. By Theorem C. �

Note that the bound in Lemma B.1 is uniform as σ →∞. An easier argument using the formula

∂zM(a, 1, z) = 1
Γ(1− a)Γ(a)

∫ 1

0
eztta(1− t)−a dt (77)

(which holds when −1 < Re a < 1) gives a uniform bound on the C∞c term in eq. (75) where
a derivative falls on the M -function. There is also a C∞c term where a derivative falls on eiσx,
producing an O(σ). So, the previous proposition yields an O(σ) bound on the full perturbed plane
wave, away from the marked points and spatial infinity.

5.3. The dipole case. We now turn to the case of vanishing total charge Z, but nonvanishing
dipole moment a. Because Z = 0, the ansatz u0 above becomes simply u0 = eiσx.

We saw above that for such potentials, this ansatz, while a better approximation to the perturbed
plane wave than in the charged case, still fails to solve Pu0 ≈ 0 to a sufficiently good degree of
approximation for f0 = Pu0 to lie in the known domain of the resolvent, Y+. The problem is that
f0 still has slightly too little decay; namely, f(0) = O(1/r2), which is borderline for lying in Y+ in
three dimensions.

The situation is actually slightly better than just portrayed, microlocally speaking, because to lie
in the domain Y+ requires only having an above-threshold amount of decay on the incoming radial
set R = WFsc(e−iσ〈r〉):

WF∗,1/2+ε
sc (f0) ∩R = ∅ (78)

for some ε > 0. The point is that f0 satisfies this, except over the backwards direction. Indeed, since
P is a sc-differential operator, and sc-differential (or pseudodifferential) operators do not spread
sc-wavefront sets,

WFsc(f0) ⊂WFsc(u0) = WFsc(eiσx), (79)
and WFsc(eiσx) intersects R only over the backwards direction, where the incoming spherical wave
e−iσr agrees with the plane wave eiσx.

To fix the problem in the backwards direction, let

u1(x, y, z) = eiσx︸︷︷︸
=u0

−χ
(1
r

)
χ
(√y2 + z2

x

)
1x≤0

eiσx

2iσ

∫ x

−∞

sa1 + ya2 + za3
(s2 + y2 + z2)3/2 ds︸ ︷︷ ︸

−v(x)

, (80)

where χ ∈ C∞c (R) is as above. (The integral is absolutely convergent on the support of the prefactor.
This does not include the origin.) This “corrects” u0 by adding to it a term

eiσxφ(x), φ(x) = χ
(1
r

)
χ
(√y2 + z2

x

)
1x≤0

1
2iσ v(x) (81)

supported near the backwards direction.
Our improved ansatz u1 will not satisfy Pu1 = 0 exactly, but it will satisfy Pu1 = f1 for some f1

whose sc-wavefront set lies off the incoming radial set except in exactly the backwards direction. As
we will check below, f1 is O(1/r3) near the backwards direction, so it has one more order of decay
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than f0, which was O(1/r2). Thus, f1 is decaying enough in the backwards direction to lie in the
domain of the resolvent, Y+. We can therefore define our perturbed plane wave u by

u = u1 −R(σ + i0)f1. (82)

This satisfies Pu = 0, so we have produced a solution to the PDE.

Remark (Motivating the ansatz). The ansatz u1 comes from the heuristic that when applying the
Laplacian to eiσxv(x), for symbolic v ∈ S0, the most important term comes from one derivative
in −∂2

x ∈ 4 hitting the exponential eiσx and one hitting v.13 So, if we want Pu1 ≈ 0, i.e.
P ((2iσ)−1eiσxv(x)) ≈ −f0, we should choose v(x) such that it solves

∂xv(x) ≈ e−iσxf0
eq. (75)= −(x · a)r−3, (83)

where the ‘≈’ means we are keeping only those terms in the large-r asymptotic expansion of f0
preventing it from lying in the domain of the resolvent. Integrating,

v(x) = C(y, z)−
∫ x

−∞

sa1 + ya2 + za3
(s2 + y2 + z2)3/2 ds. (84)

Since we want v(x) to be small near the backwards direction, we take C(y, z) = 0. Inserting cutoffs
to localize us near the backwards direction (since this was the only problematic location), we arrive
at the formula eq. (80).

Explicitly,

v(x, y, z) = −
∫ x

−∞

sa1 + ya2 + za3
(s2 + y2 + z2)3/2 ds

=


a1√

x2+y2+z2
− ya2+za3

y2+z2

[
1 + x√

x2+y2+z2

]
(y2 + z2 6= 0),

a1/x (otherwise).
(85)

We have Pu1 = f1 for

f1 = −
(x · a
r3 +W (x)

)
eiσx︸ ︷︷ ︸

f0

+
[
P, χ

(1
r

)
χ
(√y2 + z2

x

)
1x≤0

]
︸ ︷︷ ︸

Q

(eiσx
2iσ v(x)

)

+ χ
(1
r

)
χ
(√y2 + z2

x

)
1x≤0

[ x · a
r3 eiσx︸ ︷︷ ︸

I

+ eiσx

2iσ (P + σ2)v︸ ︷︷ ︸
II

]
. (86)

The term I results from one derivative hitting v and one hitting eiσx. The term II contains the
terms in which two derivatives hit v, together with the contribution from the subleading part of the
potential. The two most important terms in eq. (86), the ones involving the dipole potential, have
been highlighted. Note that they have opposite signs, so they cancel (by design).

Proposition 5.4. The term f1 lies in the domain Y+ of the resolvent. �

13This heuristic comes from computing the “b-decay order” [Mel93] of each term; an unweighted b-operator has
exactly as many factors of 〈r〉 as derivatives. For example, 〈r〉∂x is an unweighted b-operator. Regularity under
repeated application of b-operators amounts to Kohn–Nirenberg symbol estimates. The b-decay order of a general
operator is the deficit of factors of 〈r〉. The “main term” in the heuristic described above is the one with the least
b-decay. In Melrose’s terminology, it is the b-normal operator.

This heuristic works because b-decay order keeps track of how the operators in question augment the decay of
symbols, like v.
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Proof. The sc-wavefront set of f1 is contained in that of eiσx, which we already saw is disjoint from
the incoming radial set R except over the backwards direction. Hence it suffices to restrict attention
to a small neighborhood of the backwards direction, say on

Υ =
{
χ
(1
r

)
χ
(√y2 + z2

x

)
1x<0 = 1

}
. (87)

Then,
f1 = −

(x · a
r3 +W

)
eiσx + I + II on Υ. (88)

The term W (x)eiσx is O(1/r3) and therefore unproblematic. (Recall that O(1/r2) was the threshold
we wanted to beat.) The other term in f0, −x · a/r3, cancels out with I on Υ, as discussed above.

Regarding (II), we note that

(P + σ2)v = − ∂

∂x

(x · a
r3

)
+
(
− ∂2

∂y2 −
∂2

∂z2 + a · x
r3 +W

)
v. (89)

The first term is O(1/r3), as is the term (r−3(a · x) +W )v, since v = O(1/r). The terms involving
∂y, ∂z are similar to each other, so we only discuss ∂y. Explicitly,

∂v

∂y
=
∫ x

−∞

[
− a2

(s2 + y2 + z2)3/2 + 3y(sa1 + ya2 + za3)
(s2 + y2 + z2)5/2

]
ds, (90)

which is O(1/r2). Taking another derivative yields something which is O(1/r3):

∂2v

∂y2 =
∫ x

−∞

[3(sa1 + 3ya2 + za3)
(s2 + y2 + z2)5/2 − 15y2(sa1 + ya2 + za3)

(s2 + y2 + z2)7/2

]
ds. (91)

�

Proposition 5.5. The conclusion of Proposition 5.2 applies, except with u1 in place of u0 eq. (74)
and f1 in place of f0. �

Proof. By Theorem C. �

It is straightforward to show that f1 lies in the domain of the resolvent, Y+, uniformly as σ →∞,
so we also get uniform estimates on the perturbed plane waves.

6. Application: convergence of the Dyson series

When solving the Schrödinger equation or wave equation on Ω = Rt ×X, one uses a propagator
if the initial-value problem is of interest, or a Green function G• ∈ S ′(Ω2) if the forced equation is
of interest. For simplicity, we begin by considering only the forward problem for the forced wave
equation,

(∂2
t +4)u+ V u = f. (92)

Other problems, such as the retarded problem or the Cauchy problem, are similar. The Schrödinger
equation is somewhat different, owing to infinite speed of propagation. We assume, in this section,
that P = 4+ V has no bound states. (If we were to treat the Schrödinger equation rather than the
wave equation, these states would not cause problems.)

The Dyson series for the retarded Green function G = GV is the result of iterating the following
exact relation between G and the free retarded Green function G0:

G(t, x, t′, x′) = G0(t, x, t′, x′)−
∫
R×X

G0(t, x, t0, x0)V (x0)G(t0, x0, t
′, x′) dt0 dx0, (93)

i.e.
G = G0(1−MVG) (94)
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in shorthand, as results from applying G0 to both sides of (∂2
t +4)u = f − V u. Formally, plugging

eq. (93) back into itself and iterating (or, equivalently, solving for G = (I +G0MV )−1G0 in eq. (94)
and expanding) yields

G =
∞∑
j=0

(−G0MV )jG0 (95)

(identifying G0, which is a Schwartz kernel, with the corresponding operator). This is the Dyson
series. What we would like to prove is that it converges in an appropriate sense. One difficulty is
that the Green function receives contributions from low energy, which are out of reach of tradition
microlocal methods. Consequently we extract the high-frequency component of the Dyson series,
which is formally

1̌|σ|>Σ(t) ∗G =
∞∑
j=0

1̌|σ|>Σ(t) ∗ (−G0MV )jG0. (96)

Here, Σ� 1 is our threshold for what counts as “high energy.” Note that we do not remove the
low-energy component of every Green function in the series. Most are the full free Green functions,
with no energy cutoff; the energy cutoff is applied only once per j. The convolution

1̌|σ|>Σ(t) ∗G ∈ S ′(Rt;D′(X)) (97)

makes sense because, under the assumption that P has no bound states, G is tempered.14 The
energy cutoff

1̌|σ|>Σ(t) =
∫
|σ|≥Σ

eiσt
dσ
2π = 1

π
lim
ε→0+

[ ∫ ∞
σ=Σ

e−εσ cos(σt) dσ
]

= i

π

[ eiΣt
t+ i0 −

e−iΣt

t− i0
] (98)

is the distributional inverse Fourier transform of the indicator function 1|σ|>Σ ∈ S ′(Rσ).
What we will prove is:

Proposition 6.1. For every k ∈ N and χ ∈ C∞c (X◦) supported away from the marked points, there
exists a Σ > 0 such that

χ1̌|σ|>Σ(t) ∗GMχ =
∞∑
j=0

χ1̌|σ|>Σ(t) ∗ (−G0MV )jG0Mχ, (99)

where the tail of the series is convergent as an operator L2(X)→ Ck(X). �

One aspect of the proposition appears surprising: even though we have no control on R0(σ − i0)
for σ small, the series in eq. (99) converges with an energy cutoff applied only once per j, on the left.

Proof. In terms of the resolvent, G can be written as:

Gf(t, x) =
∫ ∞
−∞

eiσtR(σ − i0)f̂(σ, x) dσ
2π (100)

for f ∈ C∞c (Rt × X) supported away from the marked points. Here, f̂ is the temporal Fourier
transform of f . So, the high energy contribution GΣf(t, x) = 1̌|σ|>Σ(t) ∗G is

GΣf(t, x) def=
∫
|σ|>Σ

eiσtR(σ − i0)f̂(σ, x) dσ
2π . (101)

14Even if there were bound states, one could make sense of 1̌|σ|>Σ(t) ∗G by post-composing with an energy cutoff
manufactured via the functional calculus.
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Plugging in the Born series yields

GΣf(t) =
∞∑
j=0

∫
|σ|>Σ

eiσtR0(σ − i0)(−MVR0(σ − i0))j f̂(σ,−) dσ (102)

(this converging absolutely, for each f ∈ C∞c (K) for given K b X if Σ = Σ(K) is large enough15).
The jth term in eq. (102) can be simplified by inserting 1 = FF−1 (where F = Ft→σ denotes the

temporal Fourier transform) between each factor of R0(σ − i0):

R0(σ − i0)g(σ) =
∫ ∞
−∞

∫ ∞
−∞

e−i(σ−ς)TR0(ς − i0)g(ς) dς dT
2π (103)

for smooth and tempered g. Applying this with ĝ in place of g:

R0(σ − i0)FT→σg(T,−) = R0(σ − i0)ĝ(σ,−) =
∫ ∞
−∞

∫ ∞
−∞

e−i(σ−ς)TR0(ς − i0)ĝ(ς, x) dς dT
2π

=
∫ ∞
−∞

e−iσT
( ∫

Ω
G0(T, x, t′, x′)ĝ(t′, x′) dt′ dx′

)
dT

= FT→σG0f(x, T ).

(104)

In other words, F can be commuted with R0 if we switch R0 with G0. So,

(MVR0(σ + i0))j f̂(σ, •) = Ft→σ((MVG0)jf). (105)
(Here we use that MV commutes with F ,F−1, since the latter are only temporal Fourier/inverse
Fourier transforms and not spacetime transforms.) Inserting eq. (105) into eq. (102) yields the
proposition. �

The low-energy part of G, 1̌|σ|<Σ(t) ∗G, is

1̌|σ|<Σ(t) ∗G =
∫
|σ|<Σ

eiσtR(σ − i0) dσ
2π . (106)

This is a smoothing operator: it smooths completely in time and by two orders in space.

6.1. Example of smoothing behavior: X = R3. The free retarded Green function on Minkowski
spacetime (solving the forward inhomogeneous problem) is simply

G0(t,x, t′,x′) = 1t>t′
2π δ((t− t′)2 − |x− x′|2). (107)

That is, for f ∈ C∞c (R1,3),

G0(t,x)f = 1
4π

∫
f(tret,x′)
|x− x′| d3x′, tret = t− |x− x′|. (108)

(As above, we abuse notation by confusing the Schwartz kernel with the corresponding operator.)
The Schwartz kernel of this operator is manifestly in no better a Sobolev space than H−1/2−0

loc in the
spacetime region t > 0. The spectral-theoretic viewpoint on the full propagator, with

G = 1t>t′
sin((t− t′)

√
P )√

P
δ(x− x′) (109)

likewise gives us no higher regularity than H−1/2−0
loc , and without any a priori information about

the location of singularities. It maps L2
c(R1,3) to a space no better than H1

loc in spacetime, as can
be seen by unitarity of the evolution on the appropriate energy space, together with Duhamel’s
principle.

15We are allowing Σ to depend on K, so we are not saying anything about the behavior of G(t, x, t, x′) as x′ →∞.



24 ETHAN SUSSMAN AND JARED WUNSCH

By contrast, let us now examine the mapping properties of the jth term in the high-frequency
Dyson series. Fix A > 0 and F0 b R3 compact. Let F̃ = [0, A]× F0 b R1,3. Then for f ∈ L2(F̃ ),

Dj(t)f := χ1̌|σ|>Σ(t) ∗ (−G0MV )jG0Mχf. (110)

By (105) and Theorem C, for every M there a J such that for j ≥ J this term is the inverse Fourier
transform in time of a OL2

loc
(〈σ〉−M ) function, i.e. (by the closed graph theorem),

Dj(t) ∈ L(L2(F̃ ), HM (Rt;L2
loc(R3))), j ≥ J. (111)

The terms are thus smoother and smoother as we go further out in the series. Indeed, the same
holds for the whole tail of the Dyson series as well, by the convergence results for the tail in
Theorem C. Note the perturbation-theoretic interpretation: these terms in the perturbation series
account for successively more and more instances of free propagation interrupted by interaction
with the potential singularity. As is well known, this can give rise to regularizing (“diffractive”)
effects even when the metric has a conic singularity (see, e.g., [BW13]). Here, the situation is even
simpler, as we are able to treat the potential perturbatively.

The discussion above takes care of the tail of the Dyson series. The initial terms in the Dyson
series can be analyzed directly owing to the escape of singularities allowed to ricochet only a bounded
number of times. In what follows, we say that a subset of the characteristic set of the wave operator
is outgoing relative to K b R3 if the bicharacteristic flowout from that set only intersects Rt ×K
going backwards in time.

Lemma 6.2. Choose F̃ as above. Fix f ∈ L2(F̃ ), j ∈ N.
(a) Given any T > 0, the portion of the support of (G0MV )jG0f in (−∞, T ]× R3 is compact.
(b) For any compact K b R3, there exists a time T = TF̃ ,j,K > 0 such that

(G0MV )jG0f ∈ C∞((T,∞);L2(K)). (112)

(c) There exists a T = TF̃ ,j,K > 0 such that, after time T , the portion of the wavefront set of
(G0MV )jG0f in the characteristic set of the free wave operator is entirely outgoing relative
to K.

�

Proof. We prove the desired results by induction on j. First consider j = 0. We are thus studying
G0f , the solution to the forward problem for the free wave equation with forcing f . Finite speed
of propagation, combined with the fact that G0 is the retarded propagator, gives (a). Because f
is compactly supported, for any K b R3 the solution vanishes identically near K after some late
time. Thus, (b) holds, trivially. The microlocal condition, (c), holds by virtue of the weak Huygens
principle (i.e., escape of singularities).

Now consider (G0MV )jG0f . If we already know that (G0MV )j−1G0f satisfies (a), then it follows
immediately from finite speed of propagation of support that (G0MV )jG0f does as well.

In order to verify (b): assuming that (G0MV )j−1G0f satisfies (b), (c), pick T ′ > 0 large enough
such that

• (G0MV )j−1G0f ∈ C∞((T ′,∞);L2(K0)), for some compact K0 b R3 containing the various
marked points and satisfying K◦0 c K,
• the portion of the wavefront set of (G0MV )j−1G0f in the characteristic set is entirely
outgoing relative to K for t > T ′.

Now pick a partition of unity 1 = ψI(t)+ψII(t) with ψI supported in (−∞, T ′+1) and ψII supported
in (T ′,∞). Let χ ∈ C∞c (R3) be identically 1 near K and the marked points, while being supported
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within K◦0 . Writing

(G0MV )jG0f = (G0MV )ψI(G0MV )j−1G0f︸ ︷︷ ︸
I

+(G0MV )ψIIχ(G0MV )j−1G0f︸ ︷︷ ︸
II

+ (G0MV )ψII(1− χ)(G0MV )j−1G0f︸ ︷︷ ︸
III

, (113)

we show that each term on the right-hand side has the desired late-time smoothness.
(I) By part (a) for j − 1 (i.e., part of our inductive hypotheses), MV ψI(G0MV )j−1G0f has

compact support in spacetime. So, by Huygens, term I vanishes identically on K at late
enough times.

(II) By the Hardy inequality, MV : H1(R3) → L2(R3). Dualizing, MV : L2(R3) → H−1(R3).
Thus, using the inductive hypothesis,

MV ψIIχ(G0MV )j−1G0f ∈ C∞(Rt;H−1(R3)). (114)
The free propagator smooths by one order, meaning

G0 : C∞(Rt;H−1(R3))→ C∞(Rt;L2(R3)), (115)
as can be concluded e.g. by Duhamel. Applying this toMV ψIIχ(G0MV )j−1G0f , we conclude
that term II is in C∞(Rt;L2(R3)).

(III) The final term is controlled using the inductive hypothesis that (G0MV )j−1G0f satisfies (c).
Notice that there exists a smooth function Ṽ that agrees with V on the support of 1− χ.
Hence term III is

G0(MṼ ψII(1− χ)(G0MV )j−1G0f). (116)
By construction, the portion of the wavefront set of ψII(1 − χ)(G0MV )j−1G0f in the
characteristic set of the free wave operator is entirely outgoing. Note that MṼ ψII(1 −
χ)(G0MV )j−1G0f vanishes near K (by the support condition on 1− χ). Microlocal elliptic
regularity implies that

WF(G0(MṼ ψII(1− χ)(G0MV )j−1G0f)) ∩ T ∗KR3 (117)
lies inside the characteristic set, and propagation of singularities then shows that this set is
in fact empty, since WFMṼ ψII(1− χ)(G0MV )j−1G0f is entirely K-outgoing.

This establishes (b).
Finally, we verify (c), term-by-term in eq. (113). Term I certainly satisfies (c). Since term II is

in C∞(Rt;L2(R3)), its wavefront set must lie in the characteristic set of Dt (by microlocal elliptic
regularity). The characteristic set of Dt is disjoint from the characteristic set of the wave operator.
Finally, it follows from eq. (116) that the wavefront set of term III in the characteristic set of the
wave operator propagates outwards, so stays K-outgoing at late times. �

Corollary 6.3. Given compact sets F̃ ⊂ R1,3 and K ⊂ R3 and M ∈ N, there exists a T such that,
G ∈ L(L2(F̃ ), HM

loc((T,∞);L2(K))). (118)

Proof. For any f , Gf is a sum of the smooth part at low frequency, the smooth part from finitely
many terms in the series, and the tail of the series, which has the asserted regularity by (111) et
seq. The estimate as stated (rather than for a single f at a time) then follows by the closed graph
theorem. �

This “very weak Huygens principle,” in which solutions ultimately achieve any desired degree of
smoothness after a sufficiently long time, was used in [BW13] to show the existence of logarithmic
resonance-free regions in the complex plane. (See [DZ19, Chapter 4] for the definition of resonances,
which are most easily viewed as poles of the analytic continuation of the resolvent, mapping from
L2

c(R3) to L2
loc(R3).) The proof followed from a variant of the Vainberg parametrix construction
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[Vai88]. As the parametrix step of [BW13] was obtained in the full generality of black box scattering,
the same proof applies here, provided we confine ourselves to fully screened (i.e., compactly supported)
potentials with Coulomb singularities.

Corollary 6.4. Assume that V is a real-valued compactly supported potential with Coulomb sin-
gularities (i.e., satisfying (2)). Then there exist ν, R > 0 such that the operator 4 + V has no
resonances in the region

|z| > R, Im z > −ν log|Re z|, (119)
and in this region enjoys the cutoff resolvent estimate

‖χ(4+ V − z)−1χ‖L2→L2 ≤ C|z|−1eT |Im z| (120)

for all χ ∈ C∞c (R3) and for some C, T depending on χ.

Proof. The result follows from Proposition 8 of [BW13], together with Corollary 6.3, as follows.
Here (in the notation of [BW13]) the “black box” operator is given by the Hamiltonian P = 4+ V
acting on L2(R3) with domain D = H2(R3). The black box Hilbert space HR0 is simply given by
L2(B(0, R0)), with R0 chosen large enough so that suppV is inside B(0, R0). The compactness of16

1B(0,R0)(P + i)−1 follows by self-adjointness of P with domain H2, together with the Rellich lemma.
Let U(t) = sin(t

√
P )/
√
P denote the propagator mapping a function g to the solution u of the

wave equation with Cauchy data u(0) = 0, ut(0) = g. Thus, for g ∈ L2(R3), u ∈ L∞loc(R;H1(R3)).
Fix ψ(t) supported in (0,∞) and equal to 1 on (1,∞). If g is supported in a compact set F0,

(∂2
t +4)ψ(t)U(t)g = [∂2

t , ψ]U(t)g ∈ L2([0, 1]× F1) (121)

with F1 containing a neighborhood of radius 1 around F0. Thus by Corollary 6.3, for any K compact
and M ∈ N, there exists T such that

U(t)g ∈ HM
loc((T,∞);L2(K)). (122)

More generally, by the Sobolev embedding and the closed graph theorem we find that for any
χ ∈ C∞c (R3) and s ∈ N, there exists T > 0 such that

χU(t)χ ∈ Cs((T,∞);L(L2, L2)). (123)

This is the regularizing effect necessary for the application of Proposition 8 of [BW13].17 �

Appendix A. Various Sobolev spaces

In this section we clarify the definitions of, and relationships among, the menagerie of Sobolev
spaces employed above. Each hierarchy of Sobolev spaces is associated to one or more pseudodiffer-
ential calculi. Our most refined calculus is the ∨- (“vee”) calculus, described at length below. The
other calculi all arise from ignoring various aspects of the ∨-calculus. For example, one can restrict
attention to r � 1, where the sc-calculus is the relevant one, or to r � 1, where the b-calculus is
the relevant one (for individual σ). The ∨-spaces keep track of both, but the large- and small-r
problems are, in some sense, decoupled. Add to the mix the possibility of tracking σ →∞ behavior,
and one gets more calculi still. If the reader prefers, they may use the ∨-Sobolev spaces throughout
this paper, instead of the various “forgetful” spaces. The ∨-spaces originate in the work of Hintz
[Hin24], but Hintz did not give them a name.

16We remark that there is a typographical error in [BW13]: the factor of 1B(0,R0) is missing from the conditions in
Section 6.1; cf. [DZ19, (4.1.12)].

17In that paper, the regularizing effect applied both in the spatial and temporal variables, and this was reflected in
the theorem statements. Here, we can convert temporal regularity to get additional spatial regularity, but this is
actually unnecessary, because eq. (123) is all that is used in [BW13, Prop. 8] and Vainberg’s method more generally.
Cf. Remark 2 following Theorem 4.43 of [DZ19].
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We only describe spaces with a positive integer amount of differential order m.18 Membership in
one such space means regularity under m-fold application of certain vector fields and multiplication
by some polynomial weights. The spaces are thus specified by the vector fields and weights. The
norms are left implicit, but can be written as square roots of sums of squares of all the quantities
whose finiteness determine the space. To ease our description of the spaces we stick to the case
X = Rn, but the definitions can be extended to general scattering manifolds as described in [Mel94]
straightforwardly, using local coordinate charts.

In most of the spaces below there is a semiclassical parameter h (which will equal σ−1 in our
application), and the norms are correspondingly h-dependent. If X = {X (h)}h>0 is a family of
normed function spaces X (h) ⊂ D′ and u = {u(−;h)}h>0 is a family of distributions, then we say
that u lies in X uniformly if u(−;h) ∈ X (h) for each h > 0 and ‖u(−;h)‖X (h) is uniformly bounded
as h→ 0+.

The semiclassical calculus In the interior of X away from marked points (or ignoring marking),
a one-parameter family u = {u(−;h)}h>0 of distributions u(−;h) lies uniformly in Hm

~ (X) if it
lies uniformly in L2 and up to m-fold products of vector fields hDj (in local coordinates) leave it
uniformly in L2. See e.g. [DZ19, App. E].

The semiclassical scattering calculus Away from marked points (or ignoring marking), a one-
parameter family u = {u(−;h)} of distributions u(−;h) is uniformly in Hm,s

sc,~ (X) if rsu lies uniformly
in L2(X) as do up to m-fold products of vector fields hDj applied to rsu. (This of course looks the
same as the space above with a weight added, but we are now working globally.) The differential
order m here is of little interest in our work, as our operator P is elliptic in the scattering sense
over ∂X.

More subtly, we may replace the weight s with a function s on the phase space, which here is the
compactified scattering cotangent bundle, identified in the case of X = Rn with the space Rnx × Rnξ .
The weight rs now becomes a (scattering) pseudodifferential operator Op(rs), having variable order.
See e.g. [VZ00].

When only one value of h is of interest, the ‘~’ will be dropped from the notation.

The semiclassical b-calculus Near a marked point, which without loss of generality we take to be
at r = 0, a one-parameter family u = {u(−;h)}h>0 of distributions u(−;h) is in Hm,`

b,~ ([X; markings])
uniformly if r−`u lies in L2 as do up to m-fold products of vector fields hrDr, hDθj (in polar
coordinates) applied to r−`u.

When only one value of h is of interest, the ‘~’ will be dropped from the notation. Then, the
norm is the ordinary b- Sobolev norm.

The sc-b calculus A distribution u is in Hm,s,`
sc−b ([X;markings]) if near marked points it lies in

Hm,`
b and near ∂X it lies in Hm,s

sc .
Thus, near marked points the norm is specified by powers of rDr, Dθ applied to r−`u and near

∂X by powers of Dj applied to Op(rs)u. This is the only one of the calculi under discussion in
which we have no semiclassical parameter, and we use it to write the simplest possible qualitative
results. See e.g. [HV18, Appendix A].19

18Defining the spaces with fractional or negative values require either interpolation and duality arguments, or the
deployment of the relevant pseudodifferential calculi. We do not describe the pseudodifferential calculi here, apart
from remarking that they microlocalize the vector fields used to define the Sobolev spaces.

19The space Hsc−b(X) should not be confused with what Vasy calls Hsc,b(X) in [Vas21].



28 ETHAN SUSSMAN AND JARED WUNSCH

The “vee” calculus This calculus and its associated Sobolev space derive from the semiclassical
cone calculus of Hintz [Hin24]: u is in Hm,s,`,α

∨ ([X; markings]) if
• u ∈ Hm,s

sc,~ near ∂X, uniformly, while
• near the marked points, ( r

r + h

)−`
(r + h)−αu

lies in L2 uniformly, as do up to m-fold products of vector fields h
h+rrDr, h

h+rDθ (in polar
coordinates), applied to it.

Note that for fixed h > 0 the norms on this space are equivalent to those on Hm,s,`
sc−b , i.e., membership

in the two spaces is the same; it is only as h ↓ 0 that the norms on H•∨ are varying and thus encoding
information asymptotics in the parameter h.

If one is willing to give up a polynomial in h, it is possible to convert between sc-b and ∨-norms:
‖u‖

Hm,s,`,α
∨

< C =⇒ ‖u‖
Hm,s,`

sc−b
< C ′h−|m|−|α|−|`|−|s| (124)

since
‖(rDr)αDβ

θ u‖ .
∑

α′≤α,β′≤β
h−α

′−|β′|
∥∥∥( h

h+ r
rDr)α

′( h

h+ r
Dθ

)β′
u
∥∥∥, (125)

which establishes the estimate near the marked points, and likewise
‖Dαu‖ = h−|α|‖(hD)αu‖ (126)

handles near the boundary at infinity.
Conversely, we also have more immediately the opposite inclusion:

‖u‖
Hm,s,`

sc−b
< C =⇒ ‖u‖

Hm,s,`,`
∨

< C. (127)

Appendix B. An L∞ bound on Kummer’s confluent hypergeometric function

Lemma B.1. For A > 0, Kummer’s hypergeometric function M satisfies
M(a, 1, iλ) ∈ L∞(i[−A,A]a × Rλ). (128)

�

Proof. We can use the integral formula

M(a, 1, z) = 1
Γ(1− a)Γ(a)

∫ 1

0
eztta−1(1− t)−a dt (129)

[OMe, Eq. 13.4.1], which holds for a in the strip Re a ∈ (0, 1). In order to improve the convergence
of the integral, we can expand:

ezt(1− t)−a = 1 + E(t, a, z), (130)
where E(t, a, z) = −1 + ezt(1− t)−a; note that, for each a ∈ C and z ∈ C, this is O(t) as t→ 0+.
Consequently, for Re a ∈ (0, 1),∫ 1

0
eztta−1(1− t)−a dt =

∫ 1

0
ta−1 dt+

∫ 1

0
ta−1E(t, a, z) dt

= 1
a

+
∫ 1

0
ta−1E(t, a, z) dt,

(131)

where the final integral is absolutely convergent for every z ∈ C and a ∈ C with −1 < Re a < 1, and
evidently depends analytically on a. Using the meromorphy of M(a, 1, z), it follows that

M(a, 1, z) = 1
Γ(1− a)Γ(a)a

[
1 + a

∫ 1

0
ta−1E(t, a, z) dt

]
(132)

http://dlmf.nist.gov/13.4.E1
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whenever −1 < Re a < 1. The prefactor on the right-hand side is analytic in the larger strip
Re a ∈ (−1, 1), the apparent singularity at a = 0 being removable (since the apparent singularity of
aΓ(a) = 0 at a = 0 is removable, with aΓ(a)|a=0 = 1).

The only remaining thing to do is check that the integral above can be bounded uniformly in
a ∈ i[−A,A] and λ ∈ R. For bounded λ, this is straightforward, so suppose |λ| ≥ 1. We now use

−E(t, a, iλ) = (1− eitλ) + (1− (1− t)−a)− (1− eitλ)(1− (1− t)−a)
= (1− eitλ) +O(t),

(133)

where the O(t) bound is uniform. The O(t) term contributes a uniformly bounded term toM(a, 1, iλ).
The other term contributes minus

a

∫ 1

0
ta−1(1− eitλ) dt = a

∫ 1/|λ|

0
ta−1(1− eitλ) dt︸ ︷︷ ︸

I

+
∫ 1

1/|λ|
ata−1 dt︸ ︷︷ ︸
II

−a
∫ 1

1/|λ|
ta−1eitλ dt︸ ︷︷ ︸

III

. (134)

Term I is estimated using 1− eitλ = O(t|λ|), which yields

|I| . λ
∫ 1/|λ|

0
dt = 1 (135)

(using Re a = 0). Term II is just calculated:∫ 1

1/|λ|
ata−1 dt = 1− |λ|−a = O(1) (136)

(again using Re a = 0). Term III is estimated by integrating by parts (to make use of the
oscillations of the integrand – the only reason we are doing this is that it beats the naïve estimate
III .

∫ 1
1/|λ| dt/t = log |λ| by a log): for λ 6= 0,

− III = i

λ

∫ 1

1/|λ|
ta−1 d

dte
itλ dt = i

λ

[
ta−1eitλ

]1
t=1/|λ|︸ ︷︷ ︸

=O(1)

+a− 1
λi

∫ 1

1/|λ|
ta−2eitλ dt, (137)

and ∣∣∣ ∫ 1

1/|λ|
ta−2eitλ dt

∣∣∣ ≤ ∫ 1

1/|λ|

dt
t2

= λ− 1. (138)

�

When a = 0, the M -function satisfies M(a, 1, iλ) = 1 identically [OMe, Eq. 13.2.2]. It is thus
unsurprising that the L∞-bounds that hold for a 6= 0 apply uniformly as a→ 0.
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