A STRENGTHENED ORLICZ-PETTIS THEOREM VIA ITO-NISIO

ETHAN SUSSMAN

ABSTRACT. In this note we deduce a strengthening of the Orlicz—Pettis theorem from the It6—Nisio
theorem. The argument shows that given any series in a Banach space which isn’t summable (or more
generally unconditionally summable), we can construct a (coarse-grained) subseries with the property
that — under some appropriate notion of “almost all” — almost all further subseries thereof fail to
be weakly summable. Moreover, a strengthening of the It6—Nisio theorem by Hoffmann-Jgrgensen
allows us to replace ‘weakly summable’ with ‘r-weakly summable’ for appropriate topologies 7
weaker than the weak topology. A treatment of the It6—Nisio theorem for admissible 7 is given.
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1. INTRODUCTION

Let 2" denote a Banach space over K € {R,C}. Call a subset 7 C 2% an admissible topology on
2 if
(1) it is an LCTVS’-topology on 2" identical to or weaker than the norm (a.k.a. strong) topology
under which the norm-closed unit ball B = {x € 2" : ||z|| < 1} is 7-closed, and
(2) if 2 is not separable, then 7 is at least as strong as the weak topology.

Cf. [HJ74], from which the separable case of this definition arises. By the Hahn-Banach separation
theorem, if 7 is an admissible topology then the T-weak topology (a.k.a. o( 2", Z*)-topology) is
also admissible (see Lemma A.1).

Besides the norm topology itself, which is trivially admissible (and uninteresting below), the
most familiar example of an admissible topology on 2" is the weak topology. Many others arise
in functional analysis. For example, given a compact Riemannian manifold M, for most function
spaces .Z it is the case that the o(.%,C(M))-topology (a.k.a. the topology of distributional
convergence) is admissible. An even weaker typically admissible topology is that on .# generated
by the functionals (—, @) : 2'(M) — C for ¢, 1, p2,- - the eigenfunctions of the Laplacian.
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Denote by 2N the vector space of all 2 -valued sequences {x,,}32, C 2. In the usual way, we
identify such sequences with 2 -valued formal series (and denote accordingly). We say that a formal
series > o2 &y € 2N is “r-summable” if Z,]yzoxn € 2 converges as N — oo in 2.

Consider the following (slightly generalized) version of the Orlicz—Pettis theorem [Orl29]:

Theorem 1.1. Suppose that T is an admissible topology on 2 . If >0 gz, € 2N fails to be
unconditionally summable in the norm topology, then

o there exist some €, €1,€2, -+ € {—1,4+1} such that the sequence S({e,}72) = {EN}T—p
defined by
N
Yy = Z €nTn (1)
n=0

does not T-converge as N — oo to any element of 2", and
o there exist some Xo,X1,X2, - € {0,1} such that the sequence S({xn}reo) = {SN}T-0
defined by

N
SN =D Xnn, (2)
n=0

does not T-converge as N — oo to any element of Z .

In particular, this applies if Y o Ty s not summable in the norm topology. |
Remark. From the formulas
En({entno) = SN{27 (1 + €n)}nlo) — Sw({27H(1 — en)}nlo) (3)
Sn(Dxntnze) = 27 En ({11350) + 27 S ({2x — 11350), (4)

we deduce that Y({e,}52,) is T-convergent for all {e,}>°, € {—1,+1} if and only if S({x»}32,) is
r-convergent for all {x,}>, € {0,1}N. We will phrase the discussion below in terms of whichever
of ¥(—), S(—) is convenient, but this equivalence should be kept in mind.

See Proposition 2.5 for the probabilistic version of this remark. |

Ezample. Let M be a compact Riemannian manifold and .# C 2'(M) be a function space on M.
Let 7 denote the topology generated by the functionals (—, ¢;,) r2(M)> Where g, o1, @2, -+ denote
the eigenfunctions of the Laplace-Beltrami operator. Suppose that 7 is admissible. This holds, for
example, if F is an LP-based Sobolev space for p € [1, 00).

Then, for any {z,}>2, C .#, the formal series > o>, x, is unconditionally summable in .# (in
norm) if and only if

Z [(Zn, om)| < 00 (5)

n=0
for all m € N and, for all {x,}5>y € {0, 1}, there exists an element S({x,}5%,) € -# whose mth
Fourier coefficient is given by

(SHxntnzo): pm) = Z Xn{Tn, Pm)- (6)
n=0

We focus on Banach spaces — as opposed to more general LCTVSs — for simplicity. Most of the
considerations below apply equally well to Fréchet spaces. There is a long history of variants of
the Orlicz—Pettis theorem for various sorts of TVSs [Die77]. A short proof of the Orlicz—Pettis
theorem for Banach spaces can be found in [BP58], and a textbook presentation can be found in
[Meg98]. The proof below has much in common with a probabilistic proof [Die84] based on the
Bochner integral (due to Kwapien).
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The proof below is nonconstructive, in the following sense: upon being given a formal series

gy € X N'which fails to be unconditionally summable, we do not construct any particular
sequence {e,}02 5 C {—1,+1} such that ¥({e,}72,) C 2 fails to converge in 27, or any particular
{xn}o2o € {0,1} such that S({xn}22y) C & fails to converge in 2. All proofs of the Orlicz—Pettis
theorem seem to be nonconstructive in this regard. We do, however, construct a function

£ {{zn}2, € 2N not unconditionally summable} — g{~14+1}" (7)

such that, when {z,,}5° is not unconditionally summable, ¥({e,}5° ) and S({271(1 — €,)}5%)
both fail to be 7-summable for Pooarse-almost all sequences {e,}52, € £, where

Pcoarse : Borel({—1, +1}N)|5({xn};'l°:0) — [0,1] (8)
is a probability measure on the subspace o-algebra
Borel ({—1, +1}")|e( (o)., = £5 N E{wa}i) : S € Borel({—1,+1}M)}. )

So, while the proof is nonconstructive, it is only just. Put more colorfully, the proof follows the “hay
in a haystack” philosophy familiar from applications of the probabilistic method to combinatorics
[AS16]: using an appropriate sampling procedure, we choose a random subseries and show that —
with “high probability” (which in this case means probability one) — it has the desired property.
Precisely, letting Ppa., denote the Haar measure on the Cantor group {—1, +1}N = ZY [Dies4]
(which is a compact topological group under the product topology, by Tychonoff’s theorem):

Theorem 1.2 (Probabilist’s Orlicz—Pettis Theorem). Suppose that f : N — N is a function such
that |f~1({n})| < oo for alln € N. If T C N is infinite and satisfies

lim sup H Z Tng

n—oo

neT  no€f~1({n})

> 0, (10)

then it is the case that, for Puaar-almost all {€,}% € {—1,+1}N, the formal series

o0 o0 1
> ermane 2N, > =)o e 2™ (11)
n=0,f(n)eT n=0,f(n)eT
both fail to be T-summable. |

The relation to Orlicz—Pettis is as follows. If 3°0° oz, € 2N is not unconditionally summable,
then we can find some pairwise disjoint, finite subsets Ny, N1, Na,--- C N such that

AifIéi{\}Hﬂ%}\] aan > 0. (12)

We can then choose some f : N — N such that f(n) = f(m) if and only if either n = m or n,m € Ny
for some N € N. Thus, if we set T = N, eq. (10) holds. Appealing to Theorem 1.2, we conclude
that, for Pyaa-almost all {e,}22, the formal series

o0 o0

1
Z ef(n)xn S %N, Z 5(1 — Gf(n))l'n c %N (13)

n=0 n=0

both fail to be 7-summable. Theorem 1.1, therefore, follows from Theorem 1.2. The connection
with eq. (7), eq. (8) is that we can choose f such that & is the set of {€,}3%, € {—1,+1}" such that
€n = €m whenever f(n) = f(m), and Pcoarse i8S PHaar conditioned on the event that {e,}>2, € £.

Remark. The Haar measure on the Cantor group is the unique measure on Borel({—1, +1}Y) =
o({en}22) such that if we define €, : {—1,+1}N — {1, +1} by €, : {€/,,}>°_, — €, the random
variables €q, €1, €9, - - - are i.i.d. Rademacher random variables. |
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Remark. Tt suffices to prove the theorems above when 2" is separable. Indeed, if 2" is not separable
and % denotes the norm-closure of the span of zg, z1,x2,--- € £, then, for any {\,}>2, C K,
N
7— lim Ann (14)
0

N—oo

exists in 2 if and only if it exists in #/. (This is a consequence of the requirement that 7 be at least
as strong as the weak topology, so the limit in eq. (14) is also a weak limit. Norm-closed convex
subsets of 2" are weakly closed by Hahn-Banach, so this implies that % is 7-closed.)

The subspace topology on % < 2. is admissible, and % is separable, so we can deduce
Theorem 1.1 and Theorem 1.2 for 2" from the same theorems for %' |

Remark. If 2 is not separable and 7 not at least as strong as the weak topology, then the conclusions
of these theorems may fail to hold, even if the norm-closed balls in 2~ are 7-closed. As a simple
counterexample, let 2~ = L°°[0,1], and let 7 be the o(L>, L!)-topology. This being a weak-*
topology, the norm-closed balls are 7-closed (and even T-compact). Let

Sn(t) =tV (15)

Tn(t) = Ep(t) — Xp_1(t) for n > 1, xo(t) = Xo(t) = 1. It turns out that the series Y ooz, is
T-subseries summable. Indeed, if {x»}>2, C {0, 1}, then define

SHxn}nlo)(t) = D xnwa(t) € R (16)
n=0

for each ¢ € [0,1]. By the monotone convergence theorem, this converges pointwise (so the definition
makes sense, and S({xn}52) is a measurable function of t), and satisfies S({xn}22,)(t) € [0, 1], so
SH{xn}y) € L>®[0,1]. If f € L0, 1], then

00 —1/VN 00 00
]/01 f(t)ngvxnxn(t) dt] < \/01 ! Nf(t)nz;vxnxn(t) dt’+‘/111/\mf(t)nz;vxnxn(t) dt]. (17)

For N > 1, the first term on the right-hand side is bounded above by

s 1 \N-1
[fllzr sup n@®)| =l sup VT = flp(1-—) (18)
te[0,1-1/v/N] n;v te[0,1-1/v/N] ( \/ﬁ)

which converges to 0 as N — oo. On the other hand, the second term on the right-hand side of
eq. (17) is bounded above by

00 1 1
su T (t t)|dt =2 t)| dt, 19
(oo X)) [ is@lae=2 [ s (19)
which converges to 0 as N — oo by the measurability of f. So, we can conclude that the convergence
in eq. (16) is in 7.

But, ¥ does not converge uniformly on [0, 1] as N — 00, s0 Y oo Ty, is not strongly summable
in 2" = L*°[0,1]. Thus, the conclusion of Theorem 1.1 does not hold for this space 2~ and this
topology 7. |

Example. If 2~ = C°[0,1], the set of continuous functions [0, 1] — C with the topology of uniform
convergence, and 7 is the o(C?, L')-topology, then the hypotheses of the theorems regarding 2, 7
are satisfied, since 2" is separable and the norm-closed balls in 2™ are 7-closed. Letting x, () be as in
the previous remark, the failure of Y °° ; x, to be strongly summable implies (by Theorem 1.2) that
Y00 o Xn®rn cannot be 7-summable in 2" for Pooarse-almost all {x,}>2, C {0,1}. But we can define
the pointwise limit S({x,}5%,)(¢) as in eq. (16), and we saw convergence in the o (L, L!)-topology.
Consequently, if there were to exist some

S({xn}nlo)(t) € C°[0,1] (20)
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FIGURE 1. A plot of Sx(t) = 14+ XN | v, (t" — t" 1) vs. t (horizontal axis) for
large N and for {x,}>2, sampled according to Pcoarse. For large N, Sy (t) oscillates
rapidly as ¢ — 17, much like the topologist’s sine curve, in accordance with the
prediction that the full sum S(¢) = limy_ o Sy (t) does not have a well-defined limit
ast — 17.

agreeing with S({xn}n=o)(t) almost everywhere, then > /% xnz, would have to converge to
S({xn}22,) in 7 = o(C?, L), since this is just the subspace topology of o(L%°, L!). So, it must be
the case that, for Pooarse-almost all {x,}5%,

S({xn}nZo)(t) & C°[0,1] (21)

if S({xn}22,) agrees with S({xn}2%,) almost everywhere in [0, 1];. But, the series 3.°° ; xn, con-
verges uniformly in [0, 1 — §] for every & € (0,1), s0 S({xn}5,) € C°[0,1). If lim;_,;— S({xn}0)(t)
were to exist, then we could define

N LI (<)
Sl = {nmw S0k (= 1),

and this would lie in C°[0, 1] and agree with S({x,}2>,) almost everywhere in [0, 1];. So, it must be
the case that lim; ;- S({xn}22o)(t) fails to exist for Pooarse-almost all {x,}52,. See Figure 1. W

(22)

Remark. When £ is separable, it suffices to consider the case when 7 is the topology generated by
a countable norming set of functionals. Recall that a subset S C 27 * is called norming if

[ ]} = sup [Az| (23)
AeS

for all z € Z°. We can scale the members of a norming subset to get another norming subset whose
members A satisfy |A]| 2~ = 1, and this generates the same topology. If 7 is admissible, then (by
the Hahn-Banach theorem and separability) there exists a countable norming subset S C .27* (see
Lemma A.2). Whenever S C 27* is a countable norming subset, the o(.2", S)-topology is admissible
as well (see Lemma A.3), and identical with or weaker than 7. [ |

It is not necessary to consider probability spaces other than
({=1,+1}, Borel({—1, +1}M), Prar), (24)

but it will be convenient to have a bit more freedom. Let (£, F,P) denote a probability space on
which i.i.d. Bernoulli random variables

XOaXlaX?)"':Q%{O’l} (25)
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are defined. For example,
(Q, F,P) = ({=1,4+1}", Borel({—1, +1}), Piaar ), (26)

in which case we set x, = (1/2)(1 —¢,). Given this setup and given a formal series >.°° yz,, € 2V,
we can construct a random formal subseries S : Q — 2N by

S(w) = Z X (W) (27)
n=0

This is a measurable function from Q to 2™ when 2 is separable (see Lemma 2.1)

Suppose that 2 is separable. Given any Borel subset P C 2N the probability P(S~(P)) € [0, 1]
of the “event” S € P is well-defined. Given some “property” P — which we identify with a not-
necessarily-Borel subset P C 2N — that a formal series may or may not possess, to say that almost
all subseries of Y °° ; z,, have property P means that there exists some F' € F with

P(F) =1 (28)

and w € F' = S(w) € P. In this case, we say that S has the property P for P-almost all w. (Note
that we do not require S~!(P) € F, although this is automatic if P is Borel, and can be arranged by
passing to the completion of P.) Analogous locutions will be used for random formal series generally.
If P is Borel then S(w) will have the property P for P-almost all w € Q if and only if P(S~(P)) = 1.

In order to prove the theorems above, we use the following variant of a theorem of It6 and Nisio
[ING8] refined by Hoffmann-Jgrgensen [H.J74]:

Theorem 1.3. Suppose that T is an admissible topology on % . Let
Y0, V1,72, 0= {1, +1} (29)

be independent, symmetric random variables on (0, F,P). If 2" is a Banach space and {x,}32 €
2N, the following are equivalent:

(I) for P-almost all w € Q, >0 o Yn(w)xy, is summable in 2,
or P-almost all w € §2, ~ o Yn(w)xy s T-summable, i.e. summable in 2.
1I) for P-al Il Q, >0 bl bl Z;

Moreover, whether or not the conditions above hold depends only on {x,}52 and the laws of each
0f70a717/725"" u

This result is essentially contained in [H.J74], but, since our formulation is slightly different, we
present a proof in §3 below.

See [Hyt+16] for a modern account of the It6—Nisio result in the case when 7 is the weak topology.
Our proof follows theirs.

A special case of this theorem was stated in [Sus22], and the proof was sketched. This paper fills
in some details of that sketch.”

Remark. We will refer to Theorem 1.3 as “the It6—Nisio theorem,” with the following three caveats:

e Unlike in the usual It6—Nisio theorem, we do not discuss convergence in probability.

e The result is often stated with general Bochner-measurable symmetric and independent
random variables x,(w) : @ — 2N in place of v, (w)z,. (A 2 -valued random variable X
will be called symmetric if X and —X are equidistributed, i.e. have the same law.3) In fact,
Theorem 1.3 implies the more general version via a rerandomization argument.

e [t6 and Nisio only consider the case when 7 is the weak topology, the generalization to
admissible 7 being the result of [H.J74].

|
2See [Sus22, Thm. 3.11]. The statement there involves convergence in probability, but the proof in §3 below applies.

3Note that, if K = C, this convention differs from some in the literature, in particular [Hyt+16, Definition 6.1.4].
(We use ‘symmetric’ when they would use ‘real-symmetric.)
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Remark. A strengthening of the It6—Nisio result in the case when 2~ does not admit an isometric
embedding ¢y — 2 is essentially contained — and explicitly conjectured — in [H.J74]. The proof is
due to Kwapien [Kwa74]. If (and only if) 2~ does not admit an isometric embedding ¢y < 27, then
(I), (IT) in Theorem 1.3 are equivalent to

(IIT) for almost all w € Q, supyeyl| SN en(w)zn || < co.

(The event described above, that of “uniform boundedness,” is also measurable. See Lemma 2.2.)
Recall that — by the uniform boundedness principle — the weak convergence of a sequence
{XN}F—p € Z implies that supy||Xn]|| < oo, so (II) implies (III) when 7 is the weak topology.
Condition (I) obviously implies (III), so by the It6-Nisio theorem (once we’ve proven it), (II) implies
(III) for any admissible 7. The converse obviously does not hold if 2~ admits an isometric embedding
co — Z. |

Remark. By Lemma 2.2, the events described in (I), (III) above are measurable, and so, Theorem 1.3
is a statement about their probabilities. If 2 is separable and 7 is the topology generated
by a countable norming collection of functionals, the event in (II) is measurable as well. It is
a consequence of Theorem 1.3 that, if the probability space (2, F,P) is complete, then (II) is
measurable regardless. |

An outline for the rest of this note is as follows:

e In §2, we fill in some measure-theoretic details related to the main line of argument.

e We prove the It6—Nisio theorem in §3 using a version of the standard argument based on
uniform tightness and Lévy’s maximal inequality.

e Using Theorem 1.3, we prove the probabilist’s Orlicz—Pettis theorem in §4

2. MEASURABILITY

Let 2 be an arbitrary separable Banach space over K € {R,C}, and let 7 be an admissible
topology on it. Below, €g, €1, €2, -+ will be as in Theorem 1.3, i.i.d. Rademacher random variables
Q — {—1,41}. Similarly, xo, x1, X2, -+ will be i.i.d. uniformly distributed 2 — {0,1}.

Lemma 2.1. The function S : Q — 2N defined by eq. (27) is measurable with respect to the Borel
o-algebra Borel(Z'Y), so it is a well-defined random formal 2 -valued series. |

Proof. The Borel o-algebra of a countable product of separable metric spaces agrees with the
product P of the Borel o-algebras of the individual factors [[<al02, Lemma 1.2]. So, Borel(2™N) =
o(eval, : n € N) = P, where

eval, : 2N - 2 (30)
is shorthand for the map Y o xp + x,. To deduce that S is Borel measurable, we just observe that
it is measurable with respect to the o-algebra o(eval, : n € N), since eval,, 0 S(w) = xn(w)zn. O

Let Pr, Py, Prp € 27N denote the sets of (I) strongly summable formal series, (II) 7-summable
formal series, and (IIT) bounded formal series, respectively. In other words,

Pr = {{z,}%, € 2N : limy oo N, exists in 27}, (31)
Prp = {{z,}5% € 2N : r—limy_y00 0 @, exists in 25}, (32)
Pt = {{zn}n2o € 27 supyen||Zhlo @all < 0o} (33)
Likewise, given a countable norming subset S C .27*, let
Py = Prr(S) = {{zn}320 € 2N 1 S—limn_00 Y0 @ exists in 2,4 5} (34)

denote the set of S-weakly summable formal 2 -valued series.

Lemma 2.2. Py, Py, Py € Borel(2'N). Consequently, given any random formal series ¥ : Q — 2N,
»=Y(P;) € F for each i € {I,1I',111}. [ |
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Proof. For each M, N € N, the function 9y a/ : 2N = R given by

N
My ({zatizo) = | 2 @) (35)
n=M
satisfies ‘ﬁfV}M(S) € P for all S € Borel(R). Therefore, Pyj1 = Ugen Nyen ‘ﬁj\,}o([O, R)) is in P, as is

pr= (1 U [ 90, 1/R)). (36)
ReN+ MeN N>M
Let Zy C 2 denote a dense countable subset. Claim: a sequence {Xn}3_, € £ converges
S-weakly if and only if for each rational ¢ > 0 there exists Xx = Xx(€) € 2o such that for each
A € S there exists a Ng = Ny(e,A) € N such that

IA(Xy — Xx)| < e (37)
for all N > Ny.

e Proof of ‘only if:’ if Xy — X S-weakly, then, for each ¢ > 0, choose Xr, = X« (¢) € Zp such
that || X — Xx|| < /2, and for each A € S choose Ny(e, A) such that |[A(Xy — X)| < ¢e/2
for all N > Nj.

Since the elements of S have operator norm at most one, |[A(X — X1 )| < e/2.
Combining these two inequalities, eq. (37) holds for all N > Nj.

e Proof of ‘if:’ suppose we are given X (¢) with the desired property. First, observe that
{X~(1/N)}¥_, is Cauchy. Indeed, it follows from the definition of the X« (¢) that |A(Xx~(e)—
X~(e)| < e+4¢€ forall A € S, which implies (since S is norming) that | X~ () — Xo(')| <
e +€’. So, by the completeness of 2", there exists some X € 2 such that

lim X (1/N) = X. (38)
N—oo
We now need to show that, as N — oo, Xy — X S-weakly. Indeed, given any A € S and
M € NT,
IA( Xy — X)| < JAMXy — Xo(1/M))] + |A(X — X (1/M))]. (39)
Given any € > 0, pick M such that 1/M < ¢/2 and such that [|X~(1/M) — X|| < g/2.
Since the elements of S have operator norm at most one, [A(X — Xx(1/M))| < £/2. By
the hypothesis of this direction, we can choose Ny = Ny(g, A) sufficiently large such that

IA(Xny — X~(1/M))| < 1/M < /2 for all N > Ny. Therefore, |A(Xy — X)| < ¢ for all
N > Ny. It follows that Xy — X S-weakly.

We therefore conclude that

= (1 U N U N HzaddZo IAXN - Xx)| <} (40)

e>0,e€Q Xx€2o AeS MEN N>M

is in P as well, where Xy = zg + - - - + xy_1, which depends measurably on {z,}>2.
]

Remark. We do not address the question of when Py is Borel. Even when 27" is not second countable,
it can be the case that P;; € P. For example, if 2~ = ¢}(N), then sequential weak convergence is
equivalent to sequential strong convergence [Car(5, Theorem 6.2], and hence Py = Pyy. |

Let 7y : 2N — 2N denote the left-shift map 0% gz, > 300 g 2y n. Let 74P = {73 (S) :
S e P}

Lemma 2.3. Let Py, Py, Prir be as above. Then

PP, P eT, (41)
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where T C Borel(2N) is the “tail o-algebra” T = NyenmiP. Consequently, given any K-valued

random variables Ao, A1, A2, -+ : Q — K, the random formal series ¥ : Q — 2N given by Y(w) =
o2 o An(w)zy s such that

27 Pi) € Nveno({ A}l (42)

for each i € {1, 11’ IIT}. [ |

Proof. Clearly, 7'(‘&1 (P;) = P; for each ¢ € {I,II', 111}. By Lemma 2.2, we can therefore conclude that
P; € T. If ¥ is as above, then ¥* o 73 P C o({\,}52 ). Since X1(P;) is in the left-hand side for
each N € N, eq. (42) follows. O

Proposition 2.4. Let f : N — N satisfy | f~1({n})| < oo for all n € N. Suppose that Ao, A1, A2, - - :
Q — K are independent random variables on the probability space (Q, F,P), and consider the random
formal series ¥ : Q@ — 2N given by

Y(w) = Z Af(n) (W) Tn. (43)
n=0

Then P(X71(P)) = P[X € P] € {0,1} for any element P € T, and in particular for the sets P; for
each i € {I, I, III}. [ ]

Proof. Since A\g, A1, A2, -+ are now assumed to be independent, that P[¥ € P] € {0,1} follows
immediately from the Kolmogorov zero-one law [Durl9, Theorem 2.5.3]. By Lemma 2.3, this applies
to P, Pyy, Prmn- ]

Proposition 2.5. Let f : N — N satisfy |f~1({n})| < oo for all n € N. Suppose that P C 2N is
a K-subspace and that (o, (1,(o, -+ :  — K are a collection of symmetric, independent K-valued
random variables.

Then, letting £, S : Q@ — ZN denote the random formal series

Z(w) = Z gf(n) (w)xn and S(w) = Z Xf(n) (w)xTH (44)
n=0 n=0

where x, = 2711 — ¢,), the following are equivalent: (x) ¥ € P for P-almost all w €  and

gy €P, (xx) S €P for P-almost all w € Q. Consequently, if P € T, by Proposition 2./ the
following are equivalent: (¥') X & P for P-almost all w € Q or > o2 qxy, € P and (xx') S € P for
P-almost all w € . |

This is essentially an immediate consequence of eq. (3), eq. (4), mutatis mutandis.

Proof. First suppose that (x) holds. In particular, 3.°°  x,, € P. Then, since P is a subspace of 2N,

DX (@an = =5 > Gy (W)tn + 5 D an (45)
n=0 2 n=0 2 n=0

isin P if > °>° § (n(w)zy is. By assumption, this holds for P-almost all w € 2, and so we conclude
that (#x) holds.

Conversely, suppose that (x*) holds, so that S(w) € P for all w in some some subset F' € F with
P(F) = 1. Clearly, the two formal series S, 5" : Q — 2V,

SW) = XgmWzn and  S'(w) =Y (1= xpm)(w))zn (46)
n=0 n=0

are equidistributed. We deduce that S’(w) € P for almost all w € €, i.e. that there exists some
F’ € F with P(F’) =1 such that S’(w) € P whenever w € F’. This implies, since P is a subspace of
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2N that the random formal series

S(w) + S (w Z T (47)
S(w) = S'(w) = — Z Criny(W)Tn (48)
n=0
are both in P for all w € FN F'. Since P(F N F’) =1, it is the case that F N F' # &, and so we
conclude that 3772 ; z,, € P. Likewise, >377  (¢(n)(w)Zn € P for almost all w € Q. O

Proposition 2.5 applies in particular to the sets Py, Pry, Pyir. We will not discuss Pypp further, but
the preceding results are useful for the treatment of the Jgrgensen—Kwapien and Bessaga—Pelczynski
theorems along the lines of §4.

3. PrROOF oOF ITO-NISIO

Let 2" be a separable Banach space over K € {R, C}. We now give a treatment, via the method
in [Hyt+16], of the particular variant of the It6—Nisio theorem stated in Theorem 1.3.
The key result allowing the generalization from the weak topology to all admissible topologies is:

Proposition 3.1. If 7 is an admissible topology on 2, then Borel(2") = Borel(27). [ |

Proof. The inclusion Borel(:Z2") 2 Borel(27) is an immediate consequence of the assumption that 7
is weaker than or identical to the norm topology, so it suffices to prove that Borel(Z;) contains a
collection of sets that generate Borel(:Z2") as a o-algebra. Consider the collection

B={z+B:xc 2,\c R C Borel(2) (49)

of all norm-closed balls in Z". Since £ is separable, the collection of all open balls generates
Borel(Z), and each open ball z + AB°, z € 2, A > 0, is a countable union

z+MB°= ) (z+(A-1/N)B) (50)
NeN,1/N<X
of closed balls, so the closed balls generate Borel(:Z). Since 7 is an LCTVS topology, once we

know that B is 7-closed, the same holds for all other norm-closed balls. Because 7 is admissible, the
elements of B are T-closed, so B C Borel(:27). O

Suppose now that 7 is admissible, and suppose that (£, F,P) is a probability space on which
symmetric, independent random variables g, v1, 72, - - :  — K are defined.

Proposition 3.2. Suppose that Y oo Yn(w)xy converges in 2+ for P-almost all w € €2, so that we
may find some F € F with P(F) =1 such that

Eoo( = 7—lim Z’Yn In (51)

N—)oo

exists for allw € F. Set Yoo(w) =0 for allw € Q\F. Then, Yo 18 a well-defined X -valued random
variable. |

Proof. We want to prove that ¥ is measurable with respect to F and Borel(Z"). By Proposition 3.1
and Lemma A.1, Borel(:2") = Borel(27) = Borel(o (2", Z)) = o(Z), so it suffices to check that
A 0 ¥ is a measurable K-valued function for each A € 27*. Certainly,

EN( ) (wEF)

0 (we Q\F) (52)

AoZn(w) = lyerA o Ey(w) = {

is measurable. Consequently, A oY, = limy_oo Ao Yy is the limit of measurable K-valued random
variables and, therefore, measurable. O
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Proposition 3.3. Consider the setup of Proposition 3.2. For each N € N, the 2 -valued random
variables Yoo and Yoo — 25N are equidistributed. |

Proof. Denote the laws Y, Yoo — 25N by p, Ay : Borel(Z7) — [0, 1], respectively. The measures
i, An are uniquely determined by their Fourier transforms Fu, FAy : 2 — C,

Fu(A) = /QeiAE‘”(“’) dP(w) = /3{ e~ du(z), (53)

where FAy is defined analogously. For each A € 27, A(X — Xn) and A(Xy) are clearly
independent, and A(Xy) is equidistributed with —A(Xy), so

Fu(A) = / ¢~ ihZoee) P () = / e~ A (oo () =En () g —IADN (@) ()
Q Q
(s oo
o Q
_ (/ eiA(Eoo(w)EN(W))dP(w))(/ e TiASN (W) dIP(w)) (54)
N Q
— / e A Beo () =B (@) o HIAEN (@) g ()
Q

_ / e~ (@)=2EN (W) qP(w) = FAn(A).
Q

Hence the Fourier transforms of u, Ay agree, and we conclude that ., and Y. — 2X 5 are
equidistributed. OJ

The proof is identical to the standard one, except we need to know that the law of an 2'-
valued random variable is uniquely determined by the restriction of its Fourier transform (a.k.a.
“characteristic functional”) from 2™ to 27, for any admissible 7. The proof of this fact for 7 the
strong or weak topologies, which is just the proof that a finite Borel measure on 2" is uniquely
determined by the Fourier transform of its law, is given in [Hyt+16, E.1.16, E.1.17]. The general
statement follows from analogous reasoning: the finite-dimensional version (i.e. finite Borel measures
on R? are identifiable with particular tempered distributions, and are, therefore, uniquely determined
by their Fourier transforms), the Dynkin 7-A theorem (which implies that a finite measure is uniquely
determined by its restriction to any m-system which generates the o-algebra on which the measure
is defined [Durl9, Theorem A.1.5]), and Proposition 3.1.

Another way to prove the proposition is to show that X, agrees, almost everywhere, with the
composition of the random formal series > o2 yn(—)zn : Q@ = 2 N and Yoo, Uni : & N 2,

Eoo,Uni( i l“n) _ {S_MmN—)oo 27]2[:0 T (2nZoTn € Pryr), (55)

= o (otherwise),

where & C 27F is a countable norming collection of functionals and Pyp is as in §2. By the results
in §2, Yoo uni : & N 2 is Borel measurable. Thus, we can form the pushforward under it of
the law of the formal series Y o> o vn(—)xn. The initial claim, then, is that the law of ¥ is this
pushforwards. Likewise, the pushforwards of the law of the random formal series

N o0
W — Z (W)X, + Z Yn(W)z, € 2N (56)
n=0 n=N+1
is the law of ¥, — 2X . Since the random formal series eq. (56) is equidistributed with the original,
we deduce that Yo, and Y., — 2Xy are equidistributed as well.
Recall that an %2 -valued random variable X : Q — 2 is called tight if for every £ > 0 there
exists a norm-compact set K C 2" such that P[X ¢ K| < e. By an elementary argument, every
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Z -valued random variable is tight [Hyt+16, Proposition 6.4.5]. A family X of 2 -valued random
variables is called uniformly tight if we can choose the same K = K(¢) for every X € X, i.e. if for
each € > 0 there exists some norm-compact K C 2" such that P[X ¢ K| < ¢ holds for all X € X.
If X is uniformly tight, then

X—X:{Xl—XQ:Xl,XQGX} (57)

is uniformly tight as well, a fact which is used below. (The map A : 2" x 2 — % given by
(z,y) — = — y is continuous. If K C £ is compact, then K x K is a compact subset of 2" x 2 .
Its image A(K x K) = K — K under A is, therefore, also compact. By a union bound,

P[X; — X» ¢ A(K x K)] < P[X; ¢ K] +P[X> ¢ K]. (58)

See [Hyt+16, Lemma 6.4.6].)
To complete the proof of the It6—Nisio theorem, we use Lévy’s maximal inequality [Hyt+16,
Proposition 6.1.12]*:

Proposition 3.4 (Lévy’s maximal inequality). Let 2~ be a separable Banach space over K. Let

o, X1, X2, - be independent symmetric 2 -valued random variables. Then, setting Xy = ZnNzo Tn,
P[(3No € {0, , N})[[Znll = R] < 2P[||Xn ]| > R] (59)
for all N € N and real R > 0. mO

Proposition 3.5. Suppose that Y 0> o yn(w)xy, converges in 2 for P-almost all w € Q, and let Yoo
denote the 2 -valued random variable constructed in the statement of Proposition 3.2. Then

N
Yoo(w) = lim Z%(w)mn (60)
n=0

N—o0 —
for P-almost all w € €. |
The limit here is taken in the strong topology.

Proof. The proof is split into three parts. We first show that it suffices to show that X — X in
probability, where ¥y = ZnN:() Yn(w)xy, i.e. that

lim P[||Se — Sy > €] =0 (61)
N—oo

for all € > 0. This part of the argument uses Lévy’s inequality. We then establish (via a standard
trick) the uniform tightness of {¥x}%_,. The third step involves showing that, if ¥y fails to
converge to Y in probability, then, with positive probability, X fails to converge to X in 2.
Under our assumption to the contrary, we can then conclude that ¥y — Y in probability, which
by the first part of the argument completes the proof of the proposition.

(1) Suppose that im0 P[||Xoc — XN || > €] = 0 for all € > 0. We want to prove that ¥y — Yoo
P-almost surely. It suffices to prove that {¥Xx}3_, is P-almost surely Cauchy, since then
by the completeness of 2 it converges strongly P-almost surely to some random limit
Y :Q — Z. Since the T topology is weaker than (or identical to) the strong topology and
Hausdorff, ¥/ = ¥, P-almost surely.

By the triangle inequality, for any M, M', N € N, ||y =Xy || < [|[Ep—Zn ||+ 120 —ZN]|-
Therefore, by a union bound,

Pl U IZu-Swl>e| <2P] J 2 - Swl 2 /2. (62)
M,M'>N M>N

4The statement there uses strict inequalities for the events, but the version for nonstrict inequalities follows by the
countable additivity of P.
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By the countable additivity of P and by Lévy’s maximal inequality,

[ | 13 = Snll 2 ¢/2] = Jim 2P[ U [IZw - Snl| 2 ¢/2) (63)
M>N N'>M>N
< lim 4P[|Sn - Zy]| 2 /2], (64)
Consequently,
[e.e]
P ||E ) /HZ& = lim lim P ||E - /||28
{5L>J0Nﬂ0M,J\L4J'2N e } e=07 Nvoo [M,]\L/IJ’EN e } (65)

<4 lim lim lim P[||Zxn —Xn] > /2]

e—01t N—oo N'—o0

By the triangle inequality and a union bound,
B[IZn — Sxll = /2] < B[l Soo — Sl = /4] + Pl|[Sar — Sool| = /4. (66)
It follows from the assumption that ¥n — X in probability that
lim lim P[|Sy — SN >¢/2] = 0. (67)

N—o00 N'—00
Consequently, the right-hand side and thus left-hand side of eq. (65) are zero. The event on
the left-hand side of eq. (65) is the event that the sequence {Xx}3_, fails to be Cauchy, so
the preceding argument shows that {3 (w)}3_ is Cauchy for P-almost all w € .
By Proposition 3.3, 3o and Yo, — 2X are equidistributed, for each N € N. For any € > 0,
by the (automatic) tightness of ¥, there is a norm-compact subset K C £  such that
P3¥w ¢ K| <e. Let L =(1/2)(K — K), which is also compact. Then, by a union bound,

P[Sy ¢ L] < P[Sao ¢ K|+ P[So0 — 25n ¢ K] = 2P[S0o ¢ K] < 2e. (68)

We conclude that {¥n}37_ is uniformly tight.

Also, since ¥ is tight, the family X' = {¥n}F_qU{Xc} is uniformly tight, which implies
that the family {3, — Xn}F_g € X — X is uniformly tight. Consequently, there exists for
each € > 0 a norm-compact subset Ky = Ko(e) € 2 such that

P[(Xeo — En) ¢ Ko(e)] <€ (69)

for all N € N.
Suppose that X does not converge to X, in probability, so that there exist some ¢, > 0
and some subsequence {Xy, }72, C {En}F—( such that

Pl[[ Y00 = B || > €] 2 6 (70)

for all £ € N. Consider the set Ko = K((d/2) defined in eq. (69), so that P[(Xs — Xn) ¢
Ky] < 6/2 for all N € N. Then, combining this inequality with the inequality eq. (70),
P[(Xo — 2n,) € Ko\eB] > 6/2 for all k € N. It follows that the quantity

P[(EOO — ENk) € Ko\eB i.O.] = P[QKGN Uk>k (Eoo — ENk) € KO\E]B] (71)
= Kh_r)n P[Usz(Eoo — ENk) S Ko\dB] (72)

(where “i.0.” means for infinitely many k) is bounded below by ¢/2 and is in particular
positive. So, for w in some set of positive probability, there exists an w-dependent subsequence
{N/ (W) }2o = { Nk, (w)}o2g such that Yoo (w) — X (w) € Ko\eB for all x € N.

Since Ky is a compact subset of a metric space, it is sequentially compact, so by passing
to a further subsequence we can assume without loss of generality that Yoo (w) — X (w)
converges strongly to some w-dependent A(w) € 27, for w in some subset of positive
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probability. But, for such w, [|A(w)|| > € necessarily, so A(w) # 0. Since 7 is weaker than or
identical to the strong topology,

(Boo(w) = Bvg (w)) = A(w) #0 (73)

in 2~ for such w. Since 7 is Hausdorff, ¥ (w) does not 7-converge to Yo (w) as N — oo.

We conclude that (60) holds for P-almost all w € 2 under the hypotheses of the proposition. (|

It is clear that which of the cases in Theorem 1.3 hold depends only on {x,}5°, and the laws of
the random variables g, v1, 72, - - -

4. PROOF OF ORLICZ—PETTIS

Let 2 be a separable Banach space over K € {R,C}, and let 7 be an admissible topology on it.

Proposition 4.1. Suppose that (o, (1,2, - : 2 — K are a collection of symmetric, independent
K-valued random variables such that, for some infinite T C N,

P[3e > 0 s.t. |¢n| > € for infinitely many n € T] = 1. (74)
Suppose further that {X,}2, € ZN is some sequence satisfying
inf || X .
Jnf [ X[ >0 (75)

Then, for any Ty C N such that To 2 T, it is the case that, for P-almost all w € §Q, the sequence
{En(w)}R=o given by

N
Svw)= Y Glw) X, (76)

n=0,n€7)

fails to T-converge as N — oo. Therefore, the random formal series ¥ : Q — Z'N defined by
Y(w) =300 lner Cn(w) Xy, satisfies ¥(w) & Prr for P-almost all w € Q. [

Proof. By Proposition 2.4 and the inclusion Py D Py (where Py is as in §2), it suffices to prove that
it is not the case that X(w) = >°02 lne7Gn(w) Xy, is P-almost surely S-weakly summable, where
S C Z¥ is a countable collection of norming functionals. Suppose, to the contrary, that ¥ were
almost surely S-weakly summable. By the It6-Nisio theorem, this would imply that {Ey(w)}3_,
converges strongly for P-almost all w € Q. But, the conjunction of eq. (74) and inf,c7|| X,| > 0
implies instead that {3y (w)}%_, almost surely fails to converge strongly. O

Proposition 4.2. Let f : N — N. If it is the case that

N
7— lim Z €f(n)(w)Tn (77)

N—oo =0

exists for P-almost all w € Q, then, for any subset T C N,

N
7— lim Z €f(n) (W)Tn (78)
N o myeT
exists for P-almost all w € Q. |

Proof. Let
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We can now consider the random formal series

> () = €pmy)Tn = Z €rm)Tn = D €f(n)Tn (80)
n=0 n=0
=2 > €fn)Tn- (81)
n=0,f(n)eT

The two random formal series on the right-hand side of eq. (80) are equidistributed, so, under the
hypothesis of the proposition, both are 7-summable for P-almost all w € 2. Thus, the formal series
on the right-hand side of eq. (81) is P-almost surely T-summable. O

We deduce Theorem 1.2 (and thus Theorem 1.1) as a corollary of the previous two propositions.
We prove the slightly strengthened claim that, for Pya-almost all {€,}% € {—1,+1}, the formal
series in eq. (11) both fail to even be S-weakly summable. By Proposition 2.5, we just need to show
that it is not the case that, for Pyaa-almost all {€,}5%, € {—1,+1}", the formal series

o

S e 2N (82)
n=0,f(n)eT
is S-weakly summable. Suppose, to the contrary, that it is S-weakly summable for Py, -almost all

{€n}2%,. Owing in part to the assumption that |f~1({n})| < oo for all n € N (along with eq. (10)),
there exists a Ty C 7 such that

o f:f1(T5) — N is monotone and

o infc7 || > onocf-1({n}) Tl > 0.
By the previous proposition, fo;o, F(n)eTo Ef(n)Tn € 2N is S-weakly summable P-almost surely.
Since f|f-1(7;) is monotone, we deduce that

o0

o] X w2 (83)

n=0,n€To no€f~1({n})

is S-weakly summable P-almost surely. However, this contradicts Proposition 4.1.
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APPENDIX A. ADMISSIBLE TOPOLOGIES
Let 2" denote a Banach space over K € {R,C}, and let 7 be an admissible topology on it.
Lemma A.1. The t-weak topology, a.k.a. the o(Z", Z")-topology, is admissible. |

Proof.

(1) The 7-weak topology is an LCTVS-topology on 2 [Rud73, §3.10, §3.11] identical to or
weaker than the norm topology.

For each A € 27 and closed interval I C [—o00,400], let Cy 1 denote the T-weakly closed
subset (I) Cp y = A7 (I) if K=R or (I) Cy; = A~}({z € C: Rz € I}) otherwise. By the
Hahn-Banach theorem, 27" is not empty — picking any A € 27* C 2™, there exists some
closed interval I such that C ; 2 B, so we can form the intersection

B= N Ca1- (84)
AeZ ¥ 1C[—00,4]
Cp,12B
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This is a 7-weakly closed set containing B. If x ¢ B, we can apply the Hahn-Banach
separation theorem [NB11, Thm. 7.8.6] to the sets {z} and B to get some A € 27* such
that RAx > 1 and RAzg < 1 for all g € B. Then, since B is closed under multiplication by
=1, RAzo € (=1, +1) for all 2y € B, which means that Cy _; 1) appears on the right-hand
side of eq. (84).

Since = ¢ Ca[~1,41), We get x ¢ B. We conclude that B = B and, therefore, that the
latter is 7-weakly closed.

(2) If 2 is not separable, then 7 is at least as strong as the weak topology. Since the weak
topology of the weak topology is just the weak topology [Rud73, §3.10, §3.11] — that is,
o(X, 25 =0(Z, 27), where Zy = o(Z", Z7*) — the T-weak topology is at least as strong
as the weak topology.

Thus, the 7-weak topology is admissible. O

Lemma A.2. If 2 is separable, there exists a countable norming subset S C Z*. |

Proof. Let {z}22, denote a dense subset of 2 \{0}. By [NB11, Thm. 7.8.6], there exists for each
n € N and each R € (0, [|z,||) an element A, p € 27 such that RA,, gz, > 1 and RA, g < 1 on
the closed ball RB (which is 7-closed by admissibility). Since RB is closed under multiplication by
phases,

[An,r| <1 (85)
for all z € RB. Thus, ||A, g|l2+ < 1/R. It follows that 1 < RA, rxy, < |Ay 2| < ||zn||/R, so
lim gz [An,RZn| = 1.

Now let S be the set of all functionals of the form RA, r for R of the form |z,| — 1/m for
m € NT sufficiently large such that 1/m < ||x,||. Then, it is straightforward to check that S is a
norming subset, and § is countable. g

Cf. [Car05, Lemma 6.7].

Lemma A.3. If 2 is separable and S C Z7* is a norming subset, then the o(Z ,S)-topology is
admissible. |

Proof. We can assume without loss of generality that, if K = C, e’ A € S whenever A € S and
0 € R. By [Rud73, Thm. 3.10], the o(Z", S)-topology is an LCTVS topology, and it is no stronger
than the norm topology. Consider

B = ﬂ CA,I7 (86)
AeS,IC[—o00,+0]
Cp,12B
which is a 0(Z7,S)-closed set containing B. If x ¢ B, then there exists some A € S such that
|RAz| € (1, [|2n|]]. Since S is norming, [|Al|2« <1, so Cy |1 41] appears on the right-hand side of
eq. (86). But,

& Cp[—1,41) (87)
sox¢B. .
We conclude that B =B, so B is 0(2", S)-closed. O
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