HYDROGEN-LIKE SCHRODINGER OPERATORS AT LOW ENERGIES

ETHAN SUSSMAN

ABSTRACT. Consider a Schrodinger operator on an asymptotically Euclidean manifold X of dimen-
sion at least two, and suppose that the potential is of attractive Coulomb-like type. Using Vasy’s
second 2nd-microlocal approach, “the Lagrangian approach,” we analyze — uniformly, all the way
down to F = 0 — the output of the limiting resolvent R(E £40) = lim,_,o+ R(E £ i¢). The Coulomb
potential causes the output of the low-energy resolvent to possess oscillatory asymptotics which
differ substantially from the sorts of asymptotics observed in the short-range case by Guillarmou,
Hassell, Sikora, and (more recently) Hintz and Vasy. Specifically, the compound asymptotics at low
energy and large spatial scales are more delicate, and the resolvent output is smooth all the way
down to E = 0. In fact, we will construct a compactification of (0,1]g x X on which the resolvent
output is given by a specified (and relatively complicated) function that oscillates as r — oo times
something polyhomogeneous. As a corollary, we get complete and compatible asymptotic expansions
for solutions to the scattering problem as functions of both position and energy, with a transitional

regime.
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1. INTRODUCTION

In [Mel94], Melrose introduced the programme of understanding the limiting absorption principle
on asymptotically conic (a.k.a. asymptotically Euclidean) manifolds (denoted X below) from the
microlocal point of view, initially for the Laplacian and then for Schrédinger operators more generally
[Mel94, §16]. The case of fixed energy E > 0 was dealt with first by Melrose [Mel94], then by
Hassell & Vasy [HV99] and — using a more modern approach — Vasy [Vas21a] again, while uniform
estimates in the high energy (a.k.a. “semiclassical,” E' — o0) limit have been established by Vasy
& Zworski [VZ00] and Vasy [Vas21a, §5]. More recently, the low energy E — 07 behavior has
been understood to a highly satisfactory degree in the works of Guillarmou, Hassell, and Sikora
[GHS13] and Vasy [Vas21b][Vas21lc] — see also Hintz [Hin21, §2]. (Complementarily, Guillarmou
and Hassell [GHOS][GHO09] consider the E — 0~ limit of the resolvent kernel.) While the previous
results applied to all Schrodinger operators (with the semiclassical results holding under standard
dynamical assumptions), the low energy results proven so far in this level of generality apply only
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to Schrodinger operators without Coulomb-like (a.k.a. long range) terms. Indeed, a Coulomb-like
potential has a serious effect on the asymptotics of formal Schrédinger eigenfunctions in the low
energy limit — this is true in the context of Euclidean potential scattering, and the general case
inherits that complexity.

In this paper, we study the case of an attractive Coulomb-like potential using the framework
of [Vas2la][Vas2lc], Vasy’s 2nd second microlocal approach (the “Lagrangian approach”). This
is in contrast to his 1st second microlocal approach to the low energy limit, pursued in [Vas21b],
which utilized variable order Sobolev spaces (as previously used in e.g. [Vas18, Proposition 5.28|
for the E > 0 case). The use of the term “Lagrangian” belies the fact that the framework of
Lagrangian (more properly Legendrian) distributions does not appear explicitly in this approach
— in fact this is precisely the point: instead of “module regularity [HMV04, §6][Gel+-20] for a
Lagrangian submanifold” — which implies extra regularity outside of that submanifold via some
elliptic estimates — we need only consider b-Sobolev regularity. We use a conjugation to move
what would otherwise have been the energy-dependent Legendrian submanifold for which module
regularity (in this case essentially the Sommerfeld radiation condition) is established to the zero
section of the scattering cotangent bundle (which can be blown up to the fibers of the b-cotangent
bundle over the boundary). The upshot is that the Sommerfeld radiation condition, in one of its
forms, is replaced by a condition regarding b-Sobolev regularity. This is convenient for getting
estimates which are uniform in E because, unlike the relevant notion of module regularity prior
to conjugation (see e.g. [HMV04][Gel+20]), in which the relevant test module depends on FE, the
relevant notion of b-regularity (as stated in [Vas2la, Theorem 1.1]) does not depend so much on E.
(The sharpest form of [Vas2la, Theorem 1.1] is phrased using sc,b-Sobolev regularity, which is a
form of module regularity — the key point here is that the relevant test module is E-independent.)

We will apply similar considerations to the study of the £ — 0% limit of the limiting resolvents
“P((E +1i0)/?)=1 = (P(0) — E Fi0)~'” of the Schrédinger operator

P0)=A40y—Zz+V, (1)

where V' is short-range and Z > 0, so the total potential W = —Zx + V is of attractive Coulomb-
like type. Here x € C™(X;R=?) is a boundary defining function (bdf), e.g. 1/(r) when X
is asymptotically Euclidean, r denoting the Euclidean radial coordinate. (Note: we follow the
convention of parametrizing the spectral family {P(0) — E}g>o of P(0) in terms of ¢ = E'/2, so we
write P(0) = P(0) — 02.) Singular versions of the operator eq. (1) first appeared in Schrédinger’s
model of atomic hydrogen — or more generally hydrogenic ions — hence the operators we consider
could also be called “hydrogen-like.” In eq. (1), Ay > 0 is the positive semidefinite Laplacian
associated with an asymptotically conic metric. The conjugated perspective complicates the family
of operators under consideration (see §3) — more so than in the case Z = 0, when the total potential
is short-range — but it greatly facilitates the derivation of low energy asymptotics. See below for a
heuristic discussion (and §6 for details). It should be noted that although we work with general
asymptotically conic manifolds, our results are new even on exact Euclidean space. The existing
literature on low energy asymptotics in the presence of a Coulomb-like term is quite sparse — the only
previous treatments the author is aware of are [Yaf82][Nak94][F'S04][DS09b][DS09a][Boull][Skil3].
In comparison to these earlier works, we require more of our potential, but the payoff is a complete
understanding of asymptotics at spatial infinity.

We comment briefly on our focus on the case £ > 0 and Z > 0. Considering the spectral family
of a not-necessarily-attractive Coulomb-like Schrédinger operator at energy E € R\{0} and with
attractivity strength Z € R\{0} (the atomic number for the case of an electron orbiting an atomic
nucleus, using appropriately natural units): out of the four cases (I) E > 0,Z > 0 (attractive,
scattering near zero energy), (II) E < 0,Z > 0 (attractive, ellipticity near zero energy), (III)
E > 0,Z < 0 (repulsive, scattering near zero energy), (IV) E < 0,Z < 0 (repulsive, ellipticity near
zero energy), the first and fourth are the most tractable, as evidenced by the state of the literature
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on similar problems in exact Euclidean space — see [Yaf82][Nak94] for work on cases (I) and (IIT)
and [F'S04][Skil3] for case (I). In the more difficult case (II), for example, one can encounter an
infinite sequence of bound states, as in the hydrogen atom — see [[vr19, Theorem 11.6.7]. Case
(IIT), which has been studied partially in [Yaf82], is expected to be intermediate between (II) and (I)
in terms of difficulty. While our focus is on (I), the pseudodifferential technology developed yields
an easy treatment of case (IV).

The jumping off point for our analysis is the proof of a symbolic estimate, Theorem 5.12,
of u € S'(X) in terms of f = P(E'Y?)u that is uniform down to £ = 0. The estimate is
structurally similar to the combined radial point and propagation estimates proven for £ > 0 in
[Mel94, §8]. We will formulate the estimate in a “second microlocal” framework akin to that in
[Vas21a], as this dovetails with the conjugated perspective, but a similar estimate can be articulated
using function spaces analogous to the somewhat more standard variable order sc-Sobolev spaces
[Vas13][Vas18][Gel+20]. To illustrate the idea, we rewrite the operator P(c) in terms of the
coordinate # = x/02, which is appropriate for homogenizing the spectral parameter and Coulomb
potential. To the relevant order, c~2P(0) is given in terms of 2,0 > 0, the latter of which we
suggestively rename ‘h,” by

P(h) = —h*(2%0;)* + W22 Nox — 1 — Z3, (2)

which we consider as a 1-parameter family of operators on the exact cone [0,00); x 0X. Note that
o = h appears on the right-hand side of eq. (2) as an effective semiclassical parameter (somewhat
surprisingly, since semiclassical problems typically arise in the study of the high energy regime rather
than the low energy regime of interest here), and so P can be studied as a semiclassical operator on
an exact cone, an approach that seems to have first been undertaken by Nakamura [Nak94]. This
conic problem differs from the conic problem arising in [Wan06][GHO8][GHS13][Vas21c], which has
no semiclassical parameter. The qualitative features of the semiclassical family defined by eq. (2)
are as follows:

o At the “large” end of the cone, {& = 0}, P(h) is of real principal type for each h > 0. This
holds regardless of the sign of Z and reflects the dynamical structure of P(o) for o > 0.

o At {# = oo}, we use 272 as a bdf, and then P(h) is of real principal type there too for
each h > 0. This behavior depends on the sign of Z.

e At h = 0, one has real principal type propagation from & = 0 to Z = oo (at finite frequencies).

The last of these is of secondary importance below. The situation changes completely if Z < 0 or if
E < 0. Then, eq. (2) is to be replaced by

P(h) = —h2(220;)? + W22 Nox £ 1 + Zi, (3)

where the first sign is that of —F and the second sign is that of —Z, each possible pair of signs
corresponding to one of the four cases (I), (II), (III), (IV) above. If E < 0, then eq. (3) is elliptic
at the large end of the cone, and if Z < 0 then eq. (3) is elliptic at the small end of the cone.
Even for the case when X is one-dimensional, one subtlety of the cases (II) £ < 0,Z > 0 and (III)
E > 0,Z < 0 is understanding precisely the transition from ellipticity to nonellipticity that occurs
at h = 0 and & = 1/|Z|. This subtlety arises, for example, in physicists’ treatment of the WKB
approximation, where Airy functions are used to patch quasimodes in the classically allowed and
classically forbidden regions — see [SN17] for a standard treatment at a physicist’s level of rigor. In
case (IT), the full partial differential operator eq. (3) has an additional subtlety: its Hamiltonian
flow has closed loops corresponding to classical Keplerian orbits. See [Ivr19, §11.6] for a discussion
of the effects of this on eigenvalue counting.

We do not use semiclassical terminology in the rest of this paper, but it is worth mentioning
that the ODE ansatz employed below is essentially just the WKB ansatz for the corresponding
semiclassical problem.
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FIGURE 1. The mwe X2 = [[0,00)g x X; {0} x X;1/2], with bdfs gn¢,, = Zz/(0%+
Z1), 01ty = (02 + Z2)Y/?, and g,4,, = 0%/(0% + Zx) in terms of EY/? = ¢. This is
X750 = [[0,00)p x X;{0} x X] with the smooth structure at the front face of the
blow-up modified. The interior of the mwec is to the upper-left of the drawn boundary.

(Degrees of freedom associated with 90X omitted from the diagram.)

Zooming back from the boundary, we will analyze P(c) on a mwe (“mwc” standing for “manifold-

with-corners,” in the sense of Melrose’s school [Mel92]) which we will denote X2 = [[0,00)g X
X;{0} x 0X; %], depicted in Figure 1. This is the result of modifying the smooth structure of
Xres0 = [[0,00)p x X;{0} x 0X] (4)

at the front face of the blow-up so that (F 4 x)'/? becomes a bdf. One can analyze P(c) by
quantizing the Lie algebra Vs joc(X) of smooth vector fields on X;P that

res
(I) are tangent to the level sets of E,

(I1) Lie in @begy 050, O (X7&) © Vb(X) C Ve(XGR),
where 0pf,,, Otfy, are as in Figure 1 and Vg(XR) is the Lie algebra of smooth vector fields on X3P
The quotient algebra Vsc1ec(X)/0btoo Ottoo Vsclec (X)) is commutative, so the corresponding ¥DO
calculus (which is closely related to the leC-calculus discussed below) is under symbolic control.
This allows us to prove a half-Fredholm estimate involving variable order “sc,leC”-Sobolev spaces
that is uniform down to zero energy. The second-microlocal estimate Theorem 5.12 is a sharper
version of this.

Although it is not our most general result (as the main propositions of §5, §6 require less
classicality), we will prove the following “main” theorem. We state it using some standard or
semistandard terminology, which, if not standard, is recalled in §1.1 below. The special case of
Euclidean potential scattering off of an attractive asymptotically Coulomb-like potential is partially
stated in Corollary 1.3, Corollary 1.4, and Corollary 1.5.

Theorem 1.1. Suppose that (X, ¢, go) is an exactly conic manifold of dimension dim X =n > 2,
and let x € C*(X), x: X — [0,00), denote a compatible boundary-defining-function (bdf), so that,
near 0X,

da? | gox
o0="—1+ 972 (5)
for some Riemannian metric gagx on 0X. Let g denote a fully classical asymptotically conic metric
on X, which in this context means a Riemannian metric on X° = X\0X which near 0X has the
form
2
J=qo + aOOd% + F1,8X2® dx + hl,aX + .T2COO(X, scSmeT*X) (6)
x T x
for some agy € R, T'1px € QY(0X), and h1px € C®(0X; Sym? T*0X). Given Z > 0 and
V € 220°%°(X;R), consider the Schrodinger operator

P0)=240y—Zz+V :8(X) = S'(X), (7)
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where Ay is the (positive semidefinite) Laplacian. For each E >0, let
R(E +£i0) = R(E £i0;Z) : S(X) — §'(X) (8)

denote the limiting resolvent from above or below the spectrum — cf. Melrose [Mel9/, §14]. (That
is, for any f € S(X), ux = R(E £1i0)f is the unique solution to P(0)u = FEu + f satisfying the
weak Sommerfeld radiation condition [Mel9/, §11].) Set

1 1 ) o 1
O(x;0) = ;\/02 + Zx — o2agox + E(Z — o%agp) arcsinh (a:l/? Z- 02a00)1/2) (9)
for all ¢ > 0 such that c%agy < Z.
Then, for any Schwartz function f € S(X), the function ug+ on X2 N{Z > Eago} defined by

res

uy = FO@EYD) y(n=0/2(p 4 70y "1y, (10)

(for E such that Z > Eag) is polyhomogeneous on X2 N{Z > Eano}, conormal of order zero, and
smooth at zf° U bf°.

Moreover, R(E = 0;Z £1i0) : S(X) — S'(X) is well-defined (e.g. as a strong limit of R(E =
0;Z +ie) as e — 0 ), and we can write ux(—;0) = R(E = 0;Z+140)f as

Ui(—; 0) _ eii’b(aj;(})x(nfl)/2(Zx)71/4uO7i(_; 0) (11)
(D(—;0) being defined by removing the removable singularity of eq. (9) at o = 0), where
u,+(—;0) € C%(Xy2) (12)

is the restriction of ug+ to zf = cl{o = 0,z > 0} C X2 Thus, defining us(—; EV/?) either as
R(E+1i0)f for E> 0 or R(E =0;Z+40)f for E =0, the formula eq. (10) holds for all E > 0
sufficiently small.

|
For z > 0, by arcsinh(z) we mean log(z + (1 4 22)'/?).

Remark 1. Theorem 1.1 applies equally well for o-dependent forcing f € C*([0,00),2;S(X)) as
can be proven using the argument in §6. |

Remark 2. In terms of the notation for spaces of polyhomogeneous functions used below, ug + €
AL0.E00) (X352 for some index set’ € C {z € C: Rz > 0} at tf. In fact, we can take

E={(k,x) ENxN:x<|k/2]}. (13)

See §6.3.

One can be even more precise than this: as the proof of Proposition 6.18 shows, the terms in the
polyhomogeneous expansion of ug + at tf having many logs are proportional to many powers of .
Specifically, the coefficient a € C*°(tf) of ok log™(o4,,) for (k, k) € & is actually in 0510, C°(t1). In
order for (k,k) € £ to hold, 2k < k, so any logarithm log”(p¢,,) in the asymptotic expansion at tf
is suppressed by a factor of E”. This is why ug +(—;0) can be smooth on X, = zf even though

uo,+(—; —) is not necessarily (claimed to be) smooth at zf N bf. The statement of the theorem
above is therefore slightly nonoptimal, and we will not introduce the terminology needed to state an
optimal version. [}

In a standard manner — cf. [Mel94, §15] — we can deduce from the conjunction of (1) an asymptotic
summation argument, (2) Theorem 1.1 (strengthened slightly by the first remark), and (3) the other
results in the body of the paper below the following:

1We will only consider index sets with the property that (k,x) € £ = (k+ 1,k) € €.
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Corollary 1.2. Consider the setup of Theorem 1.1, and fixr Ey > 0 such that Epagy < Z. If
a € C(0X), then there exist

A, B € ALDE00) xsp) (14)

loc res

such that Alygups = aom (where w: tf Ubf — 0X denotes the restriction to tf Ubf of the composition
of the blowdown map X3P — [0,00), X X and the projection [0,00), x X — X ) and

u = e—i‘b(m;Elm)x(n—l)/Q(E + Z:E)_1/4A + e+i<l>(x;E1/2)(E + ZIE)_1/4l‘(n_1)/2B (15)

solves the Schridinger-Helmholtz equation Agu — Zxu+ Vu = Eu for all E € [0, Ey]. Moreover, u
is the unique solution in {E < Ey} with this property. |

This shows that exp(i®(x; E/2))z("~1/2(E + Zz)~Y/* serves as a notion of “incoming/outgoing
spherical wave” in the presence of an attractive Coulomb-like potential that makes sense all the
way down to £ = 0. In Corollary 1.2, « serves as a notion of “incoming data.” The proof
actually constructs the asymptotic expansion of A at tf Ubf. A natural question, which we do
not investigate here, is whether or not Bliups = [ o bdn for some 8 € C*([0,00), X X)), where
bdn : X2 — [0,00), x X is the blowdown map. Physically, Corollary 1.2 describes the scattering of
nonrelativistic electrons off of a hydrogenic nucleus, or alternatively nonrelativistic Bhaba scattering.

Compare the following corollary of Theorem 1.1 (strengthened slightly by Remark 2) with [Nak94,

Cor. 1.5|[FS04, Eq. 1.2]:

Corollary 1.3 (Asymptotics at zf). For each | € R, let S'(R™) = S} ((R™) denote the space of
symbols of order l. Fix n > 2. Suppose that W € C*°(R"™) is a classical symbol of order —1, so that
there exist (unique) Wo, W1, Wa, W3, -+~ € C°(S"1) such that

K
W) — (1 x(r) 30 VEIT) ¢ R, (16)
k=0

for each K € N, where r = ||x|| and x € C(R) is identically equal to one in some neighborhood of
the origin. Suppose further that W is attractive and Coulomb-like, meaning that Wy = —Z for some
constant Z > 0. Consider the Schridinger-Helmholtz operator

Plo)=A—c>+W (17)

for o >0, where A\ = —(6%1 + ot 03%”) is the positive semidefinite Laplacian. Given f € S(R™)
(where S(R™) denotes the set of Schwartz functions) let

us(x;0) = R(o? £i0)f(x) (18)

denote the output of the limiting resolvent R(o? 4 i0) = slim,_,g+ R(0? & i€) applied to f for o > 0.
Then, there exist functions w4 o, W+ 1, W+ 2,--- € C®(R™) such that, for each K € N and x € R,

K
ut(x;0) = Z wi’k(x)a% + Ox7f’K(U2K+2) (19)
k=0

2K+2) term is uniformly bounded (i.e. by C;C’f’KO'2K+2) in compact

as o0 — 01, where the Ox 1 i (o
subsets K € R™ worth of x € R™.
In fact, we can take wy j € (r)* A% (zf), and then the error term in eq. (19) is an Oy k(o

family of elements of (r)K+1 ASK+1(2f), where & is the index set
Ek = {(k,») e Nx N: 3 <min{k, |k/2]}}. (20)
Moreover, wy o solves the PDE P(0)w = f. mC

2K+2)
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(Of course, the Oy f, K(02k+2) error also depends on W, though we do not write this dependence

explicitly. The same applies to the other errors in Corollary 1.4, Corollary 1.5 below.) Corollary 1.3
applies in particular to any W € C*°(R™) which is equal, outside of some compact set, to

J
—Z/r+ 3 IWi(x/r) + W, (21)
j=2

for W; € C>°(S"1), J € N, and W, € S(R"). Thus, while we impose significant restrictions on
the radial behavior of the potential (and the potential’s regularity) in order to get full asymptotic
expansions, there are no symmetry requirements on Wi, Wa,---. We do, however, require that
Wy = —Z is constant, so the Coulomb-like part of W is required to be spherically symmetric. We
remark that Proposition 6.3 (see also Remark 5) allows us to study more general symbolic W, but
then instead of full asymptotic expansions we get only partial asymptotic expansions together with
symbolic estimates for the remainders. We also remark that the classical symbols of order —2 on R"
are precisely those of the form V = (r)=2U for U a smooth function on the radial compactification
B"® = R" of R, this being diffeomorphic to a closed ball, so Corollary 1.3 applies to many potentials
that are not of the form eq. (21), e.g. W = —(r)~%.

In a sense made precise by Theorem 1.1, the asymptotic expansion eq. (19) can be refined into
an asymptotic expansion in powers of E = 02/(0% 4+ 1/r) (with a complicated oscillatory prefactor)
whose error terms are uniformly bounded without a loss of decay as K increases. The non-uniform
expansion eq. (19) already stands in stark contrast with the situation when W is short range, where
instead one only has e.g. in the case n = 3 (according to [Hin21, Theorem 3.1})

Uy (x;0) = wi g(x) + wy 1 (x)0 + Ox f(0? log o). (22)

This is sharp — the singular 62 log o term is the source of the main term in Price’s law.
Given the setup of Corollary 1.3, the known large-r asymptotic expansion of u4(x; o) = R(c24i0) f
is [Mel94]:
e there exist functions ty g,t41,t42, - € C°(S"™1 x RT) such that, for each o > 0 and
nonzero x € R",

K
U (X; a) _ ,r,—(n—l)/2€:|:z‘arr:|:i2/20 [ Z ti,k(X/T‘, J)T_k + Omf,K(T‘_(K—H))} (23)
k=0

for each K € N, where the O, ¢, x (r~E+D) term is uniformly bounded in compact subsets
K € R* worth of o.

See §A for the Whittaker case, where the ¢4 (o) are written down explicitly. Note that the existence
of the expansion eq. (23) is contained in Theorem 1.1 (from the asymptotic expansion at bf® C B:P.).
Note that the r*%/27 term in eq. (23) is singular as ¢ — 0, which renders eq. (23) unsuitable
to study the low energy limit. The situation is ameliorated in the following way — according to

Theorem 1.1, eq. (23) admits a repackaging that is uniform down to o = 0:

Corollary 1.4 (Asymptotics at bf). Consider the setup of Corollary 1.5. Let o = (o*r + 1)1, so
that r = (1 — 0)o~'o~2. There exist functions TH.0, 1, TH,2, " € AE(S"1 % [0,1)) such that for
any K € N and o > 0,

00— 080 s0) =y (12011 22
K

(D) (12 ) S reslt0)d + 050 ] (1
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holds for every 6 € S*~! as o — 0T, where
O5rx (0" )o<s € 0" L (RY\B"; AR [0,0)5) (25)
for every o > 0. [
Note that, for o bounded away from zero, ¢ € C*°([0, 1];,,) and

e (£i1-0)(1+72) ) (52 "+ (1050 ) e oo 0.,
(26)

uniformly, so Corollary 1.4 does imply eq. (23).
Finally, we have the following result regarding joint asymptotics as r — oo, 0 — 0 together,
with the product ¢? = ro? fixed:

Corollary 1.5 (Asymptotics at tf). Consider the setup of Corollary 1.5. There exist functions
V4 ke € E%COO(Snil; [0, OO)E) (27)
such that, for every K € N and ¢ > 0,

+iZrl/2
ui(X‘ C/Tl/Q) — r*(2”*3)/46ii7"1/2\/§2+z S +4/1+ ﬁ /s
’ Z1/2 Z

K 1k/2] K+1)/2] (1)

o B logl(
[;;) Z Uikk—’;g/rg)log (T)"‘Og,f,K(OgN{W)}, (28)

as r — 00, where O g g (r~(K+1)/2 log KF1/2) (1) is uniformly bounded by r~K+1D/2 10glEF+D/2] (1)
in compact subsets worth of ¢ € [0,00).
Moreover, pk/%i,k’%(ﬁ, 1/p) is smooth in p € [0,00), for each § € S*~t. Thus, for ¢ > 1,
Vi oo (6,6%) = O e (s7).
]

We emphasize that these compound asymptotics are in a different regime than the one relevant to
the short-range case (this being the regime of r» — oo for 7o fixed, not ro? fixed) — see Remark 6.

Statements analogous to Corollary 1.3, Corollary 1.4, and Corollary 1.5 apply to the A, B in
Corollary 1.2.

A few remarks regarding Theorem 1.1:

Remark 3. The apparent singularity of uy in Theorem 1.1 when Z = o2aqq is fictitious — we can
write

Uy = e:l:ia/a:w(n—l)/Z:FiZ/QavO,i (29)
for vo,+ : (0,00)s x X — C smooth. In terms of vy +, up + = eqtiq’(E+Zx)1/4eii°'/xx("_1)/23Fiz/2"v07i.
Thus, ug + is singular when Z = 02ag. The left-hand side of eq. (10) is smooth for all ¢ > 0, but
we have written it as a product of two functions which both have singularities when Z = o2aqgp.
The particular form of ® in Theorem 1.1 is needed to get uniform estimates down to o = 0, but it
introduces a fictitious singularity at some positive o when agg > 0. |

Remark 4. Some explicit bounds for up + in the b-Sobolev spaces
HM(X) = {ue8(X): Lue L*X,g) for all L € U7"'(X)} (30)

will be found in §6. We are indexing the b-Sobolev spaces such that HS’O (X) is equal to L(X, g)
rather than L?(X,gy,) for some b-metric ¢,. This is the (somewhat nonstandard) convention
followed in [Vas2la][Vas21c], and it is convenient here for the same reasons. See [Mecl93][Vas18] for
a pedagogical introduction to the b-calculus.
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We write X/, to denote the mwc canonically diffeomorphic to X over the interior, with the
smooth structure at the boundary modified so that z/, = 2-1/241/2 hecomes a bdf (the factor of
2-1/2 being a convenient choice). (Note that, in terms of the mwb X, the mwb X; /2 1s canonically
defined without needing to fix a choice of bdf for X, unlike the case for what Wunsch calls X in
[Wun99, §4]. However, since we are fixing a boundary-collar once and for all, this is not a crucial
point.) The b-Sobolev spaces are convenient to work with in part because (except for indexing)
they do not depend on whether we use 1/, or x as a bdf — that is, at the level of sets

Hy ' (X) = H2 (X ), (31)

with an equivalence at the level of Banach spaces. A refined estimate of ug+ in terms of the
“leC-Sobolev spaces”

m,s,s,l,L m,s,s,l, L
Hyge?" " (X) = {Hpe? ™ (X)(0) o0 (32)

is given in Proposition 6.9. The leC-Sobolev spaces play the same role here as the sc,b,res-
Sobolev spaces in [Vas2lc, Theorem 1.1].> Although it may be natural to develop doubly- second-
microlocalized Sobolev spaces H5! | (X)), refining both H”2*!(X) and Hrgg’Ql(Xl/z), we will not

SC,SC1 /2, S S
do so here, since the leC-Sobolev sﬁaQCes suffice for the proof of Theorem 1.1. |

Remark 5. We also have analogues of Theorem 1.1 dropping the classicality assumptions regarding
the metric and the potential. If g is a symbolically asymptotically conic metric in the sense below
(precisely the sort of metric considered in [Vas21a]) and V € §73/279(X) = 23/2+950(X) for § > 0,
the conclusion of the theorem holds except that “ug + € A00).8,(0.0)(x5p3” i5 replaced by the weaker

up 4 € AO00,0.0) xsp

reS)’ (33)
Xuo,+ € C([0,00)p x X) for all x € C°(X°).

Moreover, if g is classical to ayst order, ay > 1, and V is classical to as > 3/2 order (so, for instance,
V € 22C®(X) + S73/27%(X) is classical to 3/2 + dath order, and any sc-metric in the sense of
[Mel94] is classical to all orders, while the metrics considered by Vasy in [Vas21a] are classical to
> 1 order), then, setting 1 = min{ay — 1, e — 1} and dp = min{a; — 1, @ — 3/2}, we have

up+ € A(O,O),E,(O,O) (Xsp) + Al(cggyo)#sl)a%o—v(oao) (XSP) c Al((g(c)vo)vfsl)7(57250—)7(010) (XSP) (34)

res res res

(assuming, for simplicity, that dy ¢ N) where Al(o(g’o)’él)’(5’2607)’(0’0) (X3P is the Fréchet space of

conormal distributions on X3P, that have partial polyhomogenous expansions at each of bf, tf, zf,

with merely conormal remainders at order é; at bf and at order 20y — ¢ at tf for every € > 0, with a

full expansion at zf. Elements of this space are smooth at zf in the sense of defining an element
O ([0,00) 9,103 AE207) (X1 2)) = C%([0,00) 4,503 A (X1/2)) +C([0,00) 0, s A7 (X1 12)) (35)

Qzfg ?

via restriction to a small neighborhood of zf C X:P.. This implies smoothness at zf°.?

We refer to [Mel92, Eq. 22][Hin21, Def. 2.13] for the definition of the spaces of conormal
distributions with partial polyhomogeneous expansions. We follow the notational conventions in
[Hin21], mutatis mutandis.

Remark 6. Note that polyhomogeneity on the mwe X P with index set £ at tf and smoothness
elsewhere is equivalent to polyhomogeneity on

X 0 =1[0,00)g x X;{0} x 0X] (36)

res,0 —

2We will omit the comma between “sc,b.
3In this paper, we use ‘o’ and the term “interior” in the mwc-theoretic sense; for instance, for any boundary
hypersurface f, £ is the collection of points in f that are not in any other boundary hypersurface.
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with index set {(k/2,k) : (k,x) € £} at the front face tf of the blow-up and index set N at the faces
bf and zf. So, we have a Taylor series in powers of z for o > 0 and a Taylor series in powers of z'/2
at o = 0, with a Taylor series in powers of E = o2 for fixed 2 > 0 (with some logs in the expansion
at tf, except exactly at zf). We remark that the case of nonconstant agy involves a more general
polyhomogeneity statement on X.> o; for fixed E > 0, this is discussed already in [Mel94, §14].

res,0’

(The use of (E + Zx)'/? = (0 4 Zz)'/? as a bdf for the front face tf of X2 is a convenient
but otherwise arbitrary convention. The function (E + z)'/2 = (62 + x)!/? would also work, as
already utilized in Corollary 1.3, Corollary 1.4, Corollary 1.5, but it is less convenient.) Although
Xio 0 18 diffeomorphic to the mwe used in [Vas21c][Hin21] to study the low energy resolvent in the
short-range case, it differs from their mwc as a compactification of (0,1], x X. Indeed, besides
having a different smooth structure at {0} x X°, our blow-up resolves the ratio F/x rather than

o/x, the latter being the ratio parametrizing the front face of the blow-up in [Vas2lc][Hin21]. B

Remark 7. When

® g = go is an exactly conic metric and
o £,V eCX(X°),

the radial dependence of u+ near infinity can be solved for (up to a multiplicative constant) exactly
via separation of variables. When separating variables, we need only solve the “radial ODE,” which
ends up being a Whittaker ODE for ¢ > 0 and a Bessel ODE for ¢ = 0. This motivating example
is discussed in Appendix §A, where the consequences of Theorem 1.1 for solutions to Whittaker’s
ODE are discussed. The necessity of the factor of (02 + Zz)~1/* in eq. (10) can be read off of the
asymptotics of the Bessel functions (or can alternatively be deduced from the structure of the radial
ODE, with slightly more work). See eq. (714). Even in this exactly conic case, which was studied in
[Yaf82], Theorem 1.1 (or at least the part specifying the existence of a full asymptotic expansion)
seems to be novel. |

Remark 8. At first, it may seem somewhat paradoxical that at zero energy an attractive (rather
than repulsive) Coulomb-like Schrodinger operator has scattering behavior. The paradox is resolved
if we realize that, if a classical particle traveling in an attractive Coulomb force field has zero energy,
then it must have more kinetic energy than if the force field were absent (the point being that “zero
energy” refers to energy as measured with the potential present, not without).

It may also seem somewhat surprising that the presence of the attractive Coulomb potential
allows us to avoid the b-analysis of the Laplacian in [Vas21lc], but such considerations are expected
to be necessary in order to understand the £ — 0~ limit. Roughly speaking, the presence of an
attractive Coulomb potential has moved the locus of b-analysis infinitesimally negativewards — more
specifically negativewards on the front face of [Rgp x X; {0} x 0X], to its intersection with the lift
of {E = —Zxz} — where it is irrelevant to the F — 0 limit studied here. [

The proof of Theorem 1.1, which is a special case of Proposition 6.3, is spread throughout §6,
with a key estimate proven in §5 (and other lemmas appearing in §2 and §3). The conormality
component of the theorem and smoothness at zf® are deduced in Proposition 6.15. From there,
classicality is deduced via an inductive argument using an explicit parametrix for the “b,leC-normal
operator” of the conjugated spectral family — see Proposition 6.16. Under only partial classicality
assumptions, the inductive step of the argument can only be carried out finitely many times, and
the upshot is Proposition 6.3. The analysis in §6 is essentially the analysis of a family of ODEs and
applies equally well in the n = 1 case. The analysis in §5 is a uniform version of the sc-analysis
of the Laplacian carried out in [Mel94][Vas21a], where we rely on the presence of the attractive
Coulomb potential to prevent a full degeneration (from the perspective of the b-calculus) of the
spectral family to the Laplacian at zero energy.

We note four deficiencies of our treatment, which can form the basis for further work:
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(1) while we discuss the output and mapping properties of the low energy resolvent, we do not
discuss its Schwartz kernel (as Guillarmou, Hassell, and Sikora [GHS13] do in the case of a
short-range potential),

(2) we only treat the case when the Coulomb-like potential has the form Zz for constant Z > 0,
while more general Z € C*(9X;R") (and ago € C*°(9X;R)) may be of interest [Mel94,
§14] (if Z € C*°(0X;R™"), a change of coordinates from x to xy = Zx does not necessarily
preserve the form of the metric we require, so we cannot just reduce the case of nonconstant
Z to the constant case via a change of bdf),

(3) it should be possible to study the resolvent for ¢ in a cone {o € C : arg(o) € [0,0)} for
0 € (0,7/2), in accordance with the work of Skibsted and Fournais [F'S04][Skil3] in the
Euclidean case — see [Skil3, Theorem 1.2] in particular — thus giving a version of the limiting
absorption principle that is uniform down to zero energy (as opposed to the ad hoc use of
Z 140 in Theorem 1.1 to describe the zero energy limit), and

(4) it should be possible to extend Theorem 1.1 to the case where the Coulomb potential and
manifold possess conic singularities, so as to handle an exact Coulomb potential on [R%; {0}]
as a special case. (Indeed, blowing up the origin of Euclidean space and using r as a bdf,
the Coulomb potential Z/r and spectral term o2 are both lower order than the Euclidean
Laplacian with respect to the b-calculus at » = 0 in terms of both decay and regularity.)
The exact 1D model problem discussed in §A is an example of this.

Along with some analysis of the E < 0 case, the present work can serve as input to the study of
the Klein—Gordon equation on (not necessarily axially symmetric) asymptotically Schwarzschild
spacetimes (away from the event horizon) in the spirit of Hintz’s recent treatment of Price’s law
[Hin21] on asymptotically subextremal Kerr spacetimes. This problem was the original motivation
for the present work. Some heuristic investigations in this direction have been undertaken by
physicists [Det80][HPIS][IKTOL][KT02][BKOA[KZMOT7][Bar+12][Bar-+14], usually in the case of a
spherically or axially symmetric black hole spacetime (e.g. Schwarzschild, Reissner—Nordstrom, Kerr,
etc.). Indeed, [K'TO1] treat their problem (pointwise temporal decay rates) using an uncontrolled
approximation of the radial part of their PDE as a Whittaker ODE, this being equivalent to the
radial part of the time-independent Schrédinger equation in an attractive Coulomb potential. This
problem can be solved exactly in terms of special functions (see §A), but we do not need to do so in
order to understand the asymptotics.

Moreover, while the asymptotics for fixed E > 0 can be read off of the exact solution (using the
large argument expansions of Whittaker functions), the exact solution does not even help much in
understanding the £ — 0 limit. Instead of relying on the Whittaker approximation, it is possible to
exactly solve the Klein-Gordon equation on the Schwarzschild exterior (at the level of individual
spherical harmonics) using confluent Heun functions [Bar+14, §IV]. When this paper was first
written, it was an open problem to rigorously establish temporal decay at a polynomial rate (as
this involves knowing the asymptotics of the confluent Heun functions in some regime where the
argument and a parameter are both taken to infinity). Since then, [PSV23] proved the required
result. However, it is still an open problem to control the sum over spherical harmonics to handle
the case where the initial data is not spherically symmetric. So, even in the few cases where special
functions yield an exact solution to the PDE (with radially symmetric initial data) via separation of
variables, the problem of understanding temporal decay rates remains. And, for more complicated
spacetimes, no exact solution is possible. A more robust analysis is therefore necessary.

For other mathematical work on Price’s law and similar problems, see Donninger—Schlag—Soffer
[DSS11][DSS12], Metcalfe-Tataru-Tohaneanu [MTT12][Tat13], Morgan-Wunsch [Morl9][MW21],
and Looi [Loo21]. The Klein-Gordon equation on Kerr-like spacetimes is subtle — for instance, on
subextremal Kerr, Shlapentokh-Rothman [Shl14] has constructed finite energy solutions that grow
exponentially in time by exploiting superradiant instability.



12 ETHAN SUSSMAN

We remark finally that there does not appear to be much overlap between the present work and
similarly titled physics papers, e.g. [BOWGT][BTG7)[BTOGT)[MBG67][Mac67].

1.1. Preliminaries and Outline. Recall that an exactly conic manifold X (according to one
of several essentially equivalent definitions) consists of the following data: an arbitrary (smooth,
connected) compact manifold-with-boundary Xy, a Riemannian metric gogx € C*(X; Sym? T*0Xy)
on the closed manifold 90Xy, and an embedding

L X = [O,E)m X 8X0 — Xo (37)

(the “boundary-collar”) which is a diffeomorphism between the cylinder [0, z), x 0X for some z > 0
and a neighborhood of 0X. Note that ¢ satisfies id|gx, = ¢(0, —). We notationally conflate X with
Xo. We also conflate the image of « with [0, Z), x 0X¢. (This is an alternative, if a somewhat crude
one, to Melrose’s use in [Mel94] of the inward pointing normal bundle of 0Xj.) Given an exactly
conic manifold X, a Riemannian metric gy on X° is called an exactly conic metric (this notion
being defined relative to ¢) if

go € C(X;%Sym?T*X), go =z *dx% + 27 2gyx near 0X. (38)

Below, we write 2 : X — [0, 00) to denote a globally defined boundary-defining function, compatible
with the boundary-collar ¢ in the sense that z(t(xo,y)) = xo for all zy € [0,Z). (Euclidean space
fits into this framework, where by “Euclidean space” we mean the radial compactification of R?,
endowed with the induced metric. Here x = 1/(r), r being the Euclidean radial coordinate. See
[Mel94, §1].) We will also consider (symbolically) asymptotically conic metrics, which — according
to our use of the term “asymptotically” — are Riemannian metrics g on X° of the form

g —go € zC®(X;*Sym?T* X) + §~179(X;*Sym?T* X) (39)

for some § > 0. Hence, g is conic up to a classical subleading term — decaying faster than gg by
one order of x — and a merely symbolic error decaying slightly faster than that. More generally, for
a1 > 1, we will say that the asymptotically conic metric g is “classical to a;th order” if eq. (39) can
be strengthened to

g — go € xC®(X;*Sym?T*X) + S~ (X;*Sym?T* X). (40)

We will call g “(fully) classical” if the symbolic term in eq. (39) can be dropped entirely, i.e. if
eq. (40) holds for all @; > 1. (Any sc-metric in the sense of [Mecl94] is fully classical in this sense.)
The term asymptotically conic manifold will be used to refer to a conic manifold equipped with
an asymptotically conic metric, so a triple (X, ¢, g). This is a more general notion than that of an
“sc-manifold” [Mel94][Mel95][JS99][HWO05], which are also sometimes called asymptotically conic —
besides allowing a symbolic term in eq. (39), we also allow a classical O(x~3)dz? term (see ag in
Theorem 1.1). (Rewriting the metric in terms of the tortoise coordinate z,, the O(z~3) dz? term
can be removed, but z, is not a smooth function of x and so x, is not a bdf on the mwb X.) We will
assume that this term is constant on 0X. Thus, the metrics we consider are Riemannian metrics on
X° of the form

dz?  Tiox @dx

hiox
QZQO‘FCLOO?"‘ +—

5 + 220 (X;5°Sym?T* X) + S71 (X ;5 Sym?T* X)  (41)
x x

for some agp € R, 1-form I'; px € 01(0X), and symmetric 2-cotensor hiax € C*(0X; Sym? T*0X).
A fully classical g is then of the form

dz? Tyox ©dx N h1,0x

9=go+ap—3 + + 220%(X;5Sym?*T* X) (42)
x

s
near 0X.
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Before we specialize to the case of spectral families of Schrédinger operators for the proof of
Theorem 1.1, we study in §3, §5 smooth families {P(0)},>0 C Diff>(X°) of elliptic 2nd-order
differential operators on X° of the form

P(o) = Py(0) + Pi(0) + P2(o), (43)

where, for each i = 1,2,3, P, = {P;i(0)}s>0 C Diff*(X°) is a family of differential operators
(depending smoothly on o2 > 0, all the way down to o = 0), which near X can be written as

[ ]
Py(o) = —(1 4 zago(0))(220,)* + 2° Nox + 23[a(0) +n — 1)0, — Zx — o° (44)
for
— agp € C°([0,00),2;R), Z > 0 satisfying the attractivity condition
Z — dagy(o) >0 (45)
for each 0 > 0,
—a € C>([0,00),2),
[ ]
Pi(o) = 3-]:1(CE4PJ_J' (0)bj(z;0)05 + a:3bg- (x;0)Pyx (o) + a:2b;-’(a:; 0)Qox.j(0)) (46)

for some J € N, where
= bj(—;0),0(—;0),0i(—0) € SY(X), more specifically
bj, b, bf € C*([0, 00)52; 8°(X)), (47)
— Py j(0),Qox,(0) € Diff (0X) and Pyx j(o) € Diff*(9X) for each o > 0, so that
Py j,Qox j € C*([0,00),2; Diff'(8X)), (48)
Pax.s € C*([0, 00),2; DIfi2(9X)), (19)
foreach j=1,...,J,
o Py e C([0,00),2; SDiffg;glfé’fd/%&(X)) for some ¢ > 0,

Here Diff™*(X) = Diff}!(X) N Diff?>*(X) and S Diff™;*!(X) = S Diff{!(X) N S Diff?*(X). We
may take § < 1/2, as this will be useful in reducing casework later on. Note that we are requiring
smoothness with respect to E = o2, rather than with respect to o, in compact subsets of X°. This
is not strictly necessary for the analysis in §5, for which even smoothness with respect to o is mostly
unnecessary, but since we use smoothness in E in §6 we will work with it from the outset and
develop ¥DO calculi accordingly in §2. We will say that P; is “classical to B1th order” for 5y > 0 if
we can replace eq. (47) by

bj, U, b € C%([0,00)42; (X)) + C([0, 00) 523 27 8°(X)). (50)

Similarly, we say that P, is “classical to (f2, 83)th order” for fo > 3 > 0 if
Py € C%([0, 00)52; Diff2, >~ 2(X) + S D, 7722 (X) 4 23245 80 (X))
= C™([0, 00) 2; Diff2 2(X) + S Diff 2 273275 (x) 4 o3/240s 60 X))

(note that Diffz(’:g2’_2(X ) = Diff272(X)). We could work with even finer measures of classicality, but
for the proof of Theorem 1.1 (and eventually Proposition 6.3) it suffices to keep track of f1, B2, 53.

We restrict attention to the case of constant Z, though the case of variable Z may also be of
interest. (The 23(n—1)d, term in eq. (46) is merely conventional and can be parametrized away upon
redefining a, but it is convenient because 220, — z(n — 1)/2 is formally anti- self-adjoint with respect
to the L2 = L2([0,Z) x 0X, go) = L2.([0,%) x &X) inner product.) The “main” and “subleading”
terms of P are collected in Py, with the classical components being collected in Py € Diffg (X).
Although subleading by only one order, the terms in P; are all negligible in the analysis of §5, as

(51)
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are the terms in P (which is why they are allowed to be symbolic). (The key point here is that
the principal symbol of P; vanishes to one additional order at the radial sets of P’s Hamiltonian
flow because of the tangential derivatives. On the other hand, P is just lower order.) Note that
we are only requiring P(c), Py(o) to be elliptic in the traditional sense; the operators above can
be considered as sc-operators, but they will be nonelliptic in the sc-calculus. The ‘S’ in front of
S Diff indicates that the differential operators therein have coefficients which are required only to
be conormal functions on X, hence are “symbolic.” We do not concern ourselves with uniformity as
o — 00, this already being handled in [Vas21a, §5] for a suitably large class of operators.
By “attractive Coulomb-like Schrédinger operator (on X),” we mean an operator of the form

P0) =4y —Zz + V(x) (52)

for some asymptotically conic metric g on X, Z > 0, and real-valued V € $73/279(X) for § > 0.
The spectral family of P(0) is the family {P(c) = P(0) — 02},>0. The spectral families of attractive
Coulomb-like Schrodinger operators are therefore included in the class of families we study here if
we restrict attention to sufficiently small o such that the attractivity condition eq. (45) is satisfied.
See Proposition 6.2. From the explicit formula for the Laplacian in local coordinates, we see that agg
is the restriction to X of —23(5g)o0, where dg = g — go. Although it is only obvious upon changing
coordinates from z to z/(1 + xagp) — see §A — a nonzero value of agy has essentially the same effect
as a nonzero Coulomb potential on the asymptotics of solutions to Helmholtz’s equation for positive
o, and it turns out that eq. (45) — taking into account both the actual Coulomb potential and
the effective Coulomb potential from agy — is the correct notion of “attractivity” in this generality.
Note that if P is the spectral family of a Coulomb-like Schrédinger operator with Z > 0 on an
asymptotically conic manifold, then we can modify P by cutting off agg outside of some sufficiently
small neighborhood of o = 0 such that the resulting family of operators satisfies the attractivity
condition. We only care about behavior in a neighborhood of ¢ = 0, so this does not restrict
applicability.

For o > 0, attractive Coulomb-like operators do not need to be distinguished from non-attractive
Coulomb-like operators as far as the limiting absorption principle is concerned, except with regards
to the precise logarithmic corrections to spherical waves. The difference matters only in the ¢ — 0
limit. That this limit is delicate can be seen already in the case when X = [0, 1], equipped with
an exactly conic metric (‘z’ now only denoting a bdf for one end). Then, when the potential is an
exact Coulomb potential near the x = 0 boundary, P(c)u = 0 is an ODE,

— (2%0,)*u — 0*u — Zzu = 0 (53)

for x sufficiently close to zero. This is a form of Whittaker’s ODE for ¢ > 0, degenerating to a
Bessel ODE

— (2%0,)*u — Zzu =0 (54)
at 0 = 0. Hence, smooth families {u(—;0)},>0 of solutions v = u(—;0) to P(o)u(—;0) = f for
f € CX(X°) are near x = 0 linear combinations of Whittaker functions (evaluated along the
imaginary axis) for o > 0 degenerating smoothly to linear combinations of Bessel functions as
o — 0%. See Proposition A.3 for a precise statement. An analysis of the low-energy limit of
attractive Coulomb-like Schrédinger operators must therefore — at the very least — describe in
appropriate asymptotic regimes the degeneration of Whittaker functions to Bessel functions (a
classical topic, but nonetheless delicate). The former oscillate like

exp ( + ig)wyz/% = exp ( + z(% — % logx)) (55)

as  — 01, while the latter oscillate like exp(42iZ'/2/2/2). While the leading order term of the
phase in eq. (55) is suppressed as 0 — 0T, the logarithmic correction Fi(Z/c)logz blows up as
o — 0. This, along with O, (1), O,(z), etc. contributions which were omitted from eq. (55) (and
include terms like 1/¢,1/02,---), end up contributing as ¢ — 0% to the phase £2iZ/2'/? relevant at
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zero energy. Clearly, eq. (55) paints an incomplete picture of the oscillations of solutions to eq. (53)
in the 0 — 07 limit. This is the first indication that the analysis of the low energy limit will need
to be done on a resolution of [0,00), x X. We refer the reader to §A for a further discussion of the
ODE case.
The “conjugated perspective” involves studying the conjugated spectral family P = {P(0)}o>0 C
Diff?(X°),
P(0) = exp(—i®)P(c) exp(+i®) : S'(X) 3 u + exp(—i®) (P (o) (exp(+i®)u)), (56)

where the “phase” ® = ®(—;0) is an appropriate function on [0,00), x X such that exp(+i®)
captures the asymptotics of outgoing solutions v to the PDE Pu = f to some desired level of
precision. (Thus, we deal with the ‘4’ case of Theorem 1.1, the ‘=’ case being analogous.) At the
level of the phase space of the sc-calculus, this conjugation corresponds to a symplectomorphism
moving one of the two sets of radial points (the “selected radial set”) to the zero section of the
sc-fibers, which upon second microlocalization gets blown up to the fibers of ng x X, the phase
space of the b-calculus over 90X (see [Vas2la]). The following choice of ® is sufficiently detailed:

1 1 o 1 1

O(z;0) = 5\/02 +Zx — o2agox + E(Z — o”ago) arcsinh ($1/2 Z- 02a00)1/2) - Qalog x, (57)
(extended from o > 0 to 0 = 0 by continuity), hence the appearance of ® in Theorem 1.1 (for which
we have a = 0). The square roots in eq. (57) are well-defined by the attractivity condition eq. (45).
See the beginning of §3 for a motivation of eq. (57). Given compact K C (0,00), we can write, for
oce K,
= opt . L0

20

as * — 0. This is in accordance with eq. (55), [Vas2la, Theorem 1.1]; @ differs from Vasy’s
phase modulo a logarithmic plus smooth correction for each individual ¢ > 0. The Ok term in
eq. (58), when formally expanded around o = 0T, contains terms proportional to o 2N for all
N € N*t. The estimate eq. (58) is therefore not uniform as o — 0. Similarly, while we can write
(02 + Zx)V/? = 71221 /2(1 + 0% /2Zx + O(0* /Z%2?)) for = bounded away from zero, this obviously
cannot be used to understand the asymptotics of outgoing solutions to Pu = f for any ¢ > 0. Hence,
the precise form of (62 4 Zz)'/? in eq. (57) (and the precise form of the other terms appearing
in eq. (57)) is important (at least modulo functions which are well-behaved on X). This is the
second indication that we will need to resolve the x, 0 — 07 regime, and apparently in doing so we
had ought to resolve the ratio z/o2.

This is accomplished by the mwc XP.. While, as already remarked upon in Remark 6, this
resolution is reminiscent of that used in [Vas21c][Hin21] in order to resolve the low energy behavior of
interest there, it performs a somewhat different role here; theirs was used to study the degeneration
of Ay — 02 as 0 — 01 to an elliptic element

A, € Diffp (X)) (59)

logz — %alogm—i—OK(l) (58)

of the b-calculus, but

A, — Zz € Diff; 7 (X) (60)
is not elliptic in the b-calculus, hence the oscillating solutions to the ODE eq. (54) noted above.
Instead, we use the resolution to interpolate between Vasy’s analysis in [Vas2la] of Ay — o —Zx
performed in Wy, (X) for o > 0 and the analysis of the “zero-energy operator” A, — Zx performed
in Wy (X /o) along similar lines (see §4). According to the previous paragraph, what makes the ®
in Theorem 1.1 the “right” choice is the asymptotics of ® near the boundary 0X:P. of this resolution
(or more accurately near 0.X;2\zf° = bf U tf). Indeed, for o = 0, we can write

res
7
@zQ\/;—%alogaj. (61)
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Hence, eq. (57) interpolates between the oscillations eq. (58) seen in solutions of the ODE eq. (53)
at positive energy and the oscillations eq. (61) seen in solutions of the ODE eq. (54) at zero energy.
We refer to §3 for a further discussion of the conjugated operator family and §4 for a discussion
of the situation at zero energy.
As our main technical tool, we situate the family P = {P(0)}s>0 in a pseudodifferential calculus,

Ueo(X) = |J  opeot(x), (62)
m,s,s,l LER

which we will call the “leC-calculus” (“low energy Coulomb”-calculus, for lack of a better name) the
elements of which can be interpreted as particular families of b-UDOs on X. The calculus comes
with a refined symbol calculus tailored to the problem at hand. Compared to the calculus of b-WDOs
with parameters (i.e. ¥}, (X )-valued symbols on some parameter space), the symbol calculus here is
refined in the sense of being second-microlocalized a la Vasy (so as to keep track both of b-decay and
sc-decay orders) and “resolved at the corner” (so as to keep track of the asymptotic regime when
both 62 — 0 and = — 0 at compatible rates). The corresponding symbols are conormal functions
on the “leC-phase space,” an iterated blow-up of [0, 00), X bT* X . This mwe has six boundary faces
— df, sf, f, bf, tf, zf — and is described in the next section. In eq. (62), m is the “differential order”
(order at fiber infinity, df), s is the sc-decay order at positive energy (order at sf), ¢ is the sc-decay
order at zero energy (order at ff), [ is the b-decay order at positive energy (order at bf), and ¢ is
the b-decay order at zero energy (order at tf). We remark that the scattering calculus with respect
to 22 (rather than x'/2) has been used by Wunsch [Wun99)[HW05], who called it the “quadratic
scattering calculus.” The leC-calculus is discussed in §2.

We now say a word about our usage of the symbol ‘<’ (the usage of ‘>’ being analogous).
When stating a proposition involving an estimate, we will be explicit about the dependence of the
constants involved on parameters. In order to avoid a proliferation of symbols denoting different
but unimportant constants, when proving a proposition of the form

o for all py € Pa,--- ,pyy € P, there exists a constant C(pi,...,py) > 0 such that
r1(p1, -+ spN) < C(p1, - s pm)ra(pr, -+, pN) for all pyry1 € Parga, -+ oy € P,
(where M, N € N, N > M, Py,--- , Py are some sets, r; : Po X --- X Py — R for ¢ = 1,2) we will
write an intermediate estimate of the form

r3(p1s...,on) < C'(p1,-+ ,pm)ra(p1, - PN) (63)

as r3 < r4, with the key point being that, according to eq. (63), C’ depends only on the parameters
that C' depends on (so that the estimate eq. (63) is “uniform” in pas41,---,pn). All constants
below depend on the geometric data in the setup of Theorem 1.1, so we will not be explicit about
that dependence.

2. THE LEC-CALCULUS

We now turn to our discussion of the leC-calculus. This calculus is, in many ways, similar to
Vasy’s second microlocalized calculi Weeh(X) = Upy s 1er ity "(X) [Vas21a, §2] and Wb res(X) =
Um,s,l,eeR‘I’:Z{i}léi(X) [Vas21lc, §3], with the main novel feature of the leC-calculus (besides the
relatively unimportant alteratlon of the smooth structure at o = 0) being another resolution of the
phase space (which we actually carry out before resolving the scattering face for o > 0). This can
be seen at a glance, comparing Figure 3 to Figure 4, [\}1521( Figure 4]. The zero face zf of the
leC-phase space is identifiable with the phase space SCbT X7 of the calculus Wy, (X /o), while for
oo > 0 the {o = 0¢} cross-section of the leC-phase space is identifiable with the phase space scb* x
of the scb-calculus. Thus, the leC-calculus interpolates between these two calculi as o — 0T, as
Weeh res(X) interpolates between Wy, (X) and ¥y, (X) in the same limit.

The leC-phase space *CT" X is introduced in §2.1, along with corresponding algebras of symbols.
Calculi are discussed in §2.2, and the corresponding leC-Sobolev spaces (which are really families
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of scb-Sobolev spaces) are discussed in §2.3. As many of the results in this section are either
consequences of standard results for the b-calculus or derivable via similar arguments, some details
are omitted. Still, we’ve made an effort to give a relatively complete list of the results needed later,
and in the process we give the leC analogues of some standard arguments. In this section we mainly
write A = o2 in place of the parameter E used in the introduction.

When we write ‘U, (X),” and more generally when we refer to “b-¥DOs,” we mean the conormal
(a.k.a. “symbolic”) b-algebra [Vasl8, Definition 5.15], rather than the closely related, slightly
smaller calculus defined in [Mel93, Definition 4.22]. The latter calculus has symbols that have some
additional classicality at the boundary. Our convention follows [Vas2la]. In [Vas21b], the notation
‘W (X)’ is used instead.

2.1. Phase Spaces and Symbols. Recall that we can identify "T*X over the boundary collar
with [0,2), x Re, x (T%0X),, via the map

_ " dz .
(0,Z)z X Rg, x (T*0X)y, > (x,&p,mp) = & +plr (), (64)

where plr = g 0~ : 1(X) — @X. This defines a diffeomorphism between [0, Z), x Re, x (T*0X)y,,
and PT* . X.
(X))
Let
PSP X = [[0,00) 5 x PT"X; {\ = 2 = 0}]

_ _ 65
= [[0,00)5 x PT"X; {0} x PTHx X] (09)

denote the phase space of the resolved calculus of 1-parameter families of b-WDOs ([Vas21c, Figure
4)), and letting 8 : PPT"X — [0,00)y x PT" X denote the blowdown map, let

zfoo = cl B7H({A = 0,2 > 0}),

tfoo = 571 ({A = 0 = 2}), (66)
bfgo = cl S7H({X > 0,2 = 0}),

and
dfgo = cl((0%PPT" X)\ (zfoo U tfoo U bfgp)) (67)

denote its (closed) boundary faces. For each f € {zfoo, tfoo, bfoo, dfoo}, let oo ¢ € C®(bsPT X [0,00))
denote a bdf of the respective face, which we can take to be equal near {x = 0} to

A =A+Z v
[ P x = -
N+ ©0,tf00 5 ©0,bfoo A 7’

(defined initially in the interior of »*PT" X these then extending to smooth functions on PsPT" X).
(Below, we conflate smooth functions on mwc with their restrictions to the interior when such a
conflation does not cause trouble.) In eq. (68) and below, we write &, for the b-cofiber coordinate
dual to z, and nf = ga_}((nb,nb) for n, € T*0X.

There exists a unique mwe P1*CT* X = [[0,00)) x PT"X; {0} x "ThHy X; i = [BSPT™ X ; tfg0; 31,
depicted in Figure 2, with the following properties:

00,zf00 = 00,dfoo = (1 + 5}2 + 77%>_1/2 (68)

(1) as a set, P*CT" X is equal to »*PT" X (a convenient convention),

(2) PlCT" X has the same smooth structure as PPT"X away from tfgy, so that if ¢ €
C>°(>SPT* X) is supported away from tfyg, then ¢ € C°°(»1*CT" X); moreover,

(3) bleCT™ X has four faces, equal as sets to zfoo, tfo0, bfoo, dfoo, for which 00,200+ Q(l)/thoo’ 00,bf o0
00,dfo, Serve as bdfs (respectively). 7
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We will refer to P*CT" X as the b,leC- phase space. See Figure 2.
i ek
We will refer to the bdfs of T X as 0,r00 = 00,449, Oty = 000> Obfoo = Q0,bfog, N Qdfgy =
00,dfoy- Lhus, in terms of o = \L/2,

Otfog = V 02 + Z.%', Obfgg =

Note that the notions of zeroth order conormality on P*CT" X and PSPT" X agree, as does the
notion of smoothness at zf(,. For each m,[,/ € R, we let

Sgﬁ:éé (X) —_ A;)Zl,—lf—Z/Z(O,O) (SP’bT*X) — A;T:—lv—e»(oyo) (b,leCT*X)7 (70)
Sb1eC(X) = U p,eer Spive(X), (71)

where we are enumerating the faces of the b,leC-phase space in the order dfgg, bfgg, tfog, zfgo. Thus,
m is the order at dfgg, [ is the order at bfyg, £ is the order at tfyg, and the order at zfyg is just zero
(and we have a full Taylor series there, with the terms in the Taylor series elements of A-m—t/ 2(zf00)).
(The ‘loc’ subscript in “Aj..” refers to the fact that we do not require L> bounds in the o — oo
direction. That is, we only have bounds in compact subsets (which can include boundary points) of
the mwe PCT™ X | which is only noncompact because of the o — oo direction.) We also define

1L -m —1l —{ b,spr* J,0
S:f,b,lec(X) = 0dfoy Obfey Oty O (P1 X)) C SkT)r,LleC(X>' (72)

0,2

_. 69
o2 +7x (69)

X
_— f =
o+ 7z’ Cefoo

m,l,l

Given a € Sy 7,¢(X), we may restrict a to zfoo, giving an element a(—;0) € S{ZM/Q(X) = Sﬁn’Z(Xl/g).
Note that the elements of S}, 1.c(X) are all symbols on [0, 00)y x PT" X, i.e. elements of

U 27"\ " A%([0, 00) x "T7X). (73)
m,l,vER
Specifically, for all m,[l,¢ € R,
SIEHA(X) € amloA g A°([0,00) 5 x PT™X) (74)
whenever [y > [ and 2v + 2y > ¢. Consequently, if lo > 1,£¢/2,
m,l,0 m,l
Spec(X) € A%([0,00)5: 57 (X)) (75)

Lemma 2.1. For any £ € R, (02 + Zz)~%? € C°([0, 00),; Sg’max{0’€/2+€}(X)) foranye>0. N

Proof. Continuity at o > 0 is clear. Let | = max{0,¢/2 4 ¢}. It suffices to restrict attention to
x < T, so we have to prove that, for each k € N, z!(20, )% (02 + Zz)~/? — 21(20,)* (0% + Zx) /%],
in L*>°[0,z]. We compute

k
2 (28,)F (02 + Za) Y2 = 2! Z cjxt! (0% + Za) 279 (76)
j=0
for some ¢;x(Z) € R. Observe that x™@{0/2} 27 (52 4 Z2)=4/277 € L>([0, 7], x [0,1],) for every
j € N. Consequently, if £ > 0, the extra factor of z° in eq. (76) in conjunction with the uniform
convergence as 0 — 01 of 27+/2(0? 4 Z)~¢/>=7 — Z=~7 in compact subsets of (0, Z], implies that

k k
7! Z CjJCZL'j(O'Q + Zx)_Z/Q_j — x° Z cj,kZ_Z/z_j (77)
j=0 j=0
uniformly in all of [0, 7] as 0 — 0T. If £ < 0, then we can write [ = £/2 + A for some A > 0, so the

same analysis applies.
O
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FIGURE 2. The phase spaces PCT"X (left, cf. [Vas2lc, Fig. 1]) and
[D1eCT™ X s df g N tfog] (right), with the degrees of freedom associated with T*9X
omitted. (In other words, if we were to consider the case dim X = 1, then the figures
above would depict the phases spaces.) For simplicity, we only depict the &, > 0 half
of phase space.

Proposition 2.2. Ifa € S]?M(X) and ly € R satisfies lo > 1 and ly > £/2, then {a(—;0)}o>0 €
C([0,50)o: S (X)): u

Proof. We first reduce to the case m,[,£ = 0:
e For any m,[,¢ € R,

o7 (0% + Za)! oy € C0([0,00)05 S (X)) (78)

if {1y > 1, Iy > £/2 by the previous lemma.
Any a € S{)nléé( ) can be written as a = 27! (0% + Zx)l*Z/QngZ;ao for ap € Sg ﬁeg(X) so

if we know that ag € C?([0,00),; SS’E(X)) for € > 0 then we can conclude that
a € C°([0,00)q; 55" (X)) CO([0, 00)5 Sy *(X)) = CO([0, 00)5 S5 (X)) (79)

Taking l; < lp and € € (0,1p — 1), we get a € C°([0,00); S{)n’lo(X)).

To prove the proposition in the case m,[,£ = 0:

e Continuity at o > 0 is clear, so we only need to check that, for a € Sg ?eg( ), a(—;0) —

a(—;0) in SS’E(X) for every ¢ > 0. Note that La € L*°([0,1], x [0, x] x 0X) for any
L € Diff,(X). Since, as 0 — 0, La — La|,—o uniformly in compact subsets of (0, 7], x 0X,
we can conclude that

x°La — z° La|,—g (80)
uniformly in all of [0, ] x 0X. Thus, a(—;0) = a(—;0) in Sg’a(X). O

We now introduce the full leC- phase space '*CT" X . This is the mwc gotten from P1€CT" X by first
blowing up the edge dfpo N tfoo, resulting in a mwe with five faces — dfy, ff, bfy, tfo, zfy (Figure 2,
right), where ff is the front face of the blow up — with bdfs

Qdfog

Qtfoo
0dfy = ————, Off, = Odfgo + Otfo> Otfg = ————, (81)
0 Qdfoo + Qtf(]o 0 o0 00 0 Qdfoo + Qtfoo
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FIGURE 3. The leC-phase space *CT" X, with the degrees of freedom associated
with T*9X omitted. The edge ff N bf has been highlighted in red.

02, = Ozfp0s Obfy = Obfyy, and then performing a polar blowup of the edge dfy N bfy, resulting in a
mwc with six faces — df, sf, ff, bf, tf, zf, where sf is front face of the second blowup — with bdfs

oy = G0 _ Odfoo
Odf, + Obty  Odfoo + Obfoo (Odfeo + Otfoo)
QdeQ
Osf = Qdfy + Obfy = —————— + Obfys
’ ° ® dfgo T Otfoo 00 (82)
Obfy  _ Obfgo(0digy T Otfoo)

Obf = = ,
Odfo + Obfy  Qdfgo + Obtoo (0dfgy + Otfoo)

Otf = Otfy, OF = Offy, Ozf = 0zf,- oce Figure 3. Now let, for each m, s,q,[,¢ € R,

S M (X) = AT m ot OOROTT X) — o0 0 01 07 58 ro(X),

Stec(X) = Ups e 1.0erSies (X)), (83)
Z’fl‘Zé”(X) 0ai™ 05" 05 ° 0yt 03 C (POT" X) € Sed M (X),

Settec(X) = UnsciecrSae (X))

At the level of sets (and at the level of C-algebras), Siec(X) is equal to Sy jec(X) = Um7l7g€RSg}féé (X),
but the filtration above presents Sjoc(X) as a multigraded C-algebra. The isomorphism

“m -5 —¢ — 0,0,0 10
X 0gi" 05 05 0nt 0+ Spnec(X) = S (X)) (84)

of vector spaces allows us to consider each ST“"(X) as a Fréchet space, and likewise for

S?fIZé’l’g(X ). The C-algebras Siec(X) and Sgjec(X) are then multigraded Fréchet algebras, as

pointwise multiplication of symbols is jointly continuous with respect to the relevant topologies.
Observe that if a € Sgés’g’l’f(X) then a(—;0) € SSTZS’K(XI/Q). For o >0, a(—;0) € S;n’s’l( ).

2.2. Calculi. After recalling some preliminary notions in §2.2.1, we discuss the b,leC-calculus in
§2.2.2 and the full leC-calculus in §2.2.3. Since the b,leC-calculus is essentially Wy, s, res(X), except
that we enforce classicality at zfpy (which introduces no complications), and since all references to
the b,leC-calculus in the rest of the paper (i.e. §3, §5, §6) could be replaced by references to the leC-
calculus with only notational complications, we will only sketch the arguments in §2.2.2. (However,
it is important to understand the residual operators W, lojcl ’Z(X ), as these are the “non-symbolic”
parts of leC-operators. But — once again — this is essentially g oobt (X) except for additional

b,sp,res
classicality at the “zero face” of Vasy’s double space.)
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I sf

bf tf

FIGURE 4. The phase space of Vasy’s resolved calculus. Cf. [Vas21c, Figure 4] (which
also depicts the & < 0 half of this phase space).

2.2.1. Whgpres(X). We now recall the notion of the b-calculus with conormal dependence on
parameters: for any (compact) mwb X and a (connected) mwe M (the “parameter space”), we have
a multigraded C-algebra

U (X) = |J Wi (X), (85)
m,lER
T (X) = AR (M; 07 (X)), (36)

the members of which are the families { Ay} epo of b-DOs on X depending conormally on a
parameter A € M° (as above, the ‘loc’ refers to the fact that we only require uniform bounds in
compact subsets of M). So, letting C*° N L{<.(M; \I/{)n’l(X )) denote the Fréchet space of smooth
maps M° — \IIQL’Z(X ) that are (but whose derivatives are not necessarily) uniformly bounded with

respect to each Fréchet seminorm of \I/bm’l(X ) in every compact subset of M,
T (X) = {As € C° N LS, (M; U7 (X)) ¢ [LAdae, € Lis(M; @7 (X)) VL € Diff, (M)}, (87)

Note that each \IJ{)”AI/[ (X) is a Fréchet space, and Wy,.57(X) can be regarded as a multigraded Fréchet
algebra. Relevant to the study of spectral families of operators is the case M = [0,00). In this
case, we write “,sp” in place of “; M” in the notation.

In [Vas2lc, §3], Vasy (using slightly different notation) defines a particular “refinement” of
Wpsp(X) = Wpr (X),

\Ijb,sp,res(X) = \I/b,sp (X), \Ijb,sp,res (X) = U \Ijgfélr’,’gres (X), (88)
m,l LER

a multigraded C-algebra which is equal, at the level of C-algebras, to ¥y, 4, (X), but with a 3-

parameter multigrading (and associated symbol calculus) such that
RN m,max{l,(}

® lpgsp res(X) - \Ilb,sp (X) 0.0

e and (A + x)*l, considered as a multiplication operator, is in \Ilb’SI’) res(X)-
The three indices m, 1, £ in \P{)"él}fres(X ) keep track of three notions of order, roughly the “differential
order” m, the b-decay order away from zero energy [ — that is at bfgy — and the b-decay order ¢ at
tfoo (With respect to go+tf,,). In [Vas2lc], Vasy keeps track of an additional order, the order at zfq,
which for our purposes can be set to zero throughout (as in eq. (70)).

Define ofht ot (X)) 5 A TR (bsp T x0) /A LR (s XY 1y

b,sp,res b,sp,res

bt (@) = (A 2)' =t (A + 2)ta) (89)

b,sp,res
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fora € S{: éi;,zres(X ), where o, 5 (a) denotes the b-principal symbol map applied A-wise to a considered

as an element of the family b-algebra Wy, ¢,(X). Then, for all m,l,¢ € R,
0 = WP'oHEH(X) = WPt (X)) TR A TR0 (R DT ) /A LT TR0 (R T X 0 (90)

b,sp,res b,sp,res

is a short exact sequence and, for all m/,l’, ¢’ € R,

N e +m/ I+ 2
Ug?sp,res(A)o-g?sp,res(B) = o-lTspT,?es (AB) (91)
1l v . mAm/ =1, e+
{Uly)y,lsp,res(A>7 Jg?sp,res<B)} = _Zgg?spy,?es ([A7 B]) (92)

for all A € \Ilgf;llfres, B e \Ilgn;é/rﬁls We will compute Poisson brackets using the convention that
momentum derivatives of the first entry have positive sign. (The sign in eq. (92) depends on the
choice of sign used in the Fourier transform used in defining the calculus.) The bdfs (02 4 Zz)'/?
and /(02 + Zz) of X5P,, considered as multiplication operators, are representatives of their own

res?
principal symbols:

ot (@7 (0 + Z2)) = 27 (0 + Zz)' mod Sy (X) (93)
0,0,¢ - - —1,0,¢
Ub’smes((a2 +Z2)7Y = (6> +Zz)™" mod Sb@p’res(X). (94)

More generally, if a € S} S’i)’zres(X ), then a € oy éi;eres (a).
It is very convenient to make use of a “(left) quantization” map (right quantization working

equally well):
Op : Sp(X) = Up(X) (95)
LS (X)) = o (X, (96)

7

discussed e.g. in [Vasl8] among other places, given by the left quantization of symbols in local
coordinates. This will be noncanonical, depending on a choice of atlas on X, among other things.
While not surjective (missing out on the remainder term R’ in [Vas18, Definition 5.15]), it will be
modulo W *!(X).

Applied A-wise to an element of A%([0, 00)y; kS'{)”’l(X))7 the result is an element of \Ilg?élp(X) =

A°([0, 00) 5; \Ilgl’l(X )). Some elementary properties of Op which we can arrange are:
e for any f € Ujer AL (X),
Op(f) = f (97)
(this property distinguishing left quantization from right), where the f on the right-hand
side denotes the multiplication operator u +— fu,
e Op is C-linear,
e eq. (96) is continuous for any m,l € R,
e 07" (Op(a)) = a mod S" M (X) for all a € S (X).
(Equation (97) holds for the calculus ¥, under left quantization. Since the Schwartz kernel of the
multiplication operator u — fu is supported on the diagonal, it is unaltered by the cutoff (¢ — t')
in [Vasl8, Definition 5.15]. As a consequence, eq. (97) holds also for ¥y,.)

2.2.2. Wy ec(X). Let \Il];losél’e(X) denote the elements of \If;z;:ifsﬂ(X) whose Schwartz kernels are

smooth at the face cl{o = 0,2’ > 0,2 > 0} of the double space X PP [Vas21c, Figure 2] (with
the terms in the Taylor series being elements of \Ifgoo’e(Xl/Q)):
—o0,,¢ —1,—£/2,—00,~00,(0,0
SK Wy e (X) = Ay~ 7000 (pbspres), (98)

where we are listing the boundary faces of X2P*Pre in the order bf = cl{z,2’ = 0,0 > 0},
tf = {z,2’ = 0,0 = 0}, Ib = cl{z = 0,2/ > 0,0 > 0}, tb = cl{z/ = 0,2 > 0,0 > 0}, and
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zf = cl{o =0,z > 0,2/ > 0}. Thus, \Il;‘f;él’e(X) inherits from eq. (98) a Fréchet space structure,
and it can be shown that
T, - ,l,g

\I/b,(l)cocoo (X)) = Ul,éeR‘Ijb,fc (X) (99)
is then a multigraded Fréchet algebra. (So operator composition defines a jointly continuous map
Wb (X)) x W S (X)) — U ST (X)) for all 1,4, 1,0 € R))

An argument similar to that used to prove Proposition 2.2 yields:

Proposition 2.3. Given an element K € SK \IJ};‘f:él’e(X), if lo > 1 and lg > £/2, then it is the case
that {K(—;0)}e>0 € C°([0,00),; SK \I/{)n’lO(X)) for any m € R. mO

Consequently, elements of \I/g’lo;éoo’oo(X ) can be considered as continuous families of b-WDOs

indexed either by R} or by [0,00),. We now define, for each m, [,/ € R,
m,l,0 m,l,l —o0,l,4
Wi (X) = Op(Sp e (X)) + Py i (X). (100)
Thus, by eq. (75), if lp > 1,£/2, then \Il{:l’é’é(X) C \Ilgféls (X). In addition:

Proposition 2.4. If a = {a(—;0)}s>0 € SQ?{%(X), then, if lo > 1 and lp > ¢/2,

{Op(a(=:0))}oz0 € CO([0, 00)0: ). (101)
Consequently, if A = {A(0)}o>0 € \I/Tbrfl’i’é(X), then there exists some A(0) € ‘I’{)n’lo (X) such that
{A4(0)}o20 € C°([0, 00)g; W), u

Proof. Using the continuity of Op : S} o (X) — \Ilrbn’lo (X), the first statement follows from Proposi-
tion 2.2. The second statement follows from the first in conjunction with Proposition 2.3.
]

Since Op is linear, \Ilg"‘l’é’é(X ) is a vector space, and it inherits a Fréchet space structure from

Sy 1’% (X) and ¥ f:él’e(X ), more specifically the quotient topology associated to the definitional
surjection
7l7e - 7l?e ’l’e
Shiec (X) x ¥y g (X) = ¥ (X). (102)
From the definition of W/">/? (X) given in [Vas2lc, §3], W?{i’é(X) c grht/? (X). Just as the set

b,sp,res b,sp,res

of classical Kohn-Nirenberg WDOs is a subalgebra of the calculus of all Kohn-Nirenberg WDOs,
Uhec(X) = J () (103)
m,l,lER

is a subalgebra of Wy, ¢, res(X), with composition of ¥DOs defining jointly continuous products
1,0 e +m! 4 0
Uieo (X)) x Wtis™ (X) — U (X) (104)

for all m,1,¢,m’,l',¢' € R. The key observation here, in addition to the continuity of \I'bml’é’é (X) x
‘I/];(f;él/’él (X) — \Ill;‘f;éHl/’Hel(X) for all m,1,¢,I',¢" € R, is that the reduction formula for full
symbols in local coordinates respects classicality at zfgp.

From o, gp res, We get a set {O’E’}l’éé}m’l,geR of maps ag?l’éé Ll ngé’é(X)/S&gé’l’e(X) such

b,sp,res
that
—1,1,¢ 1,0 TbleC om,l,f —1,1,
0= ¥peg (X) = hie(X) == Spha(X) /S (X) — 0 (105)
is a short exact sequence and such that
1,0 e +m/ I+ L+
O{)r,LleC (A)O{)rjsp,res (B) = O{;Lleén (AB) (106)

10 e , A e
{ohiec(A), opiec” (B)} = —iophlet (A, B)). (107)
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for all A € U, B e UG, with each of eq. (105), eq. (106), eq. (107) following from each of
eq. (90), eq. (91), eq. (92) respectively.

Let A%%(0:0)(XsP) denote the set of distributions on X2, which are conormal to all boundaries

and smooth at zf (in particular smooth everywhere except possibly at tf, bf).

Proposition 2.5. For any f € A0-0,(0,0) (X)) and 1,4 € R, the multiplication operator given by
0,1,

multiplication by = (0? + Zx)"=*/% f(z; o) defines an element of Uy hec(X). [l
Proof. The given multiplication operator M = {M(0)},~0 is given by M(c) = Op(z~'(o? +
Zz)' 2 f(2;0)) (using eq. (97) for each individual ¢ > 0), so the proposition follows from f €
0,0,0
Spiec(X). U
2.2.3. Ujec(X). In order to define the full leC-calculus, we will use the following properties of Op:
o Op(a) € TP1E(X) (if and) only if a € SIEA(X).

agjfgg(op(a)) — a mod sgjlgg”f(X) (108)

whenever Op(a) € \Ilgfl’i’é(X),

e there exists a function £ : Sy jec(X)? — Sp1ec(X) (given by the “reduction formula” for W,
related to Wy, via [Vas18, §6]) such that, for any m,m’, s, s, ¢, ¢’ 1,1/, £, ' € R, a € S{:@S’C’Z’Z(X)
and b e ST (X)),

afb € Sggm’,s+s’,c+c’,l+l’,£+£’ (X), (109)
esssupPioc(ah) C esssuppiec(@) M esssuppiec (b), (110)
Op(a) Op(b) = Op(afh) + E, (111)
for some F € \Ilgj:é“rl/’ew (X)) which depends continuously on a,b. Moreover,
atb = ab mod ng(—ji—m/—l,s-l-s’—1,§+§'—1,l+l/,€+é’(X)7 (112)
atb — bfa = i{a, b} mod S 2 mReRT R (xy (113)

for all such a, b,
e there exists another continuous (C-antilinear) function b : Sy, 1c(X) = Spiec(X) (which
can also be written in local coordinates in terms of the reduction formula) such that for all
a € St (X)),
Op(ba) = Op(a)* + F (114)
—00,l,4

for some E € W 7+ (X) which depends continuously on a, where the asterisk denotes an
L?(X, go)-based adjoint (for arbitrary exactly conic go), and

ba = a* mod ST e (x) (115)
esssuppj.c (Pa) = esssuppic(a). (116)

Here, for s € Spec(X), esssuppioc(s) consists of those points in df U sf U tf failing to possess a
neighborhood in which s vanishes to infinite order at the boundary of the 1leC- phase space.

As in [Vas21a][Vas21c], these properties follow from the relation between ¥y, (X) and ¥ (R"), as
explained in [Vasl8, §6], and the basic properties of ¥, (R™) (in particular the reduction formula),
for which the standard reference is [Hor07]. It is crucial for us that f satisfies the equations eq. (110),
eq. (112), eq. (113) above and not just the weaker b,leC- analogues. This fundamental fact can be
read off of the reduction formula for full symbols in local coordinates, in terms of which f can be
written.
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We can now define, for each m, s,¢,l,£ € R,
Whee (X)) = Op(Syeer (X)) + Wy i € Wil (117)

Evidently, eq. (117) endows \Ifg?l’gé’l’[(X ) with a topology, so that it becomes a Fréchet space.
Consider the graded vector space
Tee(X)= |J  Ieo(x). (118)
m,s,s, [, LER
At the level of vector spaces, this is just Uy, jec(X).
Moreover, since S HHmHELE(x) — STLE(X) at the level of sets, W™ ThmHEbE(x) — \I/gfl’é’é(X)
for all m,[,¢ € R.
Proposition 2.6. V(X)) is a multigraded C-algebra: for any m,m’ s, s ¢,¢' 1, L, ¢ € R,
A e Ut (XY and B € U (X)),
AB c \Illr;z(—j&-m’,s-&-s’,g-i-(',l-i—l’,£+€’(X)‘ (119)
|
Proof. We can write A = Op(a) + E and B = Op(b) + F for a € S5 b S{gé’sl’gl’ll’fl,
Ee Wt Fe vt Thus,

AB = Op(a) Op(b) + EOp(b) + Op(a)F + EF (120)
= Op(atb) + EOp(b) + Op(a)F + EF + G (121)
for some G € \Il];‘f;élﬂl’g%,. Since a € S%ﬁéz, b € Sé\ﬁ;’g’gl for M = max{m,s — l,¢ — ¢} and
M’ = max{m/,s' = U',¢' — ('},
M,1,0 M
Op(a) € ¥}, o(X),  Op(b) € ¥y o™ (X)), (122)

which implies that £ Op(b), Op(a)F € \IlgfgéHl/’eH/, and likewise EF € \I/gf:élﬂ/’”él.
Since affb € S{:gml’s+s/’g+g/’l+l/’Hel, we deduce that eq. (119) holds. O

In fact (as can be proven using finite order truncations of the reduction formula), operator
composition defines a jointly continuous map

\III:(’JS’C’Z’Z(X) % \I,ILL’C,S’S’J’,K’(X) - \I,lrga-m’7s+8’,§+§’,l+l’,£+€’ (X), (123)
so we can say that the leC-calculus is a multigraded Fréchet algebra.
Lemma 2.7. Suppose that A € WY (X) can be written either as A = Op(ay) + Ey or A =
Op(ag) + Eo for some symbols ay,as € Sgbés’g’l’é(X) and E1,Es € \Ilgf:él’e.
Then a; — ag € Sl;f:él’e(X). [

Proof. By the linearity of Op, Op(a1 —a2) € ¥ ?:Cl ’E(X ). Then, using the o}, joc-short exact sequence
and the property eq. (108) of Op: for all N € N,

0= a;gé’e(Op(al —ag2)) = a1 — az mod S;fggl’l’z(X), (124)
which means that a; —ag € S’b*fzfl’l’e(X). O

Thus, for any A € UM (X), we get notions

I Sb (A) = el Y (a) € df Usf U, (125)
Char25 M (A) = chars$ " (a) = df U st U fF\ el (a), (126)
WFG(A) = esssuppyec(a), (127)
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for any a € Sgés’g’l’z with A = Op(a) + E for E € \I/];(f;él’é(X). All three are subsets of df U sf U tf.
Another useful notion, which we will only apply to A € ﬂlﬁgeR\If?gg’g’l’z(X) =W 0 T(X) is

WF,o(A) = Ny er WELG(A). (128)
Observe that if a € S/ "7 (X), then Op(A4) € Y& "7 (X) (tautologically) and
WFc(A) = esssuppjec(a), (129)

which is disjoint from bf U tf.
In addition, we get the leC- principal symbol maps

1,0 1,0 1,0 1l —1,s—1,6—1,0,¢
U{gés’g” }m,s,q,l,€€R> O.ngléS&: . \Illﬂg(’js’g” (X) N SIZLéSSM (X)/SIZLC ;S—L,e— L, (X),

agés’g’l’[(A) — a mod Slrgc—l,s—l,c—l,l,f for any a € Slv:és,g,l,e with A = Op(a) + E for E € \Ijl;cf;él,é'
Unlike Op, which is not canonical and depends on a particular choice of local coordinate charts,
these notions are all canonical.

Proposition 2.8. For every m,s,s,l,£ € R, we have a short exact sequence

0 — \Ilfgal,sfl,gfl,l,f(X) N \IJ{ZC’:S’C’Z’Z(X) s S{;Lés,g,l,f(X)/Sﬁl(;l,sf1,<71,Z,Z(X) N 0’ (130)
where the second-to-last map s U{Zés’(’l’z. |

Proof. The surjectivity of af:és’g’l’e follows from the properties of Op listed above.

If, on the other hand, A € WM (X) satisfies o *"*(A) = 0, then A = Op(a) + E
for a € szc_l’s_l’g_l’l’g and F € \I/];iféle Then, by the definition of \I/ﬁgl’s_l’g_l’l’g(X), A e
\I]lrgal,sfl,gfl,l,é(X)' 0

Proposition 2.9. For every m,s,s,l,{,m’,s',¢',I', /' € R and pair of A € \If{en’cs’g’l’e(X) and B €
m/7s/7§/7l/7zl
Wlec (X)’ I 'l ! ! /
m,s,s,l,0 m’,s' "1 0 __m+4m/ s+ s+ I+ 0+L
Ol (A)oyed (B) = 01ec (AB). (131)

_q '_q _1 ’ ’ .
Moreover, gjnd™ ~bsts'=Lete =LIHLEE (14 BYY s equal to

’_ ’_ ’_ ’ ’
i{a,b} mod S{ggm Zsts = 2ote — 2+l 4L (X), (132)
ool gl opl
where a,b are any representatives of U{Zés’g’l’[(A) and o, 3" ° o (B). [

Proof. Write A = Op(a) + E and B = Op(b) + F for a € Slzlés’g’l’e(X), b € Sgé’s/’gl’l/’gl(X),
E e U XM(X), F e u 2", Then
m—&-m’,s—&-s’,g—&-g’,l—&—f’,ﬂ—l—ﬁ’(AB) o m+m’,s+s’,c+g’,l+€’,€+€’(Op(a) Op(b))

OleC = OleC
_ Ulr:(—j&-m’,s+s’,<+g/,l+f’,€+2/ (Op(ajjb))
= agb mod Sjg ™ e TR LA () (133)

— abmod Sm+m’—1,s+s’—1,§+§/—1,l+l’,€+€’(X)
- leC

= oo (W)™ (B).
The proof of eq. (132) is similar. O

Proposition 2.10. Suppose that L € SDifngfDS’l(X), m €N, s,l,€ R. Then, the constant family
{L(0)}s>0, L(0) = L, (which we conflate with L) defines an element of \Ilfeng’sﬂ’l’m(X).

Given any f € AY0OCO0(X32) and Iy, by € R, (z/(0? + Zz))o (0% + Zx)/2fL defines an element
Of \Ilfzésflo,s+lffo,lflo,21750 (X) ] ]
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Proof. First consider the case when s = m + [, so that L € SDingL’l(X). Then,
L c \I]g’fiigl (X) — \I]’lr;l(,jm+l,m+2l,l72l(X) _ \:[]{Zg,s-i-l,l,zl(X). (134)

To handle the general case, we note that we may write any L € SDiff];’ ’l(X ) — where now
m, s,l € R are arbitrary — as

L=>1L; (135)
j=0

for L; € §Diffd™ ™ (x) ¢ gpig/rintstHhmin{s=ill xy o gpi™S!(X). (Indeed, it suffices
to construct such a decomposition on [0,Z); x 0X, where L; can be written as a linear combination
of elements of S(X)07! Diff’?(0X) for ji + jo = j, j1,j2 € N.) Since

LJ c \Ij‘}]:‘)’fll;iél{'s*j’l}’2 mil’l{87j,l} (X)

_ \I}{e,r(rjn'n{s,l+j},min{237j,j+2l},min{sfj,l},2 min{s—j,l} (X) (136)
we deduce that
I c \Ij'lrg(,jmin{s,l—&—m},s—i—l,min{s,l},min{Qs,Ql}(X) C \I/?Jg75+l’l72l(X). (137)

From Proposition 2.5, for any f € A%0:(0:0)(X3P)(X5P) and Iy, £y € R, the multiplication operator

res res

210 (02 4 Zx)~lot40/2 f(2: ) defines an element of \I!g’ljco’fgo (X) = \Ilo’élo’fgo’flo’fgo (X). The second

- Tle
statement of the proposition therefore follows from the first via an application of Proposition 2.6. [J

For each m, s,¢,l,¢ € R, we let SDiﬁfZg’g’l’ﬁ(X) denote the set of elements of \Pfgg’g’l’é(X) which
are families of differential operators (all of which arise from the construction in Proposition 2.10).
Likewise, we let

Diff%5 b (X) ¢ S Diffs ot (X) (138)
denote the subset of families of differential operators which can be written as a linear combination

of elements of Diff,(X) times classical symbols on X:P.

The elliptic parametrix construction, applied to the leC-calculus, yields the following: for any
m, s,s,1,¢ € R and (totally) elliptic 4 € U]"5"(X) — that is A with

EI5 Y (A) = df U'sf U tf (139)

— there exists, for each N € N, some B € W;g’_s’_g’_l’_z(X) such that AB—1,BA—1 € \I/gﬁé)’o(X).
(To elaborate, the leC-symbol calculus analogue of the construction of left and right parametrices
via Neumann series yields By, Bg such that ABr — 1,BA —1 € \Ilg{gé)’o(X). Then, setting
EL:BLA—l and ER:ABR—l,

By, = BL<ABR — ER> = (EL + I)BR — ByER = Br + (ELBR - BLER), (140)

so taking either B = By, or B = By, both of AB—1,BA—1¢ ‘lfgf\efé)’o(X) hold. Hence we do not
need to distinguish left vs. right parametrices.)

Lemma 2.11. Given any m,s,s, [,/ €R, A€ \Ilfgg’g’l’e(X) and o € Af Usf Uff, a ¢ WFiéé only if
there exists some B € WhX0(X) that is elliptic at a and satisfies AB, BA € U, &0~ >bt(X).

The same statement applies if we replace o with the intersection of a finite union of closed balls
with df U sf U ff. [

Proof. We write A = Op(a) for a € Slzodoo’oo’l’e(X), so that WF{ié(A) = esssuppec(a).
Given B € U%%%0(X), B = Op(b), b € Spe"0(X), define E € W, M (X) by

AB = Op(afb) + E. (141)
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If o ¢ esssuppjec(a), then (since essential supports are closed) we can choose b € ng?é%O’O(X ) that
is identically equal to one in a neighborhood of « but supported away from esssuppj.c(a), so that

esssuppjec (@) N esssuppyc(b) = 2.

Then, by eq. (110), afb has empty essential support, which implies that AB € ¥, 2" —oomeoll xy,
That handles AB, and BA is analogous. If we replace « in the previous argument with the
intersection of a finite union of closed balls with df Usf Uff, the argument goes through the same. [

We briefly discuss uniform families of 1eC-WDOs (i.e. one-parameter families of b-¥DOs which are
uniformly bounded in a sense appropriate for the leC-calculus). For each m,s,¢,l,¢ € RU{—o0},

1< 7l7£ /7 l7 /7l/7€/

o TR O BN TSP (142)
m/2m7"' 7£/ZZ
m/ - £'€R

is a Fréchet space, so for any nonempty interval I C R, we have a Fréchet space L*°(I; \IIITZCS ’g’l’Z(X )
whose elements are a.e. equivalence classes of measurable functions I — W7 ’C’M(X ) which are
uniformly bounded with respect to each of our countably many Fréchet seminorms on the codomain.
For I closed, we can safely conflate an element of A°(I; ¥ (X)), which we can consider as a
smooth family {A;}ero, with the corresponding element of L (I; st X)),

For A = {A;}ter € L™(I; \Illrgégglz(X)), we define subsets WFLOO,leC(A%WF%iJec(A) c df U

sf U ff by stipulating that a point a € df U sf U ff does not lie in

® WF 1,c(A) if and only if there exists some B € oA x

satisfies {BAi}ier € L®°(I; 9, .5 7207 7(X)),
. WF’LliJeC(A) if and only if there exists some B € ‘111068000( ) that is elliptic at o and

satisfies {BA;}ier € L(I; W00 %07 (X)),
A uniform version of the elliptic parametrix construction goes through. We likewise have a notion
of esssuppy« joc(a) for a € L>(I; Sesobf(X)). One definition is that o € df Usf U ff is not in
esssupp e ¢ (@) if and only if there exists some b € 5’1(3380 0, O(X ) that is elliptic at o and satisfies
ab € S &7 7T T(X). Quantizing: for any interval I C R and any m,s,s, ¢ € R, given
a € L®(I; S (X)), letting A = {Op(Ay)}eer,

WEL 1o (A) = esssupp e jec(a)- (143)

X) that is elliptic at a and

2.3. Sobolev Spaces. For each m,s,l € R, let H%> l( X) denote the Sobolev space of differential

scb
order m, sc-decay order s, and b-decay order [ associated to the scb-calculus in [Vas21a]. Associated

to the leC-calculus is a five-parameter family

{leencs §7M( )}m,s,g,l,éeR
of families
Hige ™ (X) = {Hyg™ " (X)(0) }oo (144)
of “leC-based Sobolev spaces,” where
o for each o > 0, H{#"*(X)(0) is a Hilbertizable Banach space equal to H™*!(X) c 8'(X)
at the level of TVSs (i.e. equivalent at the level of Banach spaces),
o Hs oM (X)(0) = HIP 22 (X, ) (at the level of TVS).
The family més’g’l’g( g had ought to be thought of as interpolating between the Sobolev spaces
HT (XY and HPS V250200 as 0 — 0F
Besides using the leC-Sobolev spaces to relate Hop®(X) and Hop® (X, /2) we can, more crudely,
observe that

204n/2 204n/2,214n/2
Hg},}erl,l(X) _ HgL’l(X) _ Hgn +n/ (X1/2) _ Hsrzbm—i- +n/2,2l4+n/ ( ) (145)
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The spaces Hop'®*(X) are more refined than Hy'*(X) in that the decay rate of terms like exp(i/x)
need not be treated the same as the decay rate of the constant function as measured by the former.
Similarly, the spaces Hop'® (X /2) are more refined than H* (X, s2) in that the decay rate of terms
like exp(i/x'/?) need not be the same as the decay rate of the constant function as measured by the
former. As shown in [Vas21la], the sch-Sobolev spaces are well-suited for formulating a conjugated
version of the Sommerfeld radiation condition, and for similar reasons the leC-Sobolev spaces are
well-suited to the study of attractive Coulomb-like Schrodinger operators down to zero energy.

In order to define the o-dependent norm on H H(X) (o), we first note:

Lemma 2.12. For any two elliptic A,B € \Ifmsg’l’é and N, M € Z with N,M > —min{m, s —
— L}, and for any ¥ > 0, there exist ¢, C' > 0 such that
c<||B<a>uHLz<X> ol )) < N4Vl + ol sy < CUB@ulze + ullyaras,)
(146)
holds for allu € 8'(X) and o € [0,%]. [ |
Proof. Tt suffices to prove ||A(o)ul|r2 + HUHH;fZ’Cl’Z(U) < C(||B(o)ull 2 + |’U"H;f\gél,e(g)), the other
inequality following by symmetry.

By the elliptic parametrix construction, for arbitrary Ny € N, we can find A € ¥ s b=t
and R € \Ijg{\foc,o,o with AB =1+ R. Now, setting mo = min{m, s — I,¢ — (},
ltll v gy = I1(A(@) Blo) — Rl@))ull v
S 1A(@) B(o)ull gotvte o) + BNl romvse
- (147)

= [[A(o)B(o )u”Hb—vaCl’f( + HUHH—M’Z»Z( )

= B0l 000y el s gy = I1B@ullze + [l peaeyy

—mo,— l,—¢

for sufficiently large Ny, where we used that A € W leC
Similarly, for sufficiently large Ny,

[A(o)ull 2 = [[A(0)(A(0)B(o) — R(0))ullr2 < [[A(0)A(o) B(o)ullr2 + [|A(o) R(o)ul| >

< JA@AOB@l +lul sy (1as)
= B(@)ulse + el e,

Combining eq. (147) with eq. (148) yields the desired inequality. O

We can now define a Hilbertizable norm on H{ =" (X)(q), for each o > 0, by writing
HUHHIZL&S’C’Z’Z(X)(U) = [[A(o)ullp2 + ||u|’H;gél’[(U) (149)
for N € N with N > —min{m, s — [,¢ — £} and arbitrary elliptic A € \I/IZ’CS"Z’K(X). (Such A can be
constructed by the symbol calculus.) The previous lemma suffices to guarantee that the estimates
we prove do not depend on the particular choice of A and N used in defining the norm eq. (149)

except with regards to the particular constants involved (which we do not keep track of anyways).
However, it will be convenient to fix

Amscie = (1/2)(Op(egf" 05" 0 0yt 0") + OPogf™ 03 03" vt 05')"), (150)
which is certainly an elliptic element of W5"(X). Since Ay c14(0) is an elliptic element of

\IIZCZ{DS’Z(X) for 0 > 0 and \IJ;Z{f’Z(Xl/Q) for o = 0, we see that Hgés’g’l’Z(X)(a) is indeed equivalent to

. H:ZBS’Z(X) for o > 0 and
. Hsclé)g’ (Xy2) for o =0.
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On the other hand:

Lemma 2.13. If m,s,¢,[,f € R satisfy ¢ = m+ £ and s = m + 1, for each ¥ > 0 there exist
constants c(m, s,¢,1,0,%),C(m, s,¢,1,0,%) > 0 such that

CHuHHl'r:éS,C,Z,Z(X)(O_) S ||UHH{:'1"§’(§(X)(U) S CHUHHl'rgés,q,l,Z(X)(o_) (151)

for all w € §'(X) and o € [0,%]. In particular, if £ = 2I, C/HUHHIZL(,:S,Q,Z,Z(X)(U) < HuHHgn,z(X) <

(G [[| p——— for some other constants constants ¢(m, s,s,1,¢,%),C"(m, s,¢,1,£,%) >0. N
HleC (X)(o)

Proof. We have that A, s ¢/ € \Ilgfl’é’é(X), S0

”uHH{:émH»m*‘U’Z(X)(U) = [[Ammttmese(o)ul L2 + |’u"H;fZél"(g) = Hu”H{)’?{éé(X)(a) (152)

for sufficiently large N (by the boundedness of the elements of the resolved family b-calculus).

The reverse inequality follows from the ellipticity of Ap, m1,m+e,,¢ as an element of \IfTbnl’ié (X). O

We now check the boundedness of leC-WDOs acting on leC-Sobolev spaces (from the L2-
boundedness of zeroth order b-¥DOs):

Proposition 2.14. For any m,s,s,l,{,mq, s0,0,l0,l0 € R, A € \Ilgg’g’l’g(X), and ¥ > 0, there
exists some constant C' = C(m, s,s,l, €, my, so, S0, lo, Lo, A, X) > 0 such that

HA(U)UHHngSOSOJMO(X)(U) < CHU”H{:érm()vsﬁo’<+€oxl+loyl+fo(X)(J) (153)
for allu e §'(X) and o € [0,3]. [ |
Proof. Pick arbitrary elliptic Ag € W% 0% (X} Then

m, S0)S| _< —
Al oy = IV A@Yul + 1Al oty (159
||u||er"gmo75+501§+<Ovl+10vé+40(X)(o.) = ||A1(J)UHL2 + ||uHHI;II\elc’l+lO’Z+ZO(X)(a) (155)

for N, M not too negative and arbitrary elliptic A; € \I/I?ggmo’”so’gﬁo’IHO’L)MO (X).

For N sufficiently large compared to M (dependent on m,--- ,¢), HA(J)uHwa,zO,eO(X)( ) =
b,leC g

”u"H;f\éfél+ZO»e+eo (X)(o)'

For each M’ € R, an elliptic parametrix for A; can be used to construct 4y € \I’%?é%(X ) C
L>®([0,00); ¥ (X)) and R € \I!gf\gcl’lﬂo’“eo (X) such that AgA = AgA1+R. Then, if M’ is sufficiently
large,

1AoA(o)ullrz < [lAoArullzz + | Rullz2 2 IAvullzz + lull j-anivio oo ) ) (156)

where we have used the uniform L?-boundedness of Ag. Combining the estimates above, we deduce
eq. (153). O

In the rest of the paper, we will abbreviate

i (X)(0) = Hig™ " (X) = Higg™"™, (157)

le le

leaving the dependence on o implicit (and likewise for other o-dependent notions). In particular,
what we call “estimates” will really be 1-parameter families of estimates with multiplicative constants
that — for any fixed ¥ > 0 — are uniform for o € [0, 3].

The following two lemmas will be used mostly without comment in §5:
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Lemma 2.15. For any m, s,s,l,¢ € R, there exists a constant C = C(m,s,s,1,0) such that, for all
u,v € 8'(X) and 6 > 0,

[(u,0) 2| < C- (5 HUHHmsquﬂﬂ!vHH s =s,=t=t) (158)

for all o > 0 for which the right-hand side is finite (in the strong sense that if the right-hand side is
finite, then the left-hand side makes sense using the duality pairing for scb-Sobolev spaces and obeys
the stated inequality). |

Proof. By the parametrix construction, we can find, for each Ny € N, elliptic V = Vy, €
WX such that VF Ay, gcie = 1+ Y for Y = Yay, € Uy a0 Vo N000(X) Then,

211, 0) 2] < 20(Am et V) 2] +20(¥ 0, 0) 2]
771 p—
<5 [ Amscaeulla + Vol + 21V u,v) (159)

| A

5l e+ B0 emeoe + 20V ) ]
On the other hand, for any N1 € N,
2(Yu,v) 2| = 2(z7 (0% + Zz)~* Y u, 2l (02 + Z2)* ) 12|
< g—lnx—l(UQ + Z:c)_é/%lYuHQ Mo +3H$Z(U2 + Zx)£/2_lv||2 _

<8 a0 + Z2)~ @/Mmmoownx (0% + Z2)" |2 _x, 00

b leC b leC

__ _ 160
1
ST Yl 0+ B0l (160)
leC
<5 HYUHHN1 Ny+,Ny+e,le T 5”’UH N1 N1l =N~~~
leC l C
<5 ||u||?{Nl7NO,N1+17N0,N1+Z—NO,I,Z + 5HU”H7N1,7N171,71\114,4,4-
leC leC

Taking Ny sufficiently large, and then taking Ny sufficiently large relative to that, we get [(Yu, v) 2| <
||u|]2 mscie T 6||UH2 “m.—s—c1.—¢- Combining this with eq. (159), we get eq. (158). O

leC leC

Lemma 2.16. Let m,s,<,1, ¢, mg, So, <o, lo, lo € R. Suppose that A € \Ifmsg’l’Z(X) and that we have

some J € N and Gy,...,Gy € \II?G%OOO( ) such that

WL () ¢ U BIEOO(G) (161)
j=1
Then, for each ¥ >0 and N € N, there exists some C = C(A,G1,...,G 5,5, N) > 0 such that
J
4l g oot < O Jull g vovasoesso + NGl g ) (162)
j
for all o € [0,%] and u € §'(X). [ |

Proof. 1t suffices to consider the case of u € S(X), the general estimate eq. (162) following from
this case via continuity.

Via quantizing some explicit symbols, there exist some Gi,...,Gy € \I/?e’%’o’o’o(X ) such that
WE(G;) ¢ BEIp&*?0(G;) and

1,0 00000,
WF (4 U Elle " (Gy). (163)
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We now apply the leC-analogue of the Garding’s inequality- type argument. We can choose
E ¢ \I/?e’g’o’o’o(X) such that

EN)0 (B U EIS00(G)) = df Usf U ff (164)
1,0
WFleC( ) N WF{eC(A) =g. (165)
Thus, every representative of 01%80 0, 0(E*E + GiGy +ot ?jéﬁ) is nonvanishing on df U sf U ff.
We may assume without loss of generality that F, Gy, ...,G; are constant for ¢ > 2%, in which

case (smce (df Ust UE) N {o < 2%} is compact) there ex1sts some ¢ > 0 such that O'O 0.0, Y(E*E +
GiGi+--+ G* G'j) > 2¢ in some neighborhood of df Usf UfF (in the sense that every representatlve
of the prlnc1pa1 symbol has this property, for different neighborhoods). Via an iterative symbolic

construction: for each Ny € N there exists some elliptic B = By ¢ \IJ?E%O -0, 0(X ) such that
E*E+ GG+ -+ GGy — ¢ — BB € U, Jo NomNo00x), (166)

Then, for X = H"9% 000 (X)),

J J
cllAul} < —[|BAul} + | BAul% + Y _1GAul} < |EAu| + Y _IIG; Aull% (167)
=1 =1
J
= HUH —N,—N,—N,l+1g,t+Lo +ZHG UH FpmEmo. g (168)
IC le
7j=1
for Ny sufficiently large, from which eq. (162) follows. O
Lemma 2.17. If m,s,s,1, ¢, mg, so, <0, lo, Lo, M1, S1,61,11,¢1 € R satisfy my > m > mg,--- , 01 >
0> ly, then, for each € > 0 and X > 0, there exists a C(e) = C(e,m,--- ,41,%) > 0 such that
HUHH;:C,S,g,Z,E S GHUHHl'chl,sl,ql,ll,ll + C<6)HUHH1’:((?VSO*§0J07ZO (169)
for allu € §'(X) and o € [0,X]. [ ]

Proof. Fix ¥ > 0. Suppose, to the contrary, that there exists some € > 0, {0} }ren C [0,X], and
{ug}reny C S'(X) such that

1= ||uk||H{encﬁs’<J’f(X)(gk) > e”uk”Hngé’ﬂﬁhll’fl (X)(ok) + k”uk||Hf:é)’80’<o»lofo(X)(Jk)a (170)
i.e., for sufficiently large N, M € N,
1= [Amscre(on)urllce + 127 (of + fo)l_mukHHb—M
> €| Ay 1,60, (O8)ug || 2 + €l (o7 + Z$)ll_el/2uk“H;N
+ K[ Ao s0,50,10,60 (k) ur || 2 + Kllz™0 (0 + Zu’v)lo_éo/%klle—M‘ (171)

Passing to a subsequence if necessary, we may assume without loss of generality that o — o for
some o € [0, X].

By the Banach-Alaoglu theorem, by passing to a further subsequence if necessary, we can arrange
that Ay, 60,0 (Ok)ur, — v; weakly in L? for some wvg,v; € L?(X) and that

7V (0F 4 Z2)i 5 Puy, — w; (172)
weakly in Hy ™ (X), H, NV (X) for some wo,w; € Hy ™ (X), H, V(X), respectively. Since

m,s,6,l,¢
Am—m1,8—81,§—c1,l—l1,€—E1Am1781,c1,l1,€1 € \I’lec (X) (173)
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is elliptic, Lemma 2.12 yields

1= ”ukHHch’s’{’l’e(X)(Uk) j
HAm*ml78*81,§*§1,l*l175*€1 (Uk)Am1,317§17l1,£1 (Uk)uk”L2 + Hxil(az + Z‘/E>li£/2ukHHb*M' (174)

Taking M > N, we will produce a contradiction by showing that both terms on the right-hand side
of eq. (174) converge to zero as k — oo.

(1) For M > N,

x o (U;% + Zx)lo_éo/Quk — xll_lo(a,% + Zl,)lo—ll+£1/2—€0/2wl
= g0 (g} 4 Za)o O (070 (0 4 Za) 0 Puy —wi) — 0 (175)
strongly in Hy M(X). Tt follows that 2h1=0 (07 + Zx)lo=h+0/2=00/2¢p; — wy weakly in
H;M(X), and thus in S'(X). But, it is also the case that
xll_lO (0_]% + Z:L,)lo—ll-i-fl/Q—fo/le s xh—lo (O_CQX) + Zx)lo—l1+l1/2—fo/2w1 (176)
in §'(X). So, in fact,
wo = o (UCQ,O + Zw)éo_ll%lﬂ_eoﬂwl, (177)
and
270 (0} 4 Zaz)lo =00/ 2y — wy (178)

strongly in Hy, ™ (X). We can therefore deduce from the family of inequalities eq. (171) that
lwol| ;-2 = 0, i.e. wo = 0, from which and eq. (177) it follows that w; = 0.
b

But then, by the joint continuity of the multiplication operator
20 (0% 4+ Zz)00/270 1 [0, 3], x §'(X) — S'(X), (179)

up — 20 (02, + Zx)f/2 oy = 0 in S'(X). Now applying Proposition 2.2, we conclude that
vo,v1 = 0.
Via the same initial argument, we deduce that JU*Z(U,% + Zz)!=t/2y;, converges strongly
in Hy™ to ah=!(o2 + Za)=h+0/22/2p; = 0. Thus, ||z} (oF + Zx)l*5/2ukHH7M — 0 as
k — oo. ’
(2) We now consider

A= Am—m1,S—Sl,C—Cl,l—ll,f—él € CO([Oa OO)U; \P];E’_e(X))v (180)

where ¢ > 0 is sufficiently small. Thus, we can write A as the composition of a fixed compact
operator on L?(X) and a continuous family of bounded operators on L?(X). It follows
(since Apyy 1.1 00,0 (Ok)up — v1 weakly in L?) that

A(ok) Ay 51,610,601 (Ok)ug — Alog)vr — 0 (181)
strongly in L?(X). But v; = 0, as proven above, so
[ Am—mi,s—s1.6—c10—t 001 (Ok) Ay sy 61 1,02 (Ok) Ukl [ L2 — 0 (182)
as k — oo.
O

Lemma 2.18. The L2 (X), L2.(X 5)-based b-Sobolev spaces on X and X5 are related by

HM(X) = B2 (X ). (183)
[ |
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Proof. For f,g € L2.([0,Z), x 0X

)
iz omeo) = [ /f ) Vol ()

( /0 f*(p2)g(p2)p2(iﬁl)dVolgaX( ) (184)

I8

~1/2

) g(p*) dp
2/¢9X (/0 p"/2 p”/2 anrl)dV lgax( )
Thus, L2([0,Z). x 0X) 3 f(z) — vV2f(

Hilbert spaces.
This implies that

p?) € p"/2L2.([0,7'/%), x 8X) defines an isomorphism of

L2(X) = 2" L2(X) o). (185)

As follows from the definition [Vas18, Definition 5.15] (see also [Mel93, Definition 4.22] for the case

of classicality at the front face of the b-double space), \I/Zl’l(X) = \I/L”’ZZ(XUQ) for all m,l € R. In
conjunction with eq. (185), this implies that

H () = 0y O LX) = 0,200 o) L2 (X ) = B (X ). (186)

O

For use in §6, we briefly recall the connection between spaces of conormal distributions on XP.,

which are defined L>-based spaces, and the b-Sobolev spaces, which are defined using L?. We have
A U(GR) = 2% (0 + Za) A0, 00) x X), (187)
and

A " (GR) = {u € AXXGR) : [B = ul gy, p] € C(10,00) 5 A°(X1y2))}

loc

AP0 (xoy = 2%(0? 4 Zar) 02N O (xR,

res res

(188)

where £ = F /x and we are identifying level sets of F with zf @ X 1/2- Note that greater indices
a, 0 means greater decay, the convention opposite of that used for symbols and YDOs. We also use
R _70 ) 0
AT XR) = Norcapres Al (X3 (189)
7a577 070 ’B 0 0
A P ONXR) = Narcagepdind” OV (R, (190)

for i, p € R. These are all Fréchet spaces of (locally) conormal distributions on X, that are smooth

at zf° (where, to reiterate, “local” just means that we do not require uniformity as o — oo, only as
o — 01). Via Sobolev embedding,

HyP'(X) € AY2(X) € HPP' () = Ao B (X0, (191)
and each seminorm of A!T"/2 (X)) can be controlled using only finitely many of the norms in the
family {1~ Imem<t

Since, for each a > 0, A ([0,00),; A% (X)) C A} 20=0(XsP) | the preceding observation
implies that

Proposition 2.19. For any function my: R — R,
N N AR, 00)0s HYPH() € A D27 et =00
I<=1/2m>mo(l)

holds for each o € R. L[]

(192)
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Remark. Implicit in the statements above is the identification of elements of A _([0,00)y;.A% (X))

with extendable distributions on X2, which occurs via

A ([0, 00)53 A% (X)) 3 {u(—:0) om0
(i) 3 x> [ u(=io) (i) o] e DGR (198)

We defer to [Mel92][Mel93] for more about conormal distributions. See also [Hin21] for the particular

case of X7 o (where the notation Xt is used instead).

Proposition 2.20. Fiz x € C (X)) supported away from bf and nonvanishing near zf. Then, if

res

(xzdp)*u e A °"O(XR) for all k €N, then u € A?O;’O_’(O’O) (X3P). [ |

loc res res

Proof. We want to show that [E — u|E/x:E] € C>([0,00) 5; A°(X1/2)). Observe that z0p = 95
away from bf, where the partial derivative on the right-hand side is taken with z held constant.
Consequently, the k = 0,..., K + 1 cases of (xz0g)*u € A?O;’“*’O(ngs) together show that

[E — ulp] € CK([0,00) 5 A% (X1 2)). Here we are using that, given v € AP 070 xsp

loc res
1B = 0l ] € A%([0,1) 55 A° (X1 2)) = A%([0, 1) g A°7 (X)), (194)
Since K can be taken arbitrarily large, we conclude the claim. O

Remark. As the argument shows, each Fréchet seminorm of u € A?O_C’O_’(O’O) (X)) is controlled by
finitely many Fréchet seminorms of (yzdg)Fu € .A?O*C’O*’O(X SP ) for finitely many k. In other words,

the map
T AL (X2 N {{(xadp)Fulpsy - uw e A O (XR)Y o {(x2dr) uli,
k=0

—ue A0 OO (xy (195)

loc res

is continuous when we endow the domain with the topology of []7— A?O‘C’O‘”(ngs).

3. THE CONJUGATED PERSPECTIVE

We now construct the “conjugated” operator P = { P(0)}s>0. Given some
{f(=50)}020,{9(=50)}o0 C CF(X7)

and a family of differential operators {D(o)},>0 C Diff(X°), we use the somewhat abusive notation
fDg=A{f(—;0)D(c)g(—;0)}s>0 C Diff(X°) to denote the family of differential operators

MfDMg = {Mf(f;U)D(U)Mg(f;U)}Uzoa (196)

where for h € C*(X°), M} : CX(X°) — C°(X°) denotes the multiplication operator C°(X°) 5
¢ = hp. For us, f,g will be of the form f(—;0) = exp(—i®(—;0)) and g(—;0) = exp(+i®(—;0))

for some ® = {®(—;0)},>0 C C*(X°). The conjugated operator P is defined by
P = Mexp(—i@)PMexp(—l-iCI)) = e Ppett® (197)

for our eventual choice of ®.

As discussed in the introduction, ® had ought to be determined to an order or two (including
logarithmic terms) on XP. by the actual asymptotics of solutions of P(o)u = f for f € S(X).
Rather than determine what ® should be in this manner (that is by solving the PDE, or a model
thereof, to a sufficient degree of accuracy), it is actually easier to work backwards, meaning to find
the asymptotics of solutions to the given PDE by first finding a choice of ® for which P has a
workable form, where “workable” roughly means qualitatively similar to the conjugated operator

in [Vas2la]. (We will then have to actually show that this choice describes the asymptotics of
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solutions to the PDE.) Such a choice has already been stated in the introduction, §1, eq. (57), and
the resultant conjugated operator is computed below. We now motivate that choice. Consider the
model operator Pyjogel € Diff2 ([0, 00),) given by

Pyiogel(0) = —(1 + :16@00)(:1:2830)2 + (a(o) +n — 1)x38z — o2~ Zz, (198)

where agg,Z € R, Z > 0, and where we require agp < 0 for simplicity. This captures the leading and
subleading terms of P(o) in W, (X), modulo the terms involving nonradial derivatives (which can
be expected to be unimportant — i.e. under symbolic control — based on considerations similar to
those in [Vas21a]). For ®(—;0) € C®°(R} x RY), let

Prtodel = Mexp(—ia) Patode Mexp(+i0) = exp(—i®) Puodel exp(+i®). (199)

This will be qualitatively similar (%t least with regards to the sc-calculus) to Vasy’s conjugated
operator family (with Sayx = 0) if Pyjodel is equal to

)2
x(n2)) + 2i(1 + zag)Vo? + Zz — o2agox(220,)

-1) = Zz? 1

modulo terms which are two sc-decay orders subleading at sf and ff (in particular in 22 Diff%.%(X)
for ¢ > 0 and 2 Diﬁ:éO(Xl/Q) for 0 = 0, where X = [0,00);). The specific form of the lower order
terms in eq. (200) bears comment: the operators x29, — x(n — 1)/2 and

n—1) Zax? 1
2 4 (0% +Zx)'/2

PGoal = _(1 + anO)(xza:c -

(0% + Z2)"?220, — x(c? + Zl’)l/2< (201)

are both formally anti- self-adjoint with respect to the L2([0,1), 2= (D dz) = L2.[0,1) inner product.
Indeed, for any f, g € S(]0, 0)),

/ [ (@)sg(w)a= D do = — / (0 f)"g(x)e™ "D da + (n 4 1) / () sy as,
0 0 0
. (202)
so, as bilinear forms S([0, 00))? — C,
0y = =0+ (n+1)/x, (203)
(2%0,)* = 2208 + (0%, 2% = =220, + x(n — 1) (204)
and
(Vo? + Zz2?0,)* = Vo? + Za(220,)* + [(220,)*, Vo2 + Zx]
Z2? 1 (205)

= o2+ Zzz?0, + x(n — D)Vo2 + Zo — — ——x,
( ) 2 Vo?+1Zx

which implies the claimed anti- self-adjointness. The (1 + zago) terms in eq. (200), along with the
—o%agox under the square root, spoil anti- self-adjointness or self-adjointness, but only negligibly.
Thus, the terms in eq. (200) have definite adjointness modulo negligible errors.

As a preliminary step towards Pgeal, we can conjugate away the (a +n — 1)z20, term in eq. (198),
getting

2= (@02 Py a2 = (1 4 zago) (228,)? — 02 — Za mod 2% Diff 0 (X). (206)

The z(n — 1)/2 terms in eq. (200) can be conjugated back in at the end (and the last term in
eq. (200) will be included automatically for self-adjointness reasons). Conjugating eq. (206) by
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exp(+ip) for a to-be-decided p(x;0) € C®(R} x RY), we get

ety (atn=1)2p o pletn—1)/2etio —(1 4 zag)(z?0, + i$2(p/)2 — 0% — Zz mod 22 Diff;éo(X),

(207)
assuming the contribution from the first order term in the remainder in eq. (206) is negligible. It is
not unreasonable to expect (perhaps based on the Z = 0 case) that, for our eventual choice of ¢,
the leading order new contribution to eq. (207) is x4(¢’)2.

Since the Coulomb term in eq. (207) is subleading order relative to o, we should really be keeping
track of the new contributions to one subleading order. To this order, the new contribution to
the effective potential is 2*(1 + zag)(¢’)? (assuming the terms with second derivatives of ¢ are
negligible). Thus, we seek to arrange

4 (1 + zagy)(¢')? = 02 + Zz mod 22C*>(X). (208)

Multiplying through by (1 + zag) ™! = 1 — wago mod 22C>°(X), this suggests setting x*(¢')? =

0 + Zx — 0%agoz, the solution of which (up to an arbitrary additive constant and conventional
choice of sign) is

1 o 1
2 2 2 ;
o(z;0) —\/O +Zz — o%agpr + — (Z — 0“agg) arcsinh (x1/2 Z- aano)l/Q)' (209)
Recall that arcsinh(z) = log(z + (1 4 22)/?) for all z > 0. Expanding arcsinh(z) in Taylor series
around z = 0, we see that the apparent singularity in Equation (209) at o = 0 is removable (to all
orders), and hence ¢(x;0) defines a smooth function on R} x R,, and it is even in 0. We observe
that, given eq. (208), the 2*¢” term in eq. (207) is indeed negligible except at the ff, where there is
one non-negligible contribution, and it is precisely the final term in eq. (200) (modulo negligible
terms).
Given this definition of ¢, e~z =(0tn=1/2 Py q2(0+n=1)/26+i% i given, modulo z2 Diff,?(X),
by
— (14 zag) ((220,)* + 2i2t¢' 0, — ztp' ¢’ +i(2%0,)%p) — 0% — Zx = —(1 + zagy) (220, )?
— 2iz*\/0? + Zx — 02a00x0, + i(220,)%p) mod C°(R,2; 22C>(X)) (210)
0:=2,-5,-2,-5

(plus the term in Diff that results from applying the first order operator in the
22 Diff1,0(X) remainder in eq. (207) to ¢). We can now add back in the x(n — 1)/2 terms:

e—igol,—a/QPModele—&-igpxa/Q = Pgoal mod Difflle’62’74’72’74 . (211)

So, at least in this model case, conjugation by e*® = exp(+ip — (i/2)alogx)) has the required
properties.

Returning to the full problem, we consider the family ® = {®(—;0)},>0 of ®(—;0) € C®°(X°xR})
given by

1 1 '
O(z;0) \/02 + Zx — o2agox + — (Z — oago) arcsinh (xla/2 Z- 02%0)1/2) - %alog x. (212)
Observe that (after removing the removable singularity at o = 0) eq. (61) holds. We then define,
for each o > 0,

P(O‘) =M, is(—0y P(0)M tiv(—0), (213)

e e
i.e. P = exp(—i®)P exp(+i®). Thus, P(c) € SDiffs.(X) for each ¢ > 0, and the coefficients all
depend smoothly on ¢ all the way down to o = 0 in compact subsets of X°. Of course, this does
not mean that [0,00), 3 o+ P(0) € SDiff2%(X) is smooth all the way down to o = 0. This map
is continuous for ¢ > 0 but discontinuous at ¢ = 0, as can be verified by computing sc-principal
symbols.
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Let Py = e "®Pye™™® P = e "®Pe™™® and P, = e *®Pye™®, where Py, P;, P are as in §1. We
have:

Proposition 3.1. For each 0 > 0, 150(0) s given with respect to the boundary-collar v by

Py(0) = —(1 4 zago)(2%9,)? + 22 Dox + (n — 1)a30, + L(o) + Veg(z; 0), (214)
where
_9; 2 — 2 _n-1.Z =z \_ 4
L(0) = 2iz(1 + zag)Vo? + Zz — o aoom<x&,¢ 5 + 157+ Zx) aapox” Oy (215)
and Vg € 220 (X3R). n

Proof. We work on X = [0,Z), X 0X.
We may write Py = Py + e *®[Py, eT?®]. Observe that

[Py, ™) = —(1 4 zago)[(2%0,)%, €'®] + 2% (a + n — 1)[0,, €'®] + 22 [Aox, €] (216)
e*iq)[(a:Q(?x)z, eiq)] = 2iz*®'9, — 2P’ D' + i(a:28x)2<b (217)
e [0, "] = id/ (218)

e [Apx, ] =0, (219)

where the primes denote differentiation in x. (If a,agy were nonconstant functions on 90X, then
eq. (219) would not hold. This is ultimately the reason for assuming that a, agg are constant.) Thus,
if we set

L(0) = ax30, — 2ix* (1 + 2agy)®'0, + Via, (220)
Veg(2;0) = —(1 + zag)(—z1®'® 4 i(220,)?®) + iz*(a+n — 1)® — Vap — 0> — Zz (221)

for

Vaa = —2iw(1 + waoo)\/0'2 +Zx — 02a00x( (222)

n—1 Z =z
2 402+ Zx)’
then eq. (214) holds, and it only remains to verify eq. (215) and the fact that Veg € 22C°°(X5R).
We compute that

1 ra N 2
+2d'P = x4(; Vo2 +Zx — o2ap0z + E)

2x
2242 (223)
=02+ Zx — o2agox + iax/o? + Zx — o2agpr — T
2 2

94D ar® i o (Z — o%an)
(228,20 = 2% L : 9294
i(z70x) 2 2" (024 Zx — 02agox)1/? (224)

. 3&/ axQ . 2 2

+iz® = 7—13}\/0 + Zx — o%ano. (225)

From eq. (225) and eq. (220), we get eq. (215).
When adding up the various contributions to Vg, as written in eq. (221), a few key cancellations
happen by design:
(I) the first 02 in eq. (221) (coming from z*®'®'  eq. (223)) cancels with the last —o? in
eq. (221),
(IT) the first Zz term, also coming from z4®'®’, cancels with the —Zx in eq. (221), so that the
original Coulomb-like term has been “conjugated away,”
(IIT) multiplying eq. (223) by (1 + zago) the terms in (1 + zago)(c? — 02agox) linear in agg cancel
per difference-of-squares,
(IV) the iaz(c? 4+ Zz — 0%agox)'/? term in eq. (223) cancels with the term in iaz3® coming from
the last term in eq. (225).



HYDROGEN-LIKE SCHRODINGER OPERATORS AT LOW ENERGIES 39

(V) The iz(0? 4+ Zz — o2agox)"/?(n — 1) term in Vig coming from Vga cancels with the identical
term in i(n + 1)z3®’ coming from the last term in eq. (225).
All in all, Vg is given by

2
aoo(Z — o%ago)z? +iago(a +n — 1)z Vo2 + Zz — o2agox — [(1 + zag) (QZ + %) — g(a +n— 1)} z?

. ix(l n ){ Zx — cagox Zx
— Ta
2 (02 + Zz — 02agyx) 1/ o2+ Zx

It is clear that the first line of eq. (226) defines an element of 2z2C®(XSP). On the other hand,

res
—(iz/2)(1 + zago)o2agoz /(02 4+ Zx — o2agoz)'/? is in 22C°°(XR) as well. Thus, it remains to verify
that

— (6 + Zz — o?agoz)*/? } (226)

Zx
(02 + Zz)1/2

2 € 2C™(XP), (227)

2 1/2
— (0% 4+ Zz — o*apox) / oD

o2+ 7x
i.e. that

0 2&00$ 1/2 2 1/2 oo ( ys
— — P
1 (1 5 w) € (0% + Zx) 'O (X}R). (228)

This is of course not true for each term on the left-hand side individually, but we can expand
a2a00m 1/2 (720,[)01'

_ 2 200y — 1 mod — 202

( o2 + Zx) mo o2+ 7Zx

(since f(¢) = ¢H(1 —¢)V? —1) € O°(~00,1)¢, f(o?agox/(0? + Zx)) € C°(X:R), which implies

res
eq. (229)) so in fact eq. (228) is true with some room to spare. We can then conclude that Veg is in
22C>®(XP). O

res

(X3P = 1 mod 20 (X3P,) (229)

res res

Proposition 3.2. The family L = {L(0)}s>0 € Diffllé%’_Q’_l’_?’(X) satisfies
oagox 1 n—1 Z T
—9; _ Vo2 _ -z
L—22(1+xa00)(1 5 02+Zx)x o +Zx<x8x 5 + 4(72—1—ch)
mod Diff; o> >4 7%(X)  (230)
near 0X. n
Proof. Tt suffices to restrict attention to X = [0,Z) x 0X.

We refer to eq. (215). Expanding (1 — o2agoz/(0? 4+ Zz))V/? = 1 — (1/2)02agez/ (0% + Zz) +
O(o*2?/(0? 4+ Zx)?) in Taylor series, we deduce that

) _
g agox )\/02+Zx—\/0'2—{—2.%—0'2@0013)(«758&:—”21+§ Qiz )
o A

e Diff o> T(X). (231)

2iz(1 + xaoo)((l )

Thus,

2
. o agox 1 n—-1 Z T
L= 22(1 + xa()(]) (1 — 9 o2 T Zx)ZC\/ o2 + Zx(x@w — ? + Zm) — aa00x4am

mod Diff o>~ "*77(X). (232)
On the other hand, aagoz*d, € DifflléEQ’_S’_S’_G(X). We conclude eq. (230) from the above. O

Proposition 3.3. P, € DinlQég’_Q’_l’_3(X), and

-1 n E T )
2 402+7x
mod Diff g3 27 (X). (233)

Py = —(520,) + 22 Dox + 2iav/o? + Za (20, — ©
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[
Proof. We have L(o) € Diﬁlle’%’_z’_l’_3(X) and
—(2%0,)* + 22 Nox € D1ff12e?J B '
zago(229,) € Diff e b 7375 (X) 234)
(n —1)2%9, € Diff .oV >4 (X)
Veg € Diff 72 74(X).
Thus, by Proposition 3.1, Py € Difflze’g’_Q’_l’_?’(X), and
Py = —(229,)? + 22 Nox + L mod Diffyg 57274 (X). (235)
Simplifying L modulo Diff}; Cl 32, 4(X) using Proposition 3.2, we get eq. (233). O

Proposition 3.4. For some Yq,...,T; € SDlﬂ'lleal 42 5(X) which near 0X are given by
T, = iz'®'b; P, ;, we have

J
Pi(0) = Py(0) + Z T, +R (236)

for some R € C*(0,00),2; Diff2(X)) which is supported outside of some neighborhood U C X of
OX. Thus P, = {P1(0)}o>0 € Sleffeal TIT2INXY) IF Py ois classical to order By > 0, then

Py € Diffpc 72T (X) + SDiffg TR R A ), (237)
n

Proof. First observe that xP; € C°°([0,00),2; Diff?(X°)) for any x € C(X°). Now let Pjext €
C*>([0, 00)42; S’Diffzc’EIﬁB(X)) be equal to 2P, ;b;0, near X. Now define
Tj = e P [Pjext, "] = €T [(1 = X) Pext, €] + €7 [xPext, €717, (238)
where y is identically equal to one in a sufficiently large open set such that 1 — x is sup-
ported in a neighborhood for which eq. (46) applies. Evidently, we have e™*®[xPjext,e®] €
C*°([0, 00)42; Dlﬁ'Z(X\U)) for some neighborhood U C X of X. On the other hand, e " [(1 —
X) Pjext; 7] = i(1 — x)z1®'b; ;P j,s0T;=e P[P} oxt, €7®] near 0X.
We now write
Pl =P + eiiq)[(l _ X)P1,6+iq)] + efid)[XPl’eJri@]
J ) . 239
=P+ Z Tj + G_ZCD[XPL e—H@]. ( )
j=1
Set R = e *®[x Py, e™™®]. Then eq. (236) holds, and R € C™(0, 00),2; Diff?(X)) is supported outside
of some neighborhood U C X of 0X.
We observe, from eq. (46) (and Proposition 2.10), that

Py e SDiffyg 47370 X) + S Diffs b T (X) € S Diffpg T TR T (X)), (240)
Since Y1,..., Y€ SDifflléal’_4’_2’_5(X) (and the same holds for R, trivially), we conclude that
Py € SDiffp (X)), (241)
as claimed.
If, bj,bg,bg’ satisfy eq. (50), then the conclusion is similar, except now we can write P; €

Diffg (X)) 4 2P S Diffoc T TP TH(X) and
T1,..., Yy e Diffg Tt (X) 4+ M S Dt T TR (X)), (242)
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which leads to the conclusion eq. (239) as a strengthening of eq. (241). O
Proposition 3.5. Given § > 0 such that Py € C*°([0, 00),2; SDiffzégl_é’_?’/Q_&(X)),
PQ = {PQ(O’)}JZQ S SDiﬁlzéa1_6’_3_25’_1_6’_3_26(X). (243)

If Py is classical to order (32, (3), then we can write

f)2 — {P2(0')}020 c Diﬁ‘12é62»*47*27*4(X) + SDiﬁ‘ija1*527*3*2527*1*527*3*252 (X) + 1‘3/2+6350(X).
(244)
[ |

Proof. We restrict attention to X = [0, ), x X, which suffices by an argument similar to that in
the proof of Proposition 3.4.

Let y = (y1,...,Yn—1) denote local coordinates on 0X. In terms of these, we can write
n—1 n—1 n—1

Py(o) = ° {x‘r’c@g + 2t Y 0.0y, + 2 > jr0y,0y, + dat0, + Y da*o,, + xS/Qe] (245)
J=1 Jk=1 j=1

where {c,d, e} U{c;j,d;,cj ;‘;il C C*([0,00)0; S°(X)) and ¢;; = cj. We then have

n—1 n—1
Py(0) — Py(o) = 2° {2ix5c<1>/8x + iz? Z ¢j(D'9y, + 0y, 08,) + 23 Z Cj kOy; POy, — :c5c<1>/(1)/]
J=1 gk=1
n—1 n—1
+2° [ixf’c@” + a2t ) ¢(i0, @ — 90, @) + 2 > ¢ji(idy, 0, P — 8yjq>ayk¢»)}
=1 Jk=1

n—1
+ 2 [ida’® + Y id;a0,, 0], (246)
j=1
i.e., since ® does not depend on tangential coordinates,

n—1
Py(0) — Py(o) = 2° [2ix5c<l>’8x + izt Z c;®'0,, — 2°c®' @' + iz’ cd” + idm?’(ID'}. (247)
j=1
It follows from eq. (225) that
1’3+6d@, c \I/?e,al—(s,—g—Q(s,—l—é,—S—Q(s(X)’ (248)

2D e ‘I/?éal_é’_4_25’_1_6’_4_26(X) by eq. (223), and 25" € ‘P?é62_6’_5_26’_2_6’_5_26(X)
by eq. (225). On the other hand,

x5+6¢/8x7 x4+6¢/ay] c \P%é61*6,*4725,7275,75726 (X) (249)

by eq. (225). Combining the observations above, in particular eq. (248) and eq. (249), we conclude
that

P,— P e SDiﬁ'lle’a1_6’_3_25’_1_5’_3_25(X). (250)
By eq. (245) (and Proposition 2.10, eq. (136)),
P2 c SDiﬂ'i;é1_67_3_267_2_67_4_26(X) + SDiﬂ'?éa3/2—5,_3—25,—3/2—57—3—2(5(X)
CSDiHIQe,(—j1—5,—3—25,—3/2—6,—3—26(X), (251)

We conclude eq. (243) from eq. (250) and eq. (251).
If eq. (51) holds, then instead of eq. (250) we conclude

Py — p2 c Difflle,alf&*?ﬁi’)(X) + SDiﬁ*lleglfﬁz,*3*252,*1*527*3*252 (X), (252)
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and instead of eq. (251) we have

Equation (244) follows from eq. (252) and eq. (253). O

Proposition 3.6. P ¢ Di ff?eg 2L X 4 SDiff?éal’_g_%’_l_é’_?’_%(X), with P = Py mod

SDiﬁ’lze’al’fgfzts’*l*&’*:g*%( X). If Py, Py are classical to orders 31 and (2, 33) respectively, then
P e Diffy & >3 (X)) + 2P S Dift g TN X)) + P28 Diff g T T (X)) 4 2%/ 80(X).

(254)
Moreover,

5 20 12 2 . n—1 Z T
P=—(z°0;)" 4=z Aax+2m\/02+2x(az8w— 5 +Z(72+Z:c>

mod Diffps ™73 74(X) + S Diffp 3200 (X (255)

P = —(220,) 4+ 22 Dox + 2ix(0? + Zx)/?20,
mod Diffp 73 (X) + S Diffp 32020 (X)) (256)
|

Proof. We have P(c) = Py + P, + P,. As seen in Proposition 3.4 and Proposition 3.5, P, €
SDiff2g ™2 4(X) and Py, € S Diff2g! o320 g0
Py + Py € SDiff2g 3720717073720 ) (257)
(where we are using § < 1/2). Likewise, if Pj, P, are classical to orders 1 and (f2,3) then
Proposition 3.4 and Proposition 3.5 yield
Py + Py € Diff g b X) 4 2P S DIt T AT (X) + P28 Dt TR (X))
+x3/2+5350(X). (258)
By Proposition 3.3, Py € Diﬂ'i’g’ﬂ’*l’*g(X), so P is in the claimed spaces.
Furthermore, by eq. (257), P = Py mod SDiﬁ‘lial’*g*%’*l*é’f?’*%(X). Combining with Proposi-

tion 3.3, we get eq. (255).
U

To conclude this discussion, we let
- - - . n—-1 Z «x
N(P) = {N(P)(@)}oz0,  N(P)(0) = 2ia/o0? + Z (w0 — +15>-) (259)
2 404+ 22
denote the leC-normal operator, defined initially near 0X. To avoid technicalities, we extend

N(P)(0) to a differential operator on X° such that, in any compact subset of X°, N(P)(c) depends
smoothly on E = o2, all the way down to o = 0. Thus:

Proposition 3.7. N(P) € Diff . *(X). 0

The following proposition justifies the term “leC-normal operator:”
Proposition 3.8. N(P) — P € SDiffpg >~ "% (X) C SDiffy . "> *(X). If P, P, are
classical to orders (1, and (B2, f3) respectwely, then
N(P) — P e Diffpg > 27 4(X) + 2P 8 Diff oo 5727 H(X) 4+ P25 Diffh (X))
+ 2328 80X, (260)



HYDROGEN-LIKE SCHRODINGER OPERATORS AT LOW ENERGIES 43

Proof. We have N(P) — P(¢) = (N(P) — Py) — P, — P,. We first check that N(P) — P €
§ Diff2g 215528 x)
e By eq. (257), P, + P, € SDiﬁfég’_z_l_é’_g_%(X), and by eq. (234) the same holds for
Py — L, so it suffices to check that

N(P) — L € Diff 2%~ 27 17073720y, (261)
Indeed, by Proposition 3.2,
N(P) — L € Diff > "> 7%(X) + 2 Diff 25> " 3(X) + oz /(0® + Zz) Diff 2>~ (X)
C Diffy > 270 (X) + Diffyg AT (X) + Diffe TR (X)
= Diffy o R(X)
C Diffl?ég’*l*l*‘;’*?’*%(X)_

(262)
If Py, Py are classical to orders 31, (B2, 33), then we instead get eq. (260). O
We now consider the L2.(X) = L?(X, go)-based adjoint P*, defined such that
/ f*Pgdvol,, = / (P* f)g dVoly, (263)
X X

for all f,g € S(X). This is a family of differential operators and, by Proposition 2.10, an element of
SDiffli’g’_z_l’_g(X) C \11126’%’_2’_1’_3()(). We form the differential operators
= 1 5 = S
RP = §(P—|—P*), SP = ?(P—P*), (264)
i
the self-adjoint and anti- self-adjoint parts of P.

Proposition 3.9. For any ezactly conic metric go, there exists a differential operator R = Ry, €
S Diffg 032000 (X sueh that

J
P*=P+(Pf—P)+> (T;-T;)+R, (265)
7=1
and, near 0X,
Y5 € 2%0SY(XER) Diff' (0X) € SDiffy g~ 277 (X) (266)
P =Y [ = a?Pt (65220, + ab. ;) + 236 Py - + 22" Qhy ;] € SDiffpc > 37 (X)  (267)
for some by1,- -+ by € SO(X). [ |

Proof. 1t clearly suffices to restrict attention to X = [0,Z), x 0X, that is to compute the formal
adjoint of P with respect to

L2.(X) = L*([0,2), x 80X, z~ ™D dzdVol,, . (v)) (268)
up to the required order.
Begin with Py, which we rewrite as

x(n—1

~ 2
Po= (14 za00) (120, — "V 42—t agos + Do) 4 W (269)

for W € 22C>°(X5R).

e We see that 22Agx = 224\, is formally self-adjoint on L2 ([0,Z) x 9X), and
e the adjoint of W is its complex conjugate W* € 22C°°(X5R).

res
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* We also have agoa'd; € SDiffiic™ > (), thus (agoz!d,)" € S Diffyc™ > 6<X>
e On the other hand, 220, — z(n — 1)/2 is formally anti- self-adjoint on L2.([0,Z) x 0X), s

[0+ wago) (220, — ")) = (220, - TV 0 4 )

2
=(1+ anO)(l’an - m(n21)>2 + ago KCL’Q&C - x(n21)>2,x}

— 1)\ 2
33(712)) + 2a002t0, + (3-— n)aoom?’.

e By the same computation opening this subsection N(P ) is formally self-adjoint. So, by
Proposition 3.2,
L* = L+ [N(P), (1 + zago)(1 — 0%agox/(0? + Zz)™)] mod Diff o>~ > > 7(X)
= L+ 2izVo? + Za[x0,, (1 + zao) (1 — oagx/(0* + Zx)~ 1)) mod Diffllé62’_5’_3’_6(X) (270)
= L mod Diff ;> > 7> 7%(X) = L mod Diff ;5> 7> (X).

= (1 + $a00) (l’gam —

So,
By = Py mod SDiffyc > 74(X). (271)
On the other hand, we trivially have from Proposition 3.5 that
Py € SDiffp ! 7037200170520 0y (272)

Now define R = P* — P — (P} — P;) — Z}]:ﬂr; —T;), so that eq. (265) holds by construction.
Rearranging this definition,

R= (P — R+ (Pf = P1)+ (P5 = P) — (Pf = P1) = > (Y5 = 1))
(273)

J . J
= (Pék — Po) + (P2* — Pg) + ([Pl — P — ZT]} — |:P1 — P — ZT]})
j=1 j=1
Thus, using eq. (271), eq. (272), Proposition 3.5, and Proposition 3.4,

R € SDiftLs>~+~274(x) 4 §Dif%; 1 ~d-3-2-1-0-3-29 x)
— SDift25 I3y oy

as claimed.
Equation (266) follows from the observation that T; = —izt®’ bjP] ; near X, where Py ; is
computed using the L?(0X, ggx )-inner product. On the other hand,
J
Py =30 [Pt (@*0,)" + [(%0,)", 2b5)) + 20 Pix + %" Qx|
J=1
J
=> [PL] (20} (—2%05 + x(n — 1)) — x[xd,, 2°b5]) + 2V Pox ;i + be;’*QgXJ} (275)
7=1
J
Z [PL (@25 (=a0, + w(n — 1)) — 22°65 — 2 (20,0))) + 20 Py + 226" Qbx ]

[y

near 0X, where bj, b, b] are as in eq. (46). Equation (267) follows from this, for some choice of
by j- a
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We see from the above that
P € SDifElléal’_4’_2’_5(X) +S5 Diffféal’_?”_z’_4(X) + SDiffféal_é’_g_%’_1_5’_3_2‘5(X)
C SDiffpg 0TI xy  (276)
Thus, SP is one order lower than P at sf and ff and slightly lower order at bf and tf, and we

have been entirely explicit about the leading terms of SP (namely P, and Q7;) at sf and ff, the
remainder (2i) 'R being slightly more than one order lower than P at both faces.

4. THE SITUATION AT ZERO ENERGY

In this section we consider P(0) and P(0) in some detail. Specifically, we apply [Vas21a, Theorem
1.1] to study the strong limit
R(E = 0;Z +i0) = slim, g+ R(E = 0;Z + ie) (277)

used in the statement of Theorem 1.1 to characterize the resolvent output at zero energy. The
mapping properties of this operator will be used in §6 in order to prove the smoothness of the
output of the conjugated resolvent at positive energy all the way down to zero energy (as used e.g.
in Corollary 1.3).

Recall that z/, = 271/221/2 Then, from the form eq. (44) of Py,

Py(0) = —(1 + 2@@00(0))@% )2+ 4:,:‘% Nox + 2:1:5% [a(0) +n — 1]0,, — 22:132
2

3
= —:cQ%(l + 2x2%a00(0))(:c228 l) +4x1 Nox + 223 { (0)+n— 5 xéaoo(O)}&u — 22x2%.
2 2
(278)

(Recall that we are notationally suppressing the dependence of agg,a on y € 9X.) (The extra
—:L‘i’/20x1/2 in eq. (278) is the source of the (02 4+ Zx)~'/* term in eq. (10).) Therefore

vy P P(0)2l; P = —(1+ 222 2000(0)) (2 %)2 + 423 Box — 22
3n

+ a3 {2a(0) +n—1-2(n— 1):17%&00(0)}335l + (n—2) {a(O) + Vil g - nfviaoo(())}xi. (279)

Thus, x, /2 n/ 2PO(O) /1+n/ 2 e Diff},(X1/2) has the same form as the conjugated spectral family at
positive energy, except with respect to @1/, instead of x (and with an extra short-range potential in
eq. (279)).

We generalize this observation:
Proposition 4.1. If g is an asymptotically conic metric on X, and if we set gy/5 = m%/Qg, then
there exists some Ve € x2S°(X) such that

1-n/2 A —14n/2 _
531/2”/ Dgy / 1/2A91/2 + Vesr. (280)

holds. [ |

Proof. We first want to show that x}/_;ﬂﬁgxl_/l;nm %/QA
function on X°). Indeed, A, = x%/QAgl/z + (0 —2)w1 )5V

g1, 18 zeroth order (and therefore a

91/2x1/27 S0

1-n/2 —14+n/2 2 —14+n/2 2
x1/2/ Ag%/; /2= S TAY +951/2/ Agl/2x1/2+ P4 (n- 2)361/291/2((1901/2,(1%/2 22). (281)

It is therefore the case that x 1-n/ 2Agx;/12+n/ 2 -z /QA

1/2 = V;ﬁ for

g1/2

3—n/2 —14n/2 2
Ve = /o / A91/2x1/2+ 2y (n— 2)x1/ggl/2(dm1/2,dx§/2 2/ ). (282)
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Since gy 9 is an asymptotically conic metric on X/, (see below), the fact that Veg € 225%(X) can
be read off eq. (282), but we check in local coordinates.

It suffices to restrict attention to a neighborhood of 0X. Let yy,...,yn—1 denote a local system
of coordinates on dX. Then, using g = xl_/22 91/25

79 —n ij
Dy = —|gl/2/‘1 0@ 912 297)50))
; (283)
T1/9 ij i
= —‘|gl/£11ﬂ2é%(|91/2‘1/291?26%) 4‘(7L“ 2)$1/29?/26%
where dy = Oz, ,, and 0; = 9y, for i =1,...,n — 1. Conjugating the right-hand side of eq. (283) by
(n—2)/2
19 , we see that
2
1-n/2 —14n/2 12 ij _
2y Dy = —191/2/“/2 0i(191/2'%9)50;) + 4" "n(n — 2)g1),
(284)
Tij2 n—2 i _
=275, — ‘91/2/|1/228i(|91/2|1/291(}2) +47'n(n - 2)g,-

Since g?% € x‘ll/ZSO(Xl/Q) = 225%x), 47 In(n — 2)9?92 € a:‘ll/zSO(Xl/Z).
Likewise, we see that |g1/s|7/200|g1/2|"/? € 331_/1250()(1/2)7 9172171205 g1 2| € 5°(Xy5) for
1#0, and
09" € x1/55°(X1/2) (285)
for ¢ # 0. So,
Ti/2 n—2
el 2

Vet = 3i(|g1/2!1/29i(}2) +47n(n - 2)g))y € 55111/250()(1/2) =2%8%(X).  (286)

n

Observe that if g is an asymptotically conic metric on X, then g, /5 is an asymptotically conic
metric on Xj/p. Indeed, g1/3 is certainly a Riemannian metric on X° = X7 /2> and it is a sum of
x% /2905 which is exactly conic on X /5, and terms in

2?C™(X;%Sym* T* X)) C a7 ;0% (X;°Sym® T* X j5), (287)
2?980(X ;5 Sym? T* X)) ¢ xf/g%so(x; Sym® T* X1 o). (288)

Consequently, by Proposition 4.1, if P is the spectral family of an attractive Coulomb-like Schrodinger
operator, then

2P p0)eT Y = 72 (o YA L P (0)a L2 (289)

1/2 1/2 = Ty/9\Ty /9 1/2
is a member Py(2Z) = Ay, ,, —2Z— W of the spectral family {Py(¢) = Py(0) —}¢>0 of a Schrédinger
operator

91/2

Py(0) =Dy, , + W (290)

on Xy, where the potential W € zS0(X) = $%/2SO(X1/2) is short-range.

Thus, Py(2Z) satisfies the hypotheses of [Vas21a, §3], with 21/2Z'/2 in place of o and X2 in
place of X. Moreover, as seen from eq. (61) with a = 0, the phase ®(—;0) is just that used by
Vasy’s in his conjugation. Thus, P(O) has the form of Vasy’s conjugated operator (with 21/271/2 in
place of o and X /5 in place of X). In order to denote the Z dependence of P(0) and P(0), we write

g1/2

P(0) = P(0;2) = ), * Po(22)7 ;" (291)
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and P(0) = P(0;Z). For € > 0, let P(0;Z + ie) denote P(0) with Z replaced by Z + ie. Since
S(X1/2) = S(X) and §'(X; /) = §'(X), the limiting absorption principle (as in [Mel94]) applies in
the following form: for € > 0, the resolvent

Ro(2Z + 2ie) = wy )y " R(0;Z + ie)a}, " - S(X) = §'(X) (292)

of Py(0) (evaluated at “energy” ¢ = 2Z + 2ie) — defined e.g. via the functional calculus — admits

a strong limit :617/127"/2}3(0; Z+ iO)x;/l;nm : S(X) = S'(X). Using [Vas2la, Theorem 1.1], we can

construct this resolvent as a map between suitable Sobolev spaces using the conjugated perspective:

Proposition 4.2. If P(o) is the spectral family of an attractive Coulomb-like Schrodinger operator
on X, then, for any m,¢, ¢ € R satisfying { < —3/2 <,

P(0;Z) : {u € HG 220, 5) 2 P(0)u € Hig, A 0 )y
N H:Zgz,<+3+n/2,é+3+n/2(Xl/Z) (203)
is invertible, and the inverse
R+(0; Z) : H:Zg2,§+3+n/2,€+3+n/2(X1/2) N H:Z];§+n/2,€+n/2(X1/2) (294)

is related to R(0;Z +i0) by the formula et =0 R, (0;2)e (=9 f = R(0;Z +i0) f, which holds
for all f € S(X). [ ]

Proof. Suppose that we are given m, | /2,012 € R with £, 9 < —1/2 < ¢ /5. Then, combining the
observations above and [Vas2la, Theorem 1.1],

67i¢(7;0)P0(22)6+iq)(7;0) = a:fl*n/QP(O; Z)xiHn/2 :

1/2 1/2
5S1/2,8 —1-n/2 7 —14n/2 —2,61/0+1,01 jo+1
{ue HZ (X ) - T1/2 "2 P o; Z)xl/;n/ w€ Hegy " (X 9))
= Ho P ) (205)

is invertible, defining a continuous linear map

~ —2,61 /241,07 /5+1 SY14
Ro(Z) : Hepy "7 20X g) — Ho 272 (X o), (296)

and this is related to the limiting resolvent Rg(2Z + i0) of the spectral family Py = {FPy(0) — (}¢>0
of the Schrédinger operator Fy(0) on X /5 by

TP (0, 2)e 7O f = Ro(2Z +i0) f = w1y R0, Z+ i0)x (297)

which holds for all f € S(X).
Call the (Z-dependent) domain and codomain of eq. (295)

¥ m,Sy /2,4 —-1-n/2 7 —1+n/2 m—2,51 /941,01 jo+1
Koy ot yg = {0 € Hoy 271 (X j) 2 0y " P(0;Z)z, ), e H TN )Y
m,sy /2,4 5 —14n/2 Mm—2,51 jo+2+n/2,8 j5+2+n/2
= {U € Hscb Ve (Xl/Q) : P(O7 Z)‘Tl/Q " u €< Hscb v v (X1/2)}
=~ m—2,61 79+1,41 /941
ym7§l/27€1/2 = HSCb e 12 (X1/2)'
Setting

=1+ n/2 5
Xm7<7€ - $1/2 szgolﬂ

; 2,64n/2 5 —2,64+3+n/2,6+3+n/2
— {U c H;Zb<+n/ +7L/ (X1/2) . P(O, Z)U c HSTIC’Lb S+ -‘rn/ + +n/ (Xl/g)}

Vet = Hsngt:2,§+3+n/2,€+3+n/2 (X1 ,2) (299)

(298)
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for ¢ = ¢ 3 — 1 and £ = £, 5 — 1, we have a commutative diagram

~ xlf/lzfn/2p(0)xlf/12+n/2 ~
Xm&fo ym,@o,fo (300)
—14n/2 14+n/2
o] et
P(0)
X, Vim.s.0

in the category of Banach spaces. The vertical arrows are manifestly isomorphisms, and as observed
the top horizontal arrow is as well.

Hence, P(0) = P(0;Z) is invertible, and the inverse R (0) = R (0;Z) has the properties specified
in the proposition. ([l

And for the b-Sobolev spaces:

Proposition 4.3. If P(o) is the spectral family of an attractive Coulomb-like Schrodinger operator
on X, for any m, ¢ = 2l € R satisfying ¢ < —3/2 < m + ¥,

PO:2): fue B Xy PO:Zu € BP0} o B
{u e H™Y(X) : P(0;Z)u € H™M (X))} — B2 (X)
is invertible. |
Proof. The equality

{we B (X ) - P0;Z)u € HY (X 10)) = {u e HMY(X) 2 P(0;Z)u € HYY (X))

(302)
follows from Lemma 2.18.
First of all, setting ¢ = m + £,
{ue B2 (X, ) P0;Z)u € B2 (X 1)} C Ko (303)
and so eq. (301) is injective (by Proposition 4.2). Conversely,
HM (X)) € Pes (304)

so given any f € H]T’H?’/Q(X) there exists a u € X, such that P(0;Z)u = f. Thus, u €
Hgn’Hn/Q(Xl/Q), and we already know that f = P(0;Z)u € Hg"’£+3+n/2(X1/2), so u is actually in
the codomain of eq. (301). Thus, eq. (301) is surjective. O

5. SYMBOLIC ESTIMATES

We now proceed to establish quantitative control of v € §'(X) in terms of Pu microlocally in the
symbolic region of the leC-phase space leCT* x| meaning at df U sf Utf. Since we make no attempt
to be uniform in the o — oo limit, we simply restrict attention to o € [0, %] for some arbitrary
> > 0, and the estimates will all depend on ¥ in some unexamined way. The main result of this
section, duplicated below as Proposition 5.14, says:

e for every ¥ > 0, N € N, and m,s,<,[,¢,sp,50 € R satisfying | < —1/2 < s9p < s and
(< —3/2< ¢ <s</L+s—1, there exists a constant C' = C(P,%, N,m, s,<,1,¢) > 0 such
that

||u|’H{§69,<,l,e < C(”Pu||H17:C—2,s+1,<+3,z+1,e+3 + HUHHb—IJZCM) (305)

holds for all u € S'(X) and o € [0, %] such that |[ul| ,,~~.s0.5.-¥. -~ < o0.
leC

(X)(2)
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(As mentioned in the introduction, [Vas2la, §5] suffices for the analysis of the 0 — oo regime.)
The contents of this section should be compared to the contents of [Vas21a, §4], as our argument
below is very similar to some of the symbolic computations there. Using Lemma 2.16, in order to
prove eq. (305) it suffices to establish quantitative control of u within each member of some finite
collection of open subsets of the leC-phase space covering df U sf U tf — see Figure 5.

By eq. (256),

P = —(220,)? + 22 Nox + 2ix(0? + Zx)' /%20, mod SDifffe’al’fs’fl’f?’(X) (306)

(near 9.X). Thus, the leC-principal symbol 0126’8’72’71’73(15) € 5’126’8’72’71’73(X)/S’lle’61’73’71’73(X) of
P has a representative of the form

P =po+ P12 (307)
for p1o € 5126’61’73’71’73(X), where Py is a representative of 0126’8’72’71’73(150). Thus,
po = & + &’ — 22(0” + Zx) ' Pg, (308)

near 0X. (Recall from §2 that &, is the b-cofiber coordinate dual to z and n = n, € T*0X.)
The ellipticity of P € S Diff%e’g’ﬂ’*l’f?’ (X) (see Proposition 5.2) at and near df makes establishing
control there trivial, so we work on *CT*X = *CT” X\ df and establish control at {z = 0} C *CT*X.
Thus, p12 is irrelevant for the symbolic considerations below (except those in §5.1), all of which are
restricted away from df.

In order to investigate the dynamics away from bf Utf, we introduce new coordinates on R} x T* X °
(over some collar neighborhood of X, not including the boundary itself) by

EseleC = EbObfoo Otfny = &b Ost OFf Obt Ott (309)
Tsc,leC = N0bfoy Otfoy = NOstOFObt 0t € T70X, (310)

for &, € Rand n = ny, € T*0X. More explicitly, & 1cc = &r(o?+Zx —1/2, Nsc,leC = nx(aQ—{—Zx)_l/Q.
These extend to fiber coordinates on the bundle [0, Z);2 x Re . X (T*0X )y, 1.c — [0,7)55s, and
we write

seleC s X = (00, 2)32\2f°) x Re,, .o x (T*0X)

res Tsc,leC

= 8(([07 i‘)sp \Zfo) X IRgsc,lec X (T*aX)nsc,leC)‘ (311)

res

(We do not endow 5!¢CT% X with any more structure than that of a set.) Let o denote the zero
section of T*9X. While 591°CT3 X is not a mwe, [0, )5 x Re,. oo X T*OX is.

The punctured space Sc’leCTng\oa, 0p = {x = 0,&c1ec = 0 and 7sclec € 0}, can be identified
with sf U ff\ (df U bf U tf):

Proposition 5.1. The identity map i : {0 <z < Z} NRI x T*X° - {0 <z < 2} NRS x T*X°
composed with (Du)* : {0 <z <z} N (RF x T*X°) — RS x (0,2), x Re x T*0X (where v is the
boundary collar) extends (uniquely) to a smooth map

i:{0<z<ZPN"OT* X — [0,2){ x Re,_ .o ¥ (T*0X)

res

(312)

Nsc,leC

restricting to a diffeomorphism {0 < x < Z} N*CT X\ (df U bf U tf) — ([0, Z)%L, x Re,. e ¥
(T*aX)nsc,leC)\Oa'

Proof. Here we are using the boundary collar ¢ (really (D¢)*) to identify {0 < x < z} N (R} x T*X°)
with R} % (0,Z), x Re x T*0X.

Using ¢, we see that & jec is a smooth function on the domain of eq. (312), as is 7gjec € T*0X.
Likewise, the (smooth) projection *CT*X — X*P

°b fits into a composition

1

(0<z<IN*T*X 5 {0<z<Z}NXP 5 X =1[0,7)%®, x X — [0,7)P (313)

res res res res’
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sc,leCT*X
p

FIGURE 5. Schematic of the proof of eq. (305) when dim X = 1. The situation over
a point p € (9]0, %);2,\zf°) x 0X in the sc,leC-phase space is illustrated, with ¥ =
Chari’jol’;C2 (P) in red. There are four subsets of interest: the dark gray neighborhood
of R+; controlled using a high regularity radial point estimate, the dark gray
neighborhood of Ry = 0y, controlled using a low regularity radial point estimate
(and an elliptic estimate), a neighborhood of the rest of the characteristic set which
stays away from R, Ry over which we can propagate regularity, and the rest of the
cofiber (light gray background), where elliptic estimates apply. Cf. [Mel94, Figure 2].
The direction of the Hamiltonian flow of P is indicated with arrows. (Note that only
the “vertical” components of the flow are drawn — the Hamiltonian flow also changes

p.)

where X = [0,Z) x X, which shows that the [0, %)%, component of eq. (312) is smooth. Thus, i is
smooth.
The diffeomorphism clause follows from the inversion formulas

0dt = [1 T3 i 2 (02 fo + & e+ 77520,160)1/2} _17 (314)
vi= g1 g+ (g e i) ) 1)
op = (0 + Zl‘)l/Q(gz i 7z (0.2 fo + §s2c,1ec + 77s2c,1ec)71/2 + 1): (316)
Ouf = [1 T3 i 7z <02 fo +E&tec + ngc,leC)ilﬂ} 71» (317)
and
obf = [1 + (1 T2 _g; Zac) <U2 fzx +E&tec + ngc,leC)il/Q} -
X [1 T2 i 70 (0.2 fo + & e+ nszc,leC)_1/2}7 (318)

(holding on {0 < z < Z} NR} x T*X°), which certainly suffice to define a smooth two-sided inverse
([0,2)38, x Re, . X (T*OX) Noa — {0 < = < £} N'CT" X\ (df U bf U tf) of 4. O

Nsc,leC
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FIGURE 6. The result of blowing up the zero section of Sc’lech X over a fixed point
p € (00, 2)2\zf° U (bf Ntf)) x 0X, with ¥ = Char%ég’fz’fl’f‘g(ﬁ’) (which, according
to i, agrees with Chargé?l’e_g(ls) away from bf U tf but is deformed by the blow-up)
and the vertical Hamiltonian flow on it indicated. Cf. [Vas2la, Figure 3]. The inner
black circle depicts either bf Nsf or tf N ff, depending on whether ¢ > 0 or ¢ = 0.
Over each p, it is a copy of S*~!. Its equator is the portion of R over p. The radial
point estimate in §5.3 is used to control the dark gray neighborhood, while elliptic
estimates suffice for the rest of bf Nsf or tf N ff (which is away from R).

In terms of & lec and 7y 1ec, Po can be written as

ﬁO = (0-2 + Z$)(£s2c,lec + 95)1( (nsc,leCa nsc,leC) - 2£sc,1eC) (319)
= (02 + Zx)(gs%:,lec + 7752c,1eC - 2£sc,1eC) (320)

in T*X°. Weighting, ﬁggf‘z_)ffggfl Qt_fg = p>0=2-1-3 induces a well-defined function on 9'*€CT*X
and thus on SC’lech X \0s. Note that this restriction does not depend on p; 2. The portion of the
leC-characteristic set of P disjoint from bf U tf can be written as

Charp ™71 73(P)\(bf U tf) = (B2 P aeseors xv0p) " ({03): (321)

This is equal to {€2, 1. + NZe1ec — 2Esclec = 0}\0s C seleCrs X For convenience, we add in 0y to
give a new set

Charsé?f,;CQ(P) = {552C,1ec + 95)1( (nsc,leCa nsc,leC) - 2§s<:,1eC = 0} - sc,leCTng’ (322)

which consists of an off-center sphere over each point of (9[0,7)\zf) x 0X (in terms of the
trivialization eq. (311)), of radius one and centered at &g jec = 1 and 7sclec € 0. See Figure 5, which
is a translated version of [Mel94, Figure 2]. The portion of

Charp ™ >~V 73(P) = (5207271731 ({0}) N (df U sf U ff) (323)

over a point p € (9[0, Z)$L,\zf°\ (bf Ntf)) x IX is depicted in Figure 6. Note that Char%ég’_z’_l’_?’(P)

res
only contains a codimension one subset of sf N bf, ff N tf, that corresponding to &y 1ec = 0, while

the lift of Chargé?gcz (P) contains the whole sets.
Elliptic estimates control u in terms of Pu away from this set — see §5.1.
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As shown in §5.2, the Hamiltonian flow H; € V(RT x T*X°) associated to p is given in terms of
the sc,leC- coordinates above by
Hﬁo = x(02 + Zx)l/z [2(§sc,lec - l)xaw + 295)1((775c,1e07 _)

202 + Zx
02 +7zx

2po

0—2 + Zx 8gsc,lecj| (324)

to leading order at 0X, where 7 1cc,. 1oc € V(TF0X) C V(RS X [0,Z), X Re, . X T*0X) denotes
the vector field on T*0X given in local coordinates yi, ..., yn—1 for 0X by

((6uctec = Dicte0Dn.c e + EeelEsctec = 2z ric ) —

n—1
nSCylecansc,leC = Z nSCJeCJaﬂsc,lec,jv (325)
i=1

where 7 1ec,j is the cofiber component of 7. jec dual to y;. It will be convenient to work with
the weighted Hamiltonian vector fields H;(’)O’_2 = oatr~ H(0? + Zx)_l/QHI;O, HE’O’_Q = oqrr~H(0? +
Z:L')_l/zHﬁ.

The vector field Hp, as given by eq. (324), defines on the sc,leC-characteristic set Charzc’?l’;C2 (P) a
source-to-sink flow, with

o {&clec = Nsejec =0} =Ro C SCJeCTg , X, the “selected radial set,” and
o {&ctec = 2,Msclec = 0} = R4 C sf Utf, the “unselected radial set,”

the sink and source (respectively, under our sign conventions) of the flow. Hence, leC-analogues of
standard propagation and radial point estimates apply away from oy (the dependence on the one
parameter being unimportant), and the proofs are straightforward modifications of the analogous
estimates in [Mel94]. These estimates are proven in §5.2. Note that the ({scjec — 1)z0; term in
eq. (324) does not actually vanish on the portion of Ry, Ry over the interior of tf — rather, it
induces a flow from the bf side to the zf side. Thus, it is also possible to prove a propagation result
in which regularity at R4 N sf is propagated into R4 N zf. We will not need (and hence will not
prove) such an estimate, as a much weaker argument in §6 suffices to show that for nice f the output
R, (E)f of the conjugated resolvent R, (FE) converges weakly to something satisfying the conjugated
version of the Sommerfeld radiation condition as E — 07. (But it is still worth pointing out that
R, Nzf is not a source of the flow in every direction — it is a sink in the ¢ = o/2'/2 direction.)

The radial point estimate at the selected radial set is somewhat more nonstandard. Rather than
Ro, we work with R = Charlzég’_2’_1’_3(]5) N (bf U tf). See [Vas2la, Figure 3] for the o > 0 case.
The face ff meets bf at an edge — see Figure 3, Figure 7 — and so sf Uff\df is not just the boundary
of

0,Z):P, x Re. x T*9X,[0,2)2. x {0} x o], 326
§sc,leC

res

which is why Figure 6 depicts the situation only over p € [0,7) x X not on the zero face or

corner. Away from that edge, our situation looks (even at ff) very much like that in [Vas2la]. An
argument similar to that used to prove the radial point estimate there suffices to prove an estimate
here that is uniform down to o = 0, albeit without the desired number of independent orders. In
order to prove an estimate with the desired number of independent orders, it will be necessary to
take into account the aberrant edge. See §5.3.

The elliptic, propagation, and radial point estimates in §5.1, §5.2, §5.3 are combined in a short
epilogue §5.4, which contains Theorem 5.12, as well as the corollary Proposition 5.14 stated above.

5.1. Ellipticity.

Proposition 5.2. P ¢ Difffe’g’d’*l’*g(X) is elliptic in some neighborhood of df. |
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FIGURE 7. The radial sets R, R (in red) as subsets of the leC-phase space (ignoring
the degrees of freedom associated with 7*0X). The top line represents R, while
the bottom line depicts R. (Note that on bf Nff, z/(0? + Zz) = 02 + Zz = 0.)

Proof. By assumption, P is elliptic at every point of df°. By eq. (255), P will be elliptic at a point

of sf Uff (including the points of ddf C sf UfF) if and only if Py is. Char?e’%’_g’_l’_g(Po) is contained
away from df, so the same then holds for Char?ég’fz’fl’ff}(ﬁ’). O

Via the leC-calculus analogue of the usual argument via parametrix:

Proposition 5.3. Let A, Ag, B € UG 00(X), with WFLS(A), WF)o(4g) € EIE(B) N
2,0,—2,—1,-3/ 7
B2 (P).
Then, for each ¥ >0, m,s,s, [, € R, and N € N, there exists a
C =C(P,A, Ay, B,m,s,5,1,{,N,%) >0

such that, for any u € §'(X),

||Au”HIT;LC,S,§,l,Z < C[HBpuHHiZLC—Q,S,C-‘rQ,Z-‘rl,f-‘r:i + ”U"ngé\f,—N,—N,l,l] (327)
Aol s < CINBPul g snssassncs + [y ] (329)
e e €

for all o € (0,X] (in the strong sense that if the right-hand side is finite then the left-hand side is as
well). [

Proof. Let b € Sl(l’g’o’o’o(X) = nge’g(X) denote a representative of 0&’8’0’0’0(3). Let ¢ € C°(R) be
identically equal to one in some neighborhood of [0, 3] and supported in (—oo, 23).
The set
K =WFP2(A) N {0 <28} Cdf UsfUff C 9°°T" X (329)

is a compact subset of *CT" X, so we can find some y € Sloe,g,o,o,o(X ) such that xy = 1 iden-

tically in some neighborhood of K and such that y = 0 identically in some neighborhood of

Char?e’%’_Q’_l’_:%(BP) = Char?e’%o’D’O(B) U Char?e’%’_z_l’_?’(ﬁ). We can moreover choose x such that

X = 0 identically in some neighborhood of b=1({0}) U 5~ 1({0}). Consider f = x/bp € Slgé’o’z’l’s(X).

Quantizing, we get some F' = Op(f) € \111;?3’0’2’1’3(X) such that — via the leC-principal symbol
short exact sequence —

pA(l — FBP) € U, 5" "00(X). (330)

Indeed, pA(1 — FBP) \I/?e’%o’o’O(X ) by Proposition 2.6. By Proposition 2.9, for any representative

ae Sloe’g’o’o’o(X) of the principal symbol 0106,8,0,0,0(14)’

0%8,0,0,0@14(1 — FBP)) = ga(1 — x) mod 51;é,—1,-1,o,o(X)

331
= 0 mod S50 (x), (331)
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which implies eq. (330). So, for o € [0, Y],
”AUHHm,s,g,l,Z - H(PAu”Hm,s,g,l,l S HSDAFBPUHHWL,S,(,Z,Z + H(PA(l - FBP)uHHm,s,g,Z,Z
leC leC leC leC
= HBPuHHm72,s,§+2,l+1,Z+3 + H(pAuHHmesfl,gfu,z (332)
leC leC
= HBPU“H$52,5,<+2,l+1,e+3 + HAUHH{:ELSA’FU’L

Inducting, we conclude the estimate eq. (327).
The second estimate, eq. (328), is proven in a completely analogous manner. O

5.2. Propagation. The Hamiltonian vector field H; € V(RY x T*X°) associated with the symbol
p € C®((0,00), x T*X®) is given near 0X by

n—1
Hﬁ - (6&)15)1‘81 - (wa&tﬁ)a&) + Z((a"]jﬁ)ayj - (6113'13)877]') S COO(<O7 OO)(,; V<T*Xo)) (333)
j=1
with respect to any set of local coordinates y = (y1,...,yn—1) on 0X. (We will alternatively

identify Hj as a smooth family of elements of V(T*X°) and as a vector field on R} x T*X° without
Js component.) Together, z,y, & leC, Nsclec constitute a coordinate chart for 7% X°, so we can
rewrite Hy(o) € C°(T*X°; TT*X°) in terms of them, and the result (patching together the various
coordinate charts for .X) can be interpreted as a weighted b-vector field on [0, Z)% X Re__ . X

(T*0X )y e (after restricting attention to a small collar neighborhood of 0.X). To perform this
rewrite, we need the following substitutions:

D) 9 8ésc,leC 9 = 87780,16(7,]' 9
LOg - Z + 856 Z gsc,leC,j + a.’f Z Tlsc,1eC,j
=1
20 17 ’ 20 4 75 ] (334)
o x o T
=20, + 2 €scleCO% 1o T 2 Z Nse,1eCi e rec 5
2(0? + Zx) 2(02 + Zx) o I
and
8gsc,leC z a77$c,leC,j €

8£b - O, 8£sc,1ec - \/maﬁsc,lecv aﬂj - 377j ansc,lcc,j = \/mansc,lcc,j (335)
for j =1,...,n— 1, where the partial derivatives are taken with respect to the coordinate system

z,Y,&p, 1. In other words, letting (20;)o1d, (Oy
coordinate system x,y, &,,n, we have

(8yj )old = ayj ) (336)

n—1

i )old denote the local vector fields defined using the

202 + Zx 20% 4+ Zx
(l‘afﬂ)old = l‘aa: + mgsc,le(]agscﬁlcc + m ];1 Usc,lec’jansmec’j, (337)

where the partial derivatives on the right-hand side are defined using the coordinate system
Z, Y, Ese leCs NseleC- In terms of this new notation, eq. (333) says

n—1

Hp = (0¢,5)(202)oa — ((202)01P) e, + Y (9, 5)(9y,ota — ((By)otap)dy,)- (338)

Jj=1

The same holds for pg in place of p. The 9,; component of Hz, = H; — Hp, , is given by

~ T aﬁ n—1 .
O, o = =22V o2 + Zx * fse 1eC k- 339
n; 0 Vo4 2x aT/SC,leC kzzzl 9" ThsoleCik ( )
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On the other hand, the 9, component of Hp, is given by

sc,leC,j
202 + Zx '%_ x %_ 202 + Zx x 4 0po
%2t 97 575 1scleC,j & (02 +Zx)Y20y;  20%+ 2Zx (02 + Zz)1/? Tlse,1eC.j O0sc1eC 340
202 + Zx (340)
= mxnsc,lec,j (fsc,lec - 1)7
while the ¢, . component is given by
202 + Zx oo x? ( dpo )
20_2 + 221: SCJEC 8£b (0.2 + Z$)1/2 0$ old
202 + Zx T N
= m$gsc,lec (gsc,leC - 1) - m [2]90 + 55(37163(3(20'2 + Zl‘)}
202 + Zx 220
= mxfsglec(fsglec -2) - (02 4 Z2) 12 (341)

and the 20, component is x(0? + Zx)fl/ZagscyleCﬁo =2z(0? + Zm)1/2(fsc,1ec —1). To summarize:
Proposition 5.4. In terms of the coordinates x,y, &sc leCs Nsc,leC s

Hﬁo = {L‘(Uz + Zx)1/2 [2(§sc,lec — l)xax + 295)1((775c,1ec7 —)

n—1

202 + Zx 2po
o2 + 7z (gsc,lec(gsc,lec - 2)85567160 + ]Z::l Tlsc,leC,j (gsc,leC - 1)8ngc,1ec,j> - o2 + 7z gsc,leC:| (342)
(in the relevant neighborhood of *CT*X ). |l

Letting Hﬁ_’o’_2 =21 (0% 4+ Zx) V2 Hy € V(RE x T*X°), Hﬁ_’o’_2 defines a b-vector field on
Sc’leCT*X = [0"1_:)81) X I&gsc,lec X (T*aX)yansc,lcC' (343)

res

Likewise for py. Note that Hg’o’fz and HZ;O’O’72 agree at every point of sf U ff. Restricting to

x =0}, H-"° can be considered as a family
0}, H; "2 can b dered as a famil
H:0([0,2)7e\2%) = V(Re, oo X (T70X )y nc roc) (344)

of vector fields on the fiber R x T"0X. In order to understand H, consider H; 072 over a
neighborhood of a subset of the interior of the transition face tf of [0, Z)E,, which we can parametrize
in terms of x € [0,Z) and A € R by writing 02 = ZAz. In this neighborhood, 21/2 is a bdf for the
transition face. Then, H can be thought of as a family of vector fields on Re, . x T*0X dependent

on the parameter A\, with explicit formula

220+ 1 -
= )\7_'_1 [(ésc,lec - 1)7]sc,lecansc’lec + (fsc,lec — 2)55065“7100} + 296)1((775071607 —) (345)

when p = 0. The dy-component of H is independent of A and comes from the projection of the
geodesic flow on T*0X down to 0X. The cofiber components of H (bracketed) depend on A only
in the form of an overall factor that — crucially — is nonzero for all A € [0,00). (In fact, eq. (345)
makes sense as a family of vector fields on R x T*0X for all A > —1, and it is non-vanishing for
A > —1/2, but we do not consider this “extended transition face” here The vanishing at A = —1/2
is one sign that the consideration of negative A would require solving a b-problem analogous to
the b-problem encountered in the low-energy analysis of Coulomb-free Schrédinger operators. Cf.
Remark 8.) From eq. (345), we read off the following crucial observation: over the transition face of
[0, )5, parametrized as above, H, when restricted to the characteristic set of p and away from
bf U tf, vanishes if and only if 7s jec = 0 and & lec = 2, i.e. on Ry. Between this submanifold and
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the zero section Rg, H has (over each point in 0[0, Z){E;) a source-to-sink flow within Char} 1’6_02(]5).

In order to see that {{s. = nsc = 0} is a sink of the flow, observe that

4N+ 2 _ 4]30550,1430

H(gszc,le(] + 7752c,leC) = )\7_’_1 |:77826(§SC,IEC - 1) + gsc(fsc,le(] - 2)} o2 T 7z (346)
(note that po/(0? + Zz) = fSQC’leC + 775267160 — 2&sc e is well-defined).
The same computation yields:
PI‘OpOSitiOIl 5.5. HI;;O’iQ(ggc,leC + T]s2c,leC) = ﬁovl(é-gc,leC + n§c,leC) + F072 + F073 fOT’
402 + 27x 40% 4+ 27z 4pp&sc.1eC
Bo1 = (€sclec — 1), Fog=—8 10—\ Foz = _2oksclec (347)

o2+ Zx o2+ 7x o2+ Zx

These extend to symbols on the leC-phase space. The first two are nonpositive in the vicinity of
bf U tf, while Fy 3 vanishes cubically there. ||l

Note a similar statement holds if we replace po by p, if instead of Fy 3 = —4po&sc1ec/ (02 + Zx)
we use

H&i27_2(€§c,lec + ns2c,1eC) - 4ﬁ0€sc,leC/(O-2 + Zx)’ (348)

which is the sum of a cubically vanishing term and a term suppressed by a factor of z(o? + Z:L')_l/ 2,

Consider, for each pair of 01,02 € (0,7) with ©1 < O, the set P[©1,02] C sf Ul defined by
PlO1,04] = Char?e’g’ﬂ(ljj) N{arccos(&sclec —1) € [O1,02]}. The following proposition is a symbolic
version of the statement that the Hamiltonian flow is source-to-sink, R4 to Ry.

Proposition 5.6. Let © € nggé%O’O(X) satisfy © = arccos(§scjec — 1) in some neighborhood of
P[O1,02].

For any pair if ©1,09 € (0,7) with ©1 < O4, the symbol o € nggé%o’o(X) defined by H;’O’_2@ =«
satisfies o > 0 on P[O1, Oq]. u

Proof. Given such © € Sgl’v?é%O’O(X ), © is equal to arccos(&s1ec — 1) in some neighborhood U C
cCT" X of P[O1, O2]. Thus,

250 1

2 1/2
of+ iz é‘sc,IeC(2 - 52(:,1(3C)1/2

B 202 + Zzx

H-%20
Po o2+ 7z

1/2
2 (2= Euepec) 2 +

(349)

in some neighborhood of P[0, O3], where we are taking positive square roots. Since pp vanishes on
P[O1, O3], the expression on the right-hand side is positive on P[O1, O3].
Since pgr is positive on P[O1, O3], the same statement applies to Hg&o’_Q@. And since Hg;;o’_2®

vanishes at P[O1, O3], the same statement applies to o = HE’O’Q@, ]

0,0,0,0,0

Clearly, there exist © = ©¢g, 0, € 5, L 1eC (X) satisfying the hypotheses of the previous proposi-

tion. ‘
Proposition 5.7. Suppose that G1,G2,G3 € @;%O’O’O’_w’_oo(X) satisfy the following: there exist
1,09,03,04,05 € (0, 7) (350)
satisfying ©1 < O2 < O3 < B4 < O5 and
o WF|,(G1) N Charpg > 573 (P) C P[O3,04],

e P[O1,0,] C BN (G3),
e P[O,05] C BN (Gy),
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and WF(G1) C Ell?e’g’o’o’o(Gg). Then, for every X > 0, N € N, m,s,¢,l,£ € R, there exists a
constant
C= C(pa Gla G27 G37 617 @27 637 ®4> 657 ¥, N,m,s,q,l, E) >0 (351)

such that

HG1u”legc,s,g,l,z < C|:HGQPUHH;CI:V,SJfl,gJﬁB,fN,fN + ”G3U/HH1;(]3\7,5,§,7N,7N + HUHHIE(]}V,fN,fN,fN,fN} (352)

holds for all u € 8'(X) and o € [0,%] (in the strong sense that if the right-hand side is finite, then
the left-hand side is as well, and the stated inequality holds). |

Proof. Throughout the argument below, we can take N to be sufficiently large such that any of the
finitely many functions of m, s, ¢, [, ¢ that arise can be bounded below —N.
We may assume without loss of generality that Gg is essentially supported away from R:

R+ NWFo(Gs) = @. (353)
Let ¢ € C°(R) satisfy supp ¢ C [O1, O5] and
¢'(8) = o(8)* + ¢1(0) (354)

for ¢p € CX(R) nonvanishing on [©3,04] and ¢; € C°(R) supported within (©1,02). The
construction of such ¢ is standard. Moreover, for any closed interval I C ((01 + 302)/4,05) and
any € > 0, we can construct ¢ such that ep3 > ¢ in I. This construction is also standard — we
consider gy € C*°(R) given by

-Ir/©-9) @<
Yoo = {e (0= ©5) (355)

0 (@ > @5)

for a parameter f = [ (o) > 0 and @1 € C*°(R) that is identically equal to one in some neighborhood
of [@3,00) and identically zero in some neighborhood of (—o0, ©1]; setting ¢ = —@gop3; we have

¢ = —2000001901 — CooPor = —2000P01901 + F (05 — ©) oo, - (356)

Setting ¢o = F1/2(95 — @)_lcp(l)ézgom and @1 = —2pp0p01¢01, We see that ¢, ¢’ have the desired
form.

Fix © € ng?é%O’O(X) that is equal to arccos(scec — 1) in some neighborhood of P[©1, ©5]. Pick
a neighborhood Uy of P[©1,05] on which O is identically arccos(ésclec — 1) and such that « is
bounded below on Uy (in compact sets worth of o). Let

—00,0,0,—00,—0c0
©(0) € S 1e0 (X) (357)
denote a symbol equal to ¢ o © on some neighborhood U &€ Uy of P[O1,05], and let ¢ €
S;l’?:g’o’foo’foo(X) have suppy &€ U and be identically equal to 1 on some neighborhood of
P[O1,05]. We can choose v such that

supp(p(0) Hy ") n (717 T ({0)) = @ (358)

and supp ¢ N (df UR4) = &. Consider the symbol
ag = @(O)Y? € SN TTF(X). (359)

We then compute
2200 = (0(0) + 1(0))%a + 20p(0) HZ* 4, (360)

where « is as in Proposition 5.6.
Now set, for to-be-decided K > 0, set ¢.(z) = (1 +ex~1)~K for each £ > 0. Now set a((f) = ¢Zayp.
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In §3, we checked that SP € SDiffféal’_?”_l_é’_s_%()() C \11129’61’_3’_1_5’_3_25(X). Let p; denote
a representative of Ulecl - _1_5’_3_26(—2315). Then,

H207208) = (09(0) +91(0))¢202a + 200p(O) H2" 24 4 2K 2 ¢ (e ) (1 + 20~ ) 0By, (361)

5008 + oo oot o' piaf) = (#o(0)° + 91(O))62 e + 20 (O)

+ 2K 9?02 (ex ™) (1 + ez ) LBt 4+ ¢ proarog o ont o 92, (362)

where ) € Sgl’?é%o’o( ) is defined by H2 072, — By

We now let a = g —25— 1Qﬁ 3Qbfzz—1gt—f2e 340, a®) = Qs_f2s_1gf¥2§_3ggf2l 0 f2é 3 ( ) Then, a® €

L0, 1]e; Sied TR (X) and
H;,O,ﬁa(g) _ 98}25’1g§2§*3ggf2l’lgt’f%’3(Hz’o’ﬂaf{:) a)ps) (363)

for some psy € Sgl(l)e%o %(X). Thus,

H2O 720 + oarog oot 0i°p1a® = 03 Lo P on oy 3 (00(©)? + ¢1(8)) 92 a
+ 200(0)Hy " + 2K 9202 (ex™ ) (1 + e ™) 1 + 620(0)1 p2
+ U?proases oot 0 62| (364)
Dividing by ogqez~ (0% + Zz)~1/2,
Hya® +p1al? = o5 o o™ oi 0™ | (20(O)” + 21(8))é2¢a
+ 20p(O) Hy 7+ 2K 0202 (ex ) (1 + ex ) T pB + 620(©)1ps
+?proaros o ont o ¢2e) - (365)

For each K, > 0, we may choose ¢ = 9k ; (perhaps dilating it if necessary) such that its
essential support is a subset of Ell?ego 00(@5) and such that, taking F = F sy € C™(0,00);RT)

sufficiently large,

-1

1/2 —s —¢ —1 — 1/2
/ stsQﬁngletf£¢5900é o1 [F(@5 - @) o — 2K 1+ex 1 pr—

be = Q;f

a4 1/2
— D1 Qdf@sfl foggbfl Qtf3 - 2é¢§7/}290] (366)

is a well-defined uniform family of leC-symbols, specifically by € L°([0,1]¢; Sioc ™ 7 >(X)). In
addition, we set

e = 04 05 05 ot 0 p1(0) B2 e, (367)
fe =203t 0 05 op 0t ()5 H O (368)
(the division by p in eq. (368) being unproblematic by eq. (358)). Thus,
es € L*([0,1]e; S350 ™77 (X)), (369)
fo € L([0,1]c; Sy 5o > 27207 2(X)). (370)

In terms of these,
Hp‘a(e) +p1a(€) _ 26@(;f1Q§§+2Qf2fg+6g}_2)l+2gfg+6 (6)2 + bg + e. + faﬁ (371)
Setting A. = (1/2)(Op(a (5)) + Op(a (e )) ), B- = Op(b:), E- = Op(e:), F. = Op(f-),
—i[RP, A = {SP, A} = 204N )5 o1 3 41 ¢ 3Ac+BIB-+E.+FP+R. (372)
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for some Ry € L®([0, 1].; Uyooy 121228 X)) We have

Ae € L([0,1]; U2 F L2 HSmo0m00 (),

Fu € L([0,1]¢; Uy &2 H8 720720 (X)), 373)
B € L([0,1]; U&7 ™7 (X),

By € L([0,1]; U327 7% (X)),

and

WEFe 1ec(Ae), WF oo 100(Be), WF oo 1 (E),
WE e 1oc(Fe), WE o 1oc(Re) C supp¢p(0), (374)

where the last of these inclusions (the one for R,) follows from the one for A, and WF ([P, A4]) C
WEF o (As).

Now, for each my, so, <0, o, %o € R, there exist K > 0 (dependent on my, so, <o, lo, o and m, 1, ¢
but nothing else) such that, given {u(—; o) }os0 € L([0,25]; H9"00:% (X)) it is the case that,
for any € > 0 (and for each o > 0, implicit in the notation below),

23(Pu, Acu) 2 = —({SP, A Yu, u) 2 + i{[RP(0), Ac]u, u) 2, (375)

where the pairings above are well-defined (and where we are using the convention that (—, —)2 is
antilinear in the first slot). Indeed, A., {SP, A.}, and [RP(c), A.] are all smoothing operators — i.e.
lying in W_>"™(X) if ¢ > 0 and W_*°"(X; 5) if o = 0 (in a uniform sense made precise by the
leC-calculus, but since we simply need to justify some integration by parts o-wise the uniformity is
not important here) — and by taking K large they can be made to induce an arbitrarily large amount
of decay for each ¢ > 0. Given N, we fix my, s, <0, 0,0 € R such that my, sg, <o, lo, fo < —N.
Then, we can take K depending on m,[,¢, N and nothing else such that eq. (375) holds for all

—~N,—N,—N,—N,—N
{u(=30)}o>0 € L=([0,X]; Hyo: (X))
Applying eq. (375) to {u(—;0)}s>0 € ngév’fN’fN’fN’fN(X) and pairing against u (after taking
K large enough), we have
23(Pu, Acu) 2 = || Beul|22 + (u, Bou) 2 + (Pu, Feu) g2 + (Reu, u) e
+2éHA%/Q,—5—1,—§—3,—l—1,—£—3A8u”%2 (376)
for e > 0. So,

HBEUH%? + 2§||A1/2,—s—1,—g—3,—l—1,-£-3AsuH%? <
20 Pu, Acuhga| + | (P, Foih | + | (Rew, uh o] + (u, Bopa]. (377)
Fix self-adjoint G € ¥; o7"% 77 (X)) (constructed via Op) such that WF.q(1 — G) is disjoint
from a neighborhood of the L>®-esssupp of a, b, f, e and such that WF}~(G) is disjoint from R, and

satisfies WF|.(G) C Ell?e’g’o’o’o(Gg). (Both a, f are supported away from R, and Char?ég’O’O’O(GQ),
so such a G exists.) Then (for K large enough):

e Writing P = (1 — G)P + GP and noting that
(1—G)As € L=([0,1]c; W &7 0072 7(X)), (378)
we have, for each N € N|
2|(Pu, Acu) 2| < 2/(GPu, Acu) 2| + 2|(Pu, (1 — G)Acu) 2|

ST < (379)
<2710 (|GPull3 +20]| Ay jo, o1, -3, —1-1,—e-s Acul T2 + ulZ
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[(Rew, u) 2| < (|G Reul
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for any & > 0, where the constant in eq. (379) is independent of §. We have abbreviated
—N,—N,—N,—N,—N
HﬁN’7(5+1)77(§+3)77(l+1)77(e+3)

We also set Vi y = H, ¢ (X) (so dual in all orders except that at
df).

e Similarly, we can chose self-adjoint Gz € U.2>"0 7> 7°(X) with

WFo(1—G3)N WF/LooyleC(E.) =, (381)
WE A (C 2,0-2,—1,-3, 7 T 0,0,0,0,0
lec(G3) N Chary ¢ (P) € P[©1,02], and WF (G3) C Ell ;" (G2). Then
s e ga] < | (G, Eetigo] + [{u, (1 — ) Buts) 2]
< | Gaullzey + | Beull3es, + [lullZy, (382)
= |IGsul3y + | Beul

2.)('*7]\7 + HUH%N’
where XN _ Hl;éV»SS,l,@(X)’ X*,N — ngév’_37_<7_l7_€(X).

The bound HE,EUH?\I,]*V = || Eeul%, vt HuH?gN follows (using eq. (373)) from the construction
via Op of Hy € U, 5*"%(X) and Hy € """ (X) such that WF/ e 1o (Ee) "WF} oo (Hs) =
@ and 1 = Hy + H,. Then, we can compute

|Beul3, < |IHyBeul3s + | HaExul

2
Ay
S Beullfyn-rose + | HoEeullg (383)
€
= HEEU||§{INC—1,s,<,z,z + lullz
e

Proceeding inductively, we deduce ||E5u|]%(;[ =< || Ecul%, , + ull?, . This argument will be
used below without further comment.

|(Pu, Fru) 2| < (GPu, Feu) 2] + [(Pu, (1 — G) Fzu) 2

. (384)
< ||GPul3,, + | Feul3,  + [lull?, .

We have WF7 joc(Fe) N Char?%~2-L=3(GP) = @ (since, by eq. (358), f. is supported
away from the characteristic set), so we can deduce via the elliptic parametrix construction
that

1Bl <GPl yosorvo + sy 5
< |GPul3,, + llull,
for N sufficiently large, so
|(Pu, Fzu) 2| < |GPul3,, + [[ulz, - (386)

o Writing R. = (1—-G*)R.+G?R, since 1 - G? = (1-G)(1+G) implies WF} o 1.c(1—G?) C
WFw 1oc(1 = G), for each N € N we have

z.xGullzy + [[ullg,) = (IGRul,  + [GullZ, +Ilullz,)
= (|RGul%, , + GullZ, + llullg,) — (387)

= (IGullZ, +lullz,)
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for some R, € L([0,1].; \111;80’28_1’2<_1’2l’2€(X)), where
Zy = HN@D/2E-D/20 ) (388)
Zon = ngé\f,—(Zs—1)/2,—(2§—1)/2,—l,—é(X). (389)
Combining eq. (377), eq. (379) with § sufficiently small, eq. (386), eq. (387), we have proven that

|Beull72 = |GPull3, + Gull%,, + [|Gaull3y, + [|E-ul%,  + llullz, (390)
ie.
5112 B, 112 2 S 2 I 2
| Beullxy 2 NIGPuly), + Gulz, + [|Gaullk, + | Eeullz, + ([ullg,, (391)
| Beullxy 2 [GPullyy + [[Gullzy + [|Gaullay + [ Eeullxy + [[ulley, (392)

where B. = Ao, —s,—0,0B: and E. = A5 _2¢,0,0F:. Hence, B.,E,. € \Il?ég’o’o’O(X). By the choice 1,
WF/LOO,leC(B')7WF/LOOJEC(E.) Q Ell?e’%:070,0(G2). Since E. S LOO([O, 1]5, \111_68070,07—00,—00)’

[Eeullxy < [1Eoull 5, (393)
for Xy = H "N N (X). Since WF o oc(Ea) N Chary >~ "%(P) € P01, 0,

le
WEF/ oo 1oc(Ee) C ElG 27 173(GP) UEL LY 0(Gs). (394)

Consequently, ||E.ul|x, < HGISUHJ';N + |Gsul g, + l|ulley for sufficiently large N, where Iy =
H Yt = NN 0y Likewise,

|Gsulley < 1GPully, + 1Gsull g, + lulley- (395)

Letting Zy = Hyo /272N N(X) sinee @ € Wi 0077 (X), ||Gul 2, < [|Gul 5, -

0,0,0,0,0 5 5
Because WFioo(G) € Elli " (G2), [|GPull5, X G2 Pully + [lulley and [|Gull 7, = [|Gaull z, +
||lu||e, for sufficiently large N. We have therefore shown that
1Beullaey < IG2Pully,, + [1G2ul 2, + |Gaull g, + [[ulley- (396)

Thus, for each o > 0, B.u(—; ) is uniformly bounded in Xy (o) as e — 0.
For each o > 0, given any sequence {ej }reny C (0, 1] with 5 — 0 as k — oo, there exists — by the
Banach-Alaoglu theorem — a subsequence ¢, thereof such that

{BEIM (J)u(_§ J)}HEN - XN(U) (397)

is weakly convergent in the scb-Sobolev space Xy (o) and in fact in any closed ball in X (o) in
which B, u(—;0) is eventually contained. Call the weak limit v = v(IV, o, {ek, }ren) € Xn(c). The
preceding clause means that

ol (o) < Himsupl By, (7)u(=30)] g o (398)

The family {B:(0)}.c[o,1 was constructed so that it is continuous down to & = 0 with respect to the
topology of some space of high order ¥DOs. (This follows from the analogous observation for be (o)
and the continuity of the quantization map.) Consequently,

Be,(o0)u(—;0) = Bo(o)u(—;0) (399)

in the topology of §'(X) as k — co. But BZ,M (0)u(—;0) = v in 8(X), so v = By(o)u(—; ). The
sequence {ej }reny was arbitrary, so we can actually conclude from eq. (398) that

1 Bo(@)u(—; 7)) < lim infl| Be(=3.0)l Ly o) (400)
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This applies for each o > 0, so
1Boullay = GoPully, + |Goul 5, + |Gaull g, + [lulley- (401)

Since ¢ is nonvanishing on [O3, ©4], we have Ell?e’g’o’o’o(éo) D P[O3,04] D Char?e’g’%’*l’*‘g(P) N
WF.c(G1), so (via elliptic regularity) ||Giully = \|§0u\|XN + HGgﬁqu;N + |Julley, where X =
H™5H (X, This yields

le
1Grullx 2 [|G2Pully, + |G2ull 2, + [|Gaul g, + l[ulley- (402)

Observe that the leC-Sobolev space Zp is lower order than X at sf and ff. Since the leC- Sobolev
spaces Xy, VN get bigger as s, ¢ decrease, an inductive argument (which we can carry out because
eq. (353)) upgrades eq. (402) to eq. (352). O

Since H§,0,727 viewed as a vector field on *¢1*CT* X | vanishes at the two radial sets, in order to
carry out a positive commutator argument we must take into account the previously negligible
radial component

(H3"722)0, = 2(&cpec — 1)20, (403)
of the rescaled flow. For & jec = 0, 2, this is £220,,, which (projecting down to X) is the ur-example
of a nondegenerate radial b-vector field on X. Moreover, R, is a source in the radial direction
(as well as the other directions, as seen earlier), so R is a source for the Hamiltonian flow in all
directions. (Similarly, Ry is a sink in all directions.) It is therefore straightforward to prove a radial
point estimate at R.

To begin:
Proposition 5.8. There exist 31,2 € Sgl,gé%o,o(X) such that

Hg’o’_% = frx (404)
HY" 7% (0® + Z2)'/? = By(0® + Za)'/2, (405)
with By, B2 > 0 on R. |

Proof. 1t suffices to work near 0.X. There, applying Proposition 5.4,
H 0720 = 2(6epec — 1), (406)
Ho " 72 (0 + Z2)Y? = (e — 1)Za(0? + Za) 2, (407)
So, defining (1, B2 by eq. (404) and eq. (405), B1, P2 € Sgl’gé%O’O(X) and are given at {x = 0} by
Br = 204t (sclec — 1) and B = gat(€sclec — 1)Za(0? + Za) ™', Thus, 81, 82 > 0 on Ry. O

Proposition 5.9. Suppose that G1,G2,G3 € ‘lilgéo’o’o’foo’foo(X) satisfy
(1) WFo(G1) C Ell™(Ga).
(2) Ry C Elle”*(Gy), Elle” (G,
(3) there exists some © € (0,7) such that
WFo(G1) N Charps >V (P)c R U | PO, 0] CEIE" ™ (Gy). (408)
0<e’'<0
Then, for every ¥ > 0 and N € N, m, s,¢,1,¢, 80,5 € R such that s > so > —1/2 and ¢ > g9 > —3/2,
there exists some constant
C =C(P,G1,G2,%,m, s,6,1,4,50,50,N) > 0 (409)
such that, for all u € 8'(X),

|Grull s < c[||Ggpu\|H1;g,s+1,<+3,_N,_N |Gl w0 + Huqu;év,_N,_N,_N,_N} (410)
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holds (in the usual strong sense, i.e. the left-hand side is finite if the right-hand side is) for all
o€ [0,X]. [

Proof. The symbolic constructions will only be specified for o € [0, ¥], which is evidently unproblem-
atic. Also, it suffices to take N to be sufficiently large such that any of the finitely many functions
of m, s,¢,[, £ that arise below can be bounded below —N.

We can assume without loss of generality that WF,(G3) C Ell?ég’O’O’O(Gg) and

WF/.o(G3) N Charyy >~V (P) € Ry UUpcer<oPlO',0] C B (Gy). (411)

We read off Proposition 5.8 that supg, 81,supgr, B2 > 0.

Now chose nonnegative p € Sgl’olé%o’o(X ) equal to (&clec — 2)? + ngcJeC in some neighborhood of

Ry ={&ec =2,m5c =0} CstUTE. o
There exist some symbols, which we call By, F», F3, Fy € 521’7(1)‘;%0’0(X ) such that

H2"72p = fop + Fy + By + 2(0” + Z2) V2 Fy

~ (412)
inf ,30’72+ > 0,

Bo, F> > 0 everywhere, and F3 vanishes cubically at Ry (uniformly in o). This computation is
completely analogous to the one in the proof of Proposition 5.5. We now consider the weight (for
to-be-decided ', ¢’ € R)

a0 =" (0% + Z2) /2 € SULET (X)), (413)

cl,le

Then, the symbol 5 € Sgl,olé%o,o(X ) defined by

B=—Br+ 2 —)B2 = ag " HY* ag (414)
has a definite sign near R if I', =’ + ¢'/2 # 0 and have the same sign. Using the explicit formula
for By, B2 in the proof of Proposition 5.8,

z
B=—oar(2 + (' - 20)—5—

m)(fsc,lec —1) (415)

at {z = 0}. Negativity on R4 Nsf requires that I’ > 0. negativity on Ry N ff requires that ¢/ > 0.
And this suffices; for I, ¢ > 0, § < 0 in some neighborhood of R .

There exists x € C°(R) such that —sgn(t)x/(t)x(t) = x3(¢) for some xo € C>°(R) and such that
X = 1 identically in some neighborhood of the origin. (The construction is standard and uses a
translate of exp(—1/t).) Replacing x with x o dily = x()e) for sufficiently large A = \(I', ¢/, x) if
necessary, choose x such that

msuppx(p) <0 (416)

and such that supp x(p*%~2)x(p) is disjoint from df U bf U tf, where p>0~2 = (0% + Zz)~1p.

Choose 9 € 521’7?é%0’0(X ) such that 9 is identically equal to one in some neighborhood of {z = 0}

and such that the formula (H;)’O’_2p)1/ 2xo(p) defines a symbol:

xolp)u[HZ ) € $50000(x), (117)
(The existence of such a v follows from eq. (412).) Now set
~2.0,— —o0,l’ 4, —o0,—
a = aog’x(P**?)*x(p)* € Syt (X)), (418)

We compute
2,0,—2 90— 2,0,—2 20— 2,0,—2
H"2a = x(p*" 72X (p)’ Hy " "2 a0 — 2a0x0(p)*x (P> 2)*H; " p
90— 2.0.— 2202 ~ 90— 2,0,—2
+ 2a0x (P> 2)X (502X (5)* 97" 3G + 2a0x (570 T%) X (p) W HS " M. (419)
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Here g € Sgl’gé%o’o(X) is defined by § = (02 + Zw)Hg’O’_2(a2 + Zz)71, so that
H§,0,72]§2,0,—2 — 202, (420)
In terms of 3, eq. (419) says
2,0,—2 20, 20, 2,0,—2
Hy"a = x(p>"7*)*x(p)*Bao — 2a0x0(p)*x (72 Hy" p

20— 20— 9.0.—2 ~ 20— 2,0,—2
+ 2a0x (572X (5% ) x(p)*H> 072G + 2a0x (57" 2) X (p) > Hy " 2. (421)

The first two terms have definite sign (the same sign for I/, ¢’ > 0), while the third and fourth terms
are unproblematic (being controllable by elliptic or propagation estimates).

Set ¢ = (1 4+~ 1) K1 (14e(0? 4 Z2)~1/2)7%2 and a(®) = ¢2a € L>([0,1].; ;Cf:g’el’foo’foo(X))
for to-be-decided K1, Ky € R. The replacement for eq. (421) is 7

_ Kiex™! Koe(0? + Zx)~1/?
2,0,—2 _ 42 ~2.0,—2)\2 2 2 1 2
H3 0l = o[ = x(@* 07 (o) o (31 (1 - m) +o(¢ -2 - 1+e(0? + Zx)_l/Q))

— 2a0x0(p) X (B 2P H " p 4 2a0x' (O )X (PO x(p) 002G
+ 2a0x ("2 X (p)? 0 HR O 2| (422)
Rewriting the first parenthetical,

Kiex™!
1+ ezt

;o Koe(o? + Zx)~1/2 )
1+e(02+ Zx)~1/2
Kiex™! Zx Koe(o? + Zx)~1/?
— oar(2(1 - ool —
Qdf( ( 1+ 53:*1> 0%+ Zx ( 1+e(0? + Zz)~1/2

Bi (1 - )+ (¢ -2

)) (gsc,leC - 1)' (423)

So, we will require that
K < l/, Ky < El, (424)

and then the quantity in eq. (423) is positive in some neighborhood of R. Thus, only a limited
amount of “regularization” can be performed. This is a standard technicality, and we can deal with
it via citing the standard arguments used to handle it elsewhere — see [Vas18]. We do not even
need to worry about uniformity: we can justify the formal integrations-by-parts below o-wise, by
citing essentially verbatim the arguments in [Vas18] for the o > 0 and applying the argument with
X1/ in place of X to handle the o = 0 case. (In fact, since the o = 0 case of the proposition follows
from the estimates in [Vas21a] applied on X /5, to prove the proposition here it suffices to prove
estimates that are uniform as ¢ — 07, and thus to restrict attention to the o > 0 case, for which
we can take Ky = 0 and apply [Vas18] essentially verbatim.)

Given that the inequalities eq. (424) are satisfied, we can (perhaps dilating x or shrinking the
support of ¢ if necessary) find

é:é(KhK?al/)E/aX) >0 (425)

sufficiently small such that there exist uniform families of leC-symbols

be € L2([0, 1] Soo (= D/2E=3)/2m00=00 )y
e € LX([0, 1 ST ), (426)
fo € L2([0, 1) S5 1m0 (X)),

ra € L0, 1)as S35 2% (X))
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given by
—1/2 1/2 3/2 1/2 3/2 1/2 _ 1 a1 _ Kiex™1
be = 04¢ / st/ Qﬁ/ Qbé Qtf/ / (p2’07 2))((,0)(;5517[){— Qdf@sleﬁ‘ngfIQtfgpl + 51 (l, — m)
Koe(0? + Zz)~1/? a 1/2
E/—Ql/_ _262 2,0,—2\2 2
+ o e e ve) b L A RO
1/2 1/2 3/2 1/2 3/2 1/2 -
ee = o5 Couf P oy P ont 03 Pag 2 xo () (77 2)\ [ 2HL 2
f= = 20arost 01 0bt0r 02 a0 X (B 2)X (52 x (p)*¥% G
re = 20ar 051 05 0t OisdLao X (5" 2)*x (p) ¢H20 2.
(427)

Here p; € 5126’51’_3’_1_6’_3_25(X) is as in the proof of the propagation estimate, and we are using
Proposition 3.9, which shows that Qﬁfg;flgf}gggfl Q;f3p1 vanishes to some fractional order at R4 and
therefore does not spoil the sign of the quantity under the first square root in eq. (427) for an
appropriate choice of x, .

In terms of these new symbols, we can write

Hza'® + pral® = —2003 ot 0ot 0a® o2 x (97072 x(p)? — b2 — €2 + fep + 72 428)
= —2803¢ ost o oveotag al®? — b2 — €2+ fop+ e

We apply the quantization map Op. Setting A. = (1/2)(Op(a'®)) + Op(a®)*), B. = Op(b.),
E. = Op(ee), Fe = Op(fe),

A. c LOO([O, 1]87 \Ijl;(ojo,l’,é’,*KL*OO(X))’
B.,E. c LOO([O, 1]57 ‘111;807(11_1)/21(€,_3)/27_007_00)
Fu € L2([0, 1o Uped MR (X)),

(429)

9

and

—Z[%p, Ag] — {%P, Aa} = _2QA5A%/2,—(Z’+1)/2,—(Z’+3)/2,—([’+1)/2,—(€’+3)/2A5 —B:BE —E:EE +F:]3
+ R (430)

for some Re € L*°([0,1].; \I'I_Qéo’l/_z’el_4’_°°’_°°(X)). We have

W) 1o (Ae) WE 1o (B), WF (P WE o (B), W o (Ra) € supp x(7202)x ().

(431)

We now set the parameters I, ¢ in the definition eq. (413) of ag to I’ = 2s+1 > 0 and ¢’ = 2¢+3 > 0.

Fix K € (0,1'), K € (0,¢') such that —1/2 < s — K1 < 59 and —3/2 < ¢ — K3 < ¢9. Suppose now
that u € §'(X), o € [0,X] are such that

HG3UHH17éV,SO,§O,7N,7N < 0. (432)

The argument in [Vas18, §4.7, above Proposition 5.27] justifies the computation

S(Pu, Acu) 2 = —({SP, A Yu,u) 2 + i([RP(0), AcJu, u) 2 (433)

= —||Bzullfz — | Beullfz + (Pu, Feu) g2 + (Reu, u) 2 s
- 2é||A1/2,—s—1,—§—3,—s—1,—<—3A8u||%2
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where the individual terms above are all well-defined distributional pairings (in the sense of
Hoérmander) or (finite) norms. Thus,

| Beull7> + | Ecull 72 4 28| Ayj2,—s—1,——3,—s—1,—c—3Astl|72 < 2[(Pu, Acu) 2| + |(Pu, Fou) 2|
+ |[(Reu, u)r2|.  (435)

We estimate each of the terms on the right-hand side as in the proof of the propagation estimate: for
self-adjoint G € ¥, ¥ ’0’0’_00’_°°(X ) with 1 — G essentially supported away from the L*-essential
support of a, f,e,b and with WF,(G) C Ell?é%’o’o’o(Gg),

Bty < |Betlly + | el < [GPullyy + [Gllzy + lullsy (436)
where Ey = Hi o VN N(x), zy = H Y@ DREEDEANIN 0y -y = glies NN (x),
Yy = ngév’s+1’<+3’_N’_N(X), and B. and E. are given by B, = Ag s ¢ 0,08 and
Es = No,—s,—,00F-. (437)
Via elliptic regularity, we can estimate

IGPullyy = G2Pullyy + |lulley- (438)

By shrinking the support of x, v if necessary, we can arrange that the L*-esssupp of a,b, f,e is a
subset Ell?é%o’mo(Gg), and then we can choose G such that WF,«(G) C Ell?ég’O’QO(Gg), so that the
estimate eq. (436) implies

1Beullxy = NIG2Pullyy + [IGsullzy + lulley- (439)

Using the Banach-Alaoglu theorem, applied as during the proof of the propagation estimate, we can
take ¢ — 0" to conclude

1Boullxy = 1GoPullyy + Gaullzy + [|ulley - (440)

Let X = H2M(X). Since EINE""(By) D Ry, eq. (440) implies

1Grullxe = | Boullay + [|G2Pullyy + l[ulley (441)
where we used the propagation estimate to control Giu on Charfég’_Q’_l’_3(]5) away from R,. So,

|Grullx = | Boullxy + G2 Pullyy + lulley = [1G2Pullyy + |Gsullzy + llulley
= (|G Pullyy + HGsuHHl—éV’s—l/z,c—l/z,—N,—N + [lulley-
(442)

An inductive argument (using eq. (411)) estimating [|G3ul| ;- ~.<-1/2.6-1/2 -, -~ finishes the proof. [
leC

5.3. The Radial “Point” R. In order to analyze matters uniformly near the corners of leC-phase
space (in particular the highlighted edge bf U ff in Figure 7), we work with the bdfs ost, obt, 0, otf
defined in eq. (82) rather than the leC-adapted momentum coordinates & 1ec, s lec Used in the
previous section.

In terms of the bdfs,

&b
(1+ &2+ gox (o, 1)) /2
= ouf ofobroi (1 — 03r0lrof) — 23047 Ofobroy (444)

~ -2 2 2 4 2 2 2 -1 2 3
Po = 0gf O Obr 0t (1 — 04r 05t 0f) — 2( )Qdf Ot Obf Oty (443)
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near {x = 0} C *CT"X, where 3 € 21’7(1)(;%0’0()() is given by & (1 + & + gyx (m,m))~"/? near
{z = 0}. Factoring out common powers of bdfs from eq. (444), we are left with
0T = oppou(1 — 030’ ok) — 2304t (445)
= oprou — 23oar mod Sy TH(X). (446)
On sf U T, ]5(2)’0’72’71’73 and thus 2% ~2~573 vanishes if and only if 23 = gprott/0qt. Therefore
Charjpds >~ 17%(P) = {23 = ovrou/0ar} C *OT"X. (447)
In particular, the portion of the characteristic set that is on the boundary of bf U tf is precisely
{3 =0}n (bf Utf) N (sf UI).

Proposition 5.10. We have H;(7)0772Qdf00 = Fp10dt,, for Fo1 € Sofgé%O’O(X) given by

C
Fo1 = 20p0e3(1 — 03r0%05) — 20a:3° — Zodasosone T (448)
near {x =0} C°CT"X. [ |
Proof. Applying eq. (333) to ods,q,
Hp, 0dtop = —(2020) g, 0doo (449)
near {x = 0}. Writing po = J:QQ(;f?)O(l — 0dt,,) — 2xEp(0? + Zx)'/?,
OgPo = 21‘@55)0(1 — gﬁfoo) — 2§b(02 + Zx)l/2 — Zxﬁb(a2 + Z:v)*l/2 (450)
e, 0dfoo = —Eb0iioy-
Thus,
HﬁO QdfOO = 2x2§b9df00(1 - ng@o) - 2x§%93f00 (02 + Z$)1/2 - Z§§93f00x2(0-2 + Zx)il/Q‘ (451)
In terms of bdfs *CT" X, 226,04t = 040807053, and m{%ggfoo (0% + Zx)'/? = D2 pqr0% 0k 0ns 0%,
and §§93f00x2 (02 + Z2)1/? = 22 par0% 0503 0% Adding everything together, we find
Hi, 0at00 = 205 0% 0850t 3(1 — 03r0%0f) — 20ar0% ot oveo I — ZoacoTofrotoh X (452)
Dividing by og; #(0® + Zx)'/? = o3 ost 0ft 0n1 03,

H,?go’_zgdfoo = (20br06 (1 — 030% 0%) — 204t — Z0ar 05t 013" ) Qdto (453)

as claimed. OJ

Letting (1, B2 be as in Proposition 5.8, 51, 82 < 0 on Ry and thus on R. By Proposition 5.10,
there exists an Fj € SOI’?(;%O’O(X) such that

C

H§707_2Qdf00 = Fl Odfoq s (454)

with F} vanishing on R. By Proposition 5.5, it is the case that for any fixed p € Sol’y?é%O’O(X ) equal

C
to §s2c,1ec + 77s2c,1ec in some neighborhood of bf U tf, there exist some symbols

Bo, Fy, F3, Fy € Sy12e°(X) (455)

such that
H2""2p = Bop+ Fa + Fy + x(0® + Zz) /2 F, (456)
Bolre <0, (457)

Bo, F» < 0 everywhere, and Fj3 vanishes cubically at R uniformly in [0, X]. We may choose p such
that it is nonnegative everywhere.
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It is necessary to have another weight with semidefinite sign under the Hamiltonian flow. We
may use
0,0,0,0,0
off = Qdfoo + Qtfoo € Scl,leC (X) (458)

2,0,—2 _ 0,0,0,0,0 .
We have H; "o = B30g for B3 = (F10dto, + B20tt00 ) (dfoo T Otfoo) Le Sl 1ec (X). We can write

this as O3 = Fiogrost + B20te. Thus, f3|lr < 0. Note that (3 vanishes at R N tf. Normally, this
would be problematic as far as the radial point estimate is concerned, but this fourth weight is used
only to give us an extra independent order and not to manufacture positivity, so a semidefinite sign
is actually acceptable.
We now have enough basic weights to construct our commutants: the basic weights are z =
obt 0s£ 0% 0%, (02 + Zx)'/? = oo, and gary, = oarostos. For any s,¢,1,€ € R,
o'(0? + Za) P o 0 T = o5 elref il (459)
We do not care about the order at df, so the weights of the form eq. (459) (which give four
independent orders) suffice. We now consider the weight (dependent on parameters s,,[,¢ € R)
ap = a0 + Za) TP H gl s sl ¢ Sfﬁi’é’g’l’f(X). (460)

00

Per the above and eq. (423),

B=—((s=DF1 +(s—L—s+1)s+ 181+ (£ —2)B) = ag " H;" 2ag € SGUE0(X)  (461)
will have a definite sign near R if [, £ have the same definite sign and ¢ — ¢ — s + [ has the same sign
semidefinitely.

Hence, multiplying ag by an appropriate microlocal cutoff, we can arrange for a to be everywhere
monotonic under the Hamiltonian flow, strictly so near R. Specifically, fix x € C°(RR;[0,1]) as in
the proof of Proposition 5.9. Dilating y if necessary, we can find ¢ € ng?é%O’O(X ) that is identically
equal to one in some neighborhood of sf U ff such that

B<0 (462)
~2.0,-2,—1,-3
on supp x(p )x(p)1 and such that
X ooy —H 0 € S (X) (463)
and supp x(p>% 21 73)x(p)y N (R4 Udf) = @. Now set
o = aoX(ﬁz,O,—2,—1,—3)2X(p)2¢2 c Sfﬁ’laé,c,lf(X). (464)

The three factors x(p>%~27173) x(p),v € Sgl’gé%o’o(X) together microlocalize near R.
We can write Hz’o’_2ﬁ2’07*2’*1’*3 = gp*V 2" L3 for g e Sgl’fl)é%o’o(X) defined by
~_ =22 1 3772022 -2 1 -3
q = 04 QHQbetfHﬁ (Qdf@ﬁ Opr Ot )- (465)
Then,

2,0,—2 ~2’0’_2’_1’_3)2X(0)2 2,0,-2

~2.0,—2,—1,— 2,0,—2
5 az?/JQX(p 2,0,—2,—1, 3)2¢2H15 p

5 Tao— 2a0x0(p)*x(P
+ 2agy (PP 2Ly (202 L3) () 22202 L3
+ 2a0x (P> x(p) PP HE M ). (466)
Observe:
(1) by eq. (462), the first term,

PO (o) HY Y P ag = v x (5202 T3)2x(p)? Bao (467)

will have a definite sign (the same as 3, negative if [, ¢ < 0) for appropriate x, 1,
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(2) the second term,

90,—2,—1,— 2,0,—2
— aoxo(p)*x (P> F V)2 HID )
= —aoxo(p)’x (B> )22 (Bop + Fy + Fs + x(0” + Zx)"?Fy),  (468)
also has a definite sign (positive, since Sy, Fa, F3|g < 0) for appropriate x, ¢ and is supported

in an annulus around R4, which should intersect Char%ég’_z_l’_g(P)\(R URL),

(3) the third sand fourth terms are supported away from Char®%~%=1=3(P) and are therefore
unproblematic (as that region of phase space is controlled via elliptic estimates or, in the
case of bf°® U tf° where the fourth term might have some support, cannot be controlled by
symbolic considerations anyways).

We will prove a low order radial point estimate. This means that
<0, £ <0 ¢ </l+4+s—1, (469)

so that 8 > 0 near R. Thus, the first and second terms in eq. (466) have the opposite sign near
R. The second term thus contributes to the right-hand side of the radial point estimate, but this
term can itself be controlled using a radial point estimate at R4 in conjunction with a propagation
estimate and will therefore be unproblematic as well.

In order to “regularize,” set ¢. = (1 +ex~1)~K1(1 + 6@5&)0)_](3,

a® = ¢2a € Lo([0,1]e; Sy oM (X)), (470)

for to-be-decided K7, K3 € R. We then compute that

2,0,—2 oo 1

Hy* 20 = 62| = x> ) x(0) W ao (< — € — s + 1)Bs
—1 .

%) B (l . M

1+ 59;%0 1+ex!

+ 2a0x(p~2=07—27—17—3)X/(]52,0,—2,—1,—3)X(p)2w2]52,0,_2,_1,_3q

+ 2a0x (P07 o) e H O P (4T)

+ Fi(m - )+ Ball = 20)) = 2a0x0(p) X (5> 2P 2 HYO 2

In contrast to the previous radial point estimate, we can make K;, K3 arbitrarily large without
affecting the sign of the parenthetical term, although we might need to choose ¥ with smaller
support and replace x with x o dily for

A= Am, 1,0, Ky, K3) >0 (472)

sufficiently large to ensure that the term proportional to Fj in eq. (471) does not spoil that sign. So,
for some choice of 1, x, we can choose § = §(K1, K3, m,l, £, x,1) > 0 sufficiently small such that
there exist well-defined uniform families of leC-symbols

be € L¥([0, 1] S 005~ D/2(3/2.0-D/2(E=3)/2 )y
ee € L([0,1]¢; Sc_ljzé(s_1)/27«_3)/2’_00’_00(X)), .
fo € L22((0, 1]e Sy5ee ™M (X)),

re € L([0,1]c; 8,55 3 (X)),
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such that, in some neighborhood of {z = 0} ¢ *°T" X,
Kseois Kiex—1
-1/2 1/2 3/2 1/2 3/2 1/2 ,.20,-2,—1,— 3€0q¢ 1ET
be :Qdf/ st/ fo/ Qbé Qtf/ ao/ X (021 3)X(p)¢5¢{}q(mf ﬁ) + 6 (l— m)
dary,

0N 9 1 _ 1 a1 1/2
+ B2(0 = 20) + Byl — £ — 5 +1) = 206205772 X(0)*0? — aroy o o 01

—-1/2 1/2 3/2 1/2 3/2 1/2 ~ 21— 2,0,—2
ec = —og1 2020 ol 6P deag* xo (p)x (5> 02 71Y) —2H5;" "p

fe = 20arostoraodx (502NN (20T n(p) 0%

- 2,0,—2,—1,— 2,0,—2
re = 2041 0st0fr b 0graoX (B30 2 x(p) 2 H .
(474)

In terms of these new symbols, we can write
Hza' + p1a'® = 200, oo oneoirag 'a'®? — b2 + €2 + fop + 7. (475)

We now apply Op. Setting A. = (1/2)(Op(al?) + Op(a®)*), B. = Op(b.), B = Oplec), F. =
Op(f:), we have

IS
m Mm
SN
PR N .

0, 1]e; U > M (X)),

0, 1)e; Wy oo~/ 8)/20=1/2.(E=8)/2 x
0,1]

0,1]

’ (476)
—00,(s—1)/2,(s—3)/2,—00,—00
o o TR (X)),

- —1,6—1,1,¢
6;\11168078 * (X))7

3 &
m M
& o
g 8

and

—i[RP, Ac] — {SP, A} = =204 A1 )2~ (s41)/2,— (c+8)/2,—(1+1)/2,— (+3) )2 Ac — BEB: + EXE.
+ F*P+R. (477)

for some Re € L*([0,1]; W00 2~ #7173 X)) Moreover, we necessarily have

WE 7o 1ec(Ae)s WF o0 1o (Be ), WE oo 1o (Fa),

WEF o 160 (Fe), WF o 1oc(Re) C supp X027 x(p),  (478)
where the last of these inclusions (the one for R,) follows from the one for A, and WF’Loo,lec([lf’, Al)) C
VVFILOO ,leC (AO ) :

For each my, so, 0, lo, {0 € R, there exist some Ko, K39 > 0 (dependent on myg, so, o, lo, 4o
and m, s,¢,1,¢) such that, given {u(—;0)}s>0 C §'(X) with u(—;0) € H:Cf’K(Xl/Q) and u(—;0) €
H:gff’l(X) for all o > 0, if we take K1 > K o, K3 > K3 in the construction above then it is the
case that (for any € > 0, and for each ¢ > 0, implicit in the notation),

23 (Pu, Acu) 2 = —({SP, A Ju,u) 2 + i{[RP(0), AJu, u) 12, (479)

where the pairings above are well-defined distributional pairings (with the left argument of each inner
product in the dual Sobolev space to a Sobolev space in which the right argument lies). Applying
eq. (477) to {u(—;0)}s>0 as above and pairing against v (and taking K, K3 large enough), we have

23(Pu, Acu) o = — || Beul|3s + | Ecul|3s 4+ (Pu, Feu) o + (Reu, u) g2
— 20| A1y, (541)/2,— (+3) /2, (1+1)/2,— (¢43) /2 Act]| 2. (480)
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Equation (480) implies

1 Beul|72 + 268[| A1 j2,— (541) /2, (c+8) /2,— (141)/2,— (0+3) /2 Ac ] 1.2
< 2(Pu, Acu) 2| + [(Pu, Feu) 2| + [(Reu, u) 2] + || Boull7..  (481)

Suppose G € \IJIZEO’O’O’O’O(X) is self-adjoint and such that

WFGE(1 = G) N supp x(7*°7> 74 )x(p)v = 2. (482)
We now estimate the terms in eq. (481) as in the propagation estimate, except we now must keep
track of orders at bf, tf:
e Writing P = (1 — G)P + GP we have, for each N € N (and K1, K3 large enough),
[(Pu, Acu 2] < (G Pu, Acu 2| + (P, (1 = G) Acu) 2. (483)
By Lemma 2.15, for any & > 0,
~ ——1 ~ — —
(G Pu, Acu) 2| 26| GPul3,, + 6| Acul 3y + 0lull,
——1 ~ —
<6 ||GPul3, + 8] Acull3, (484)
——1 ~ — —
=4 ”GPU”§JN + 5”A1/2,7(s+1)/2,*(<+3)/2,7(l+1)/2,7(3+3)/2A€uH%Z + 5||U”%N

(where the constant does not depend on §) for
Iy = Hl;é\/,(s+1)/2,(§+3)/2,(l+1)/2,(€+3)/2(X)

)

y*7N _ H];é\f,—(8+1)/2,—(C+3)/2,—(l+1)/2,—(@4—3)/2(X) (485)

)

En = H LTSN (x),

On the other hand, noting that (1 — G)As € L*([0, 1]; \I’l;go’foo’foo’l/z’gﬂ(X)),
(Pu, (1= @A ol = Pl s (- DAl

leC leC
<Pul? st T - QA
leC leC

2
s + ”UHgNO

= ul? NN L 3

leC

(486)
for Ny sufficiently large (relative to Np). So, [(Pu, (1 — G)Acu) 2| < ||u||%N for &y =
—N,—N,—N,:1 &3
1TV (),
Thus, taking ¢ sufficiently small (relative to §),
2|(Pu, Acu) 2] = 20| A1 o~ (s41) /2.~ (c48) /2, (14 1) /2, (e48) 2 ActullT2 < IGPul3 + [[ull?,.  (487)
e Similarly, |(Pu, Fru) 2| < HG]E’uH%,N + HFeuHi’NO + |Jul|Z,,, for any Ny € N.
We have WF 10 joc(Fe) N Char?ég’%’*l’*g(f’) = &, so we deduce from elliptic regularity

that )
1Ezull3, , = I1GPull3, + [lull?, (483)
for Ny sufficiently large (relative to Ny). Thus,
|(Pu, Feu) 2] < |GPul3 + [[ul2,- (489)

o [(Reu,u)p2] 2 |Gull%, + ||ullg, for

Zy = H—N,(s—2)/2,(<—4)/2,(l—1)/2,(2—3)/2 (X) (490)

leC
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Thus,
|Bull7 < NIGPullS,y +1GulZ, + | Eullfe + |lull?,, (491)

Le., letting Xy = H_ - D/26-9/20-D/203)/2 0y ynq By = g D/26=3/2-N-N ()

|Beullky = IGPul3,, + Gull%, + | Boull%, + Ilullz,, (492)
| Beullxy = |G Pullyy + Gullzy + |Boull 5y + llulley, (493)
where
Be = Mo —(s-1)/2,—(c—3)/2,—(1-1)/2,—(¢—3) /2 Be (494)
Ee = Ao —(5-1)/2,—(c—3)/2,0,0 Ee, (495)

so that B, Ee € \I,?e,g,o,O,O(X).

Proposition 5.11. Suppose that Gy, G € \IIIEEO’O’O’O’O(X), Gs € \111;80’0’0’_00’_00 satisfy
(1) WFiec(Gg) N R+ =@ and
WE(G1) NRy = 2, (496)
(2) R, WF{,o(G1) C Ele" ™ (Go),
(3) there exist ©1,04 € (0,m) with ©1 < O2 such that Ell?e’%’o’o’o(Gg) 2O P[O1,02] and
B (Go) DRU ) PlO1, 0] (497)
@36(@2,71’)

Then, for any ¥ >0, N € N, and m, s,s,[,{ € R with | < —1/2, £ < —=3/2, and ¢ < {+ s — I, there
exists a constant

C =C(P,Gy,G1,G2,G3,%,N,m,s,6,1,0) >0 (498)
such that

|Gl gsce < c[HGopunHl;g,s+1,<+3,l+l,“3 + [1Goull v + ||u||H1;g,fN,fN,l,4 (499)

holds for all u € §'(X) and o € [0, 3]. [ ]
Proof. We can assume without loss of generality that
R C BN (Gy) (500)
and
Ellig ™" (Go) 2 WFjo(Ga). (501)

Let so =2s+1, lp = 2l+1, and £y = 2¢+ 3, and ¢y = 26+ 3. The condition [ < —1/2 is equivalent
to lp < 0, £ < —3/2 is equivalent to ¢y < 0, and ¢ < £+ s — [ is equivalent to ¢y < £y + so — lp. We
can therefore apply eq. (493) with sg, o, lo, £p in place of what we called “s, ¢, [, ¢” there. Thus, for
each € > 0,

1Beull ey < |GPullyy + |Gullzy + | Bl g, + llulley, (502)
where G, B,, Fs are as above and now
Ay = H oM (X)), (503)
Zy = ngé\/,sfl/lgfl/zl,f(X), Xy = Hl;év,s,g,fN,fN(X)’ Zy = ILIIE(JJ\/,&»*1/2,<71/2,l,12(X)7
Yy = ngéV,S+1,§+3,l+l,Z+3(X)’ (504)

and &y = ngév ’_N’_N’l’K(X ). If necessary, we can retroactively replace x, 1 such that

0,0 0,0,0,0,0
WELse 1o (Ea ), W% o0 (Ba) € Eller”™(Go). (505)
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We can apply the propagation estimate Proposition 5.7 to bound
1Eaull gy = 1GoPullyy + [1Goul g, + [lulley- (506)
By eq. (500), we can now retroactively choose G (for appropriate x,) such that WF{gé) (G) C
EIYS00(Go) N BN 0(Gy), so that
HGptuN = HGOPUHJ/N + HquN (507)
and [[Gulzy 2 |Grullzy + [lulley-

The estimate eq. (502) therefore implies || Bou|lxy =< ||GoPullyy + |Grullzy + |Gaull g, + llulley-
Via the compactness argument utilized in the proof of the propagation estimate and previous radial

point estimate, || Bou(—;0)|lxy < liminf,_q+|Bu(—;0)|xy for each o > 0, so
1Boullxe < |GoPullyy + 1Grullzy + [Goull 2, + lulley- (508)

Unlike B. for ¢ > 0, Ell?e’g’o’o’o(éo) > R. Thus, (for x, 1 with sufficiently small support) || Boul| x, =<
|Giullxy + |lulley- Substituting this into the estimate above, we get

IG1ullay 2 IGoPullyy + [Grullzy + |Gaul g, + lluley - (509)

Since the leC- Sobolev spaces Xy,Y, Zy in eq. (509) get weaker as s,¢,[,¢ decrease, we can
inductively use the family of estimates eq. (509) to bound the ||Giul/z, term on the right-hand
side: for all N € N,

IG1ullxy < GoPullyy + |Grulley + |G2ul g, + llulley (510)
1Grullxy 2 [GoPullyy + |Gaull 5, + [[ulley- (511)
This implies eq. (499). O

5.4. Upshot. Combining the estimates above (e.g. using Lemma 2.16), we get:

Theorem 5.12. Suppose that G1,Gs,G3 € \I'?ég’O’O’O(X) satisfy

o WEE(Gh), Chariee ™13 (P) C Bl ™™ (Go),
o Ry CEINE(Ga).
For every m, s,s,1, £, s0,50 € R satisfying
< —1/2, < =3/2, -1/2 < 509 < s, -3/2<q<s<{l+s—1, (512)

there exists, for each X > 0 and N € N, a constant C = C(p, G1,Ga,G3, %, N, m, s,¢,1,4,50,50) >0
such that

|Grull s < C{HGQPU|‘H$62,5+1,g+3,z+1,e+3 + [1Gul ;-v0-nw + ||u\|H;fZé,4 (513)

for allu € 8'(X) and o € [0,X] (in the usual strong sense that if the right-hand side is finite, then
the left-hand side as well, and the stated inequality holds). [l

It will also be useful to have the following refinement of Theorem 5.12:

Proposition 5.13. Given G1,G2,m,s,,1,£,S0,50 as in the setup of Theorem 5.12, if in addition

Ell?ég’O’O’O(Gl) D R4, then there exists a constant

c=c(P,G1,G9, %, N,m,s,6,1,£,50) >0 (514)
such that, for any u € 8'(X),

||G1'LL||HIZLC,5,§,I,Z < C{HGQPUHH{:62,5+1,<+3,1+1,£+3 + HuHHt:l]Zcu} (515)

< 00. [ |

holds for all o € [0,%] such that HG1(J)u|]H1;év,so,<o,_N,_N(X)(o_)
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Proof. 1t suffices to consider the case —N < m, 1, £.
Applying Theorem 5.12 with G3 = G1,

||G1UHHl'més,§,l,€ S C/(||GQPU”lenc—2,s+1,§+3,l+1,€+3 "‘ HG]_U”leﬂc—Z,so,go,—N,—N + ||u||Hb—lN(,jl,f) (516)
e e e! ,l€

for some constant C’ > 0. We now use the interpolation inequality Lemma 2.17, which, for each
€ > 0, allows us to bound
1
||G1UHH1;é\/,so,§0,fN,7N < €||G1u||Hl7:C,S,§,l,f +C (E)HUHH;lJZCze (517)
for some C"(€) = C(P,G1,Go, %, N, m, s,¢,1,£, 50,5, €) > 0. Taking e < 1/2C", plugging eq. (517)
into eq. (516) yields
HGluHHm,s,q,z,e < C/(HG2PUHH'm,72,s+1,§+3,l+1,£+3 +(1+ C”)HUHHfN,z,e) + (1/2)HG1uHHm,S,<,l,e (518)
leC leC b,leC leC
If o € [0,3] is such that
HGl (O—)’U/(_7 U) HHir:és,q,l,Z(o_) < OO, (519)
then we can subtract the last term on the right-hand side from both sides, getting eq. (515),
||G1u||le:C,s,<,l,£ <20'(1+ C//)(||Ggpu|]H{gc_2,s+1,<+3,l+1,e+3 + HUHHb—IJZCu) (520)

If |G1(o)u(—; 0) ,;-N.sos0—N—N < 00, then we break into two cases:
He (X)(o)

e if one of ||G2Pu||Hm 2,54+ 1,6+3,141,6+3, ||uHH Ne is infinite, then eq. (515) holds trivially;
e if both are finite, then Theorem 5.12 1mphes that HGlu”Hm ssne < 00, and therefore eq. (520)
holds.
We conclude that eq. (515) holds if we take C' = 2C"(1 + C”). O

Taking G; = G2 = 1 in Proposition 5.13, we get the main claim eq. (305) at the beginning of this
section:

Proposition 5.14. For every ¥ >0, N € N, and m, s,<,1, £, 50, € R satisfying | < —1/2<sy<s
and { < =3/2 < gy < ¢ < L+ s—1, there exists a constant C = C(P,%, N,m, s,¢,1,¢) > 0 such that

m,s,c < P m—2,s4+1,¢ —

||u||HleC” ae < C[HPuHHlec 2,54+ 1,643,14+1,643 + ||uHHb11;fcu} (521)
/!

holds for all u € §'(X) and o € [0,%] such that ”uHngéV,sO,qo,—N,—N(X)(U) < 0. [

6. PROOF OF MAIN THEOREM

Most of the results in this section are split among three subsections:

(1) §6.1, where estimates regarding the “leC-normal operator” N(P) (see §3) are proven,

(2) §6.2, where — using the estimates from the previous subsection — the conormality of the
output of the conjugated resolvent family on X:P is established, along with smoothness (in
terms of E = 02) at zf° (with the terms in the Taylor series being conormal distributions on
zf) — see Proposition 6.15 — and

(3) §6.3, where the proposition needed to upgrade the conormality established in the previous

subsection to the existence of asymptotic expansions is proven.

Central to this section is the analysis of the model problem

2i[80; + —— (k;+ )+l+%]u:f, (522)

l—l—
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u, feD (R;), where [, k € R will be required to satisfy some threshold inequalities. We record the
exact solution to eq. (522): for any [,k € R, if f € C*°(R™"), then u € D'(R") satisfies eq. (522) if
and only if

©orl
(@) = 271721 a) R et % / i 2 (14 &) f(0) dito | (523)
for some ¢ € C. The model problem above arises rewriting

N(P) = 27"2(62 + Z2) " * N(P)2!t/2(0? + Zx)* (524)
in terms of # = Zz/0o?. Indeed,

o 1 2iZx 1
~1(,.2 ~1/2 _ 9, Z Z
x~ (07 + Zx) N(P)—22(x8¢+l+2)+02+zx(k‘+4)

—2i{ﬁaj+1ia}(/¢+i)+l+;}.

If N(P)u = f then N(P)ug = fo for ug = 27""2(0? + Zz)"Fu and fo = ="="/2(0% 4+ Zz)7*f.
We now spell out the deduction of Theorem 1.1 (in the form of the more general Proposition 6.3)
from the results in §6.2, §6.3.

(525)

Proposition 6.1. Suppose that g = go + xg1 + % gs for g1 € C®°(X;*°Sym?T*X) and go €
SO(X;5Sym?T*X) for ay > 1. Then the Laplace-Beltrami operator Ag has the form

Ny = Dy + 2 DIff2) (X)) + 2218 Diff )2 (X), (526)
where gg is an exactly conic metric. |

Proof. Let h + [h] denote the natural bundle monomorphism **Sym?7* X < End(**TX,%T*X).
The matrix identity [g]™* = [go] ™ — [g] 71 (z[g1] + 2**[g2])[g0] !, applied inductively, yields

K
9] = lgol ™t = lgol ™t D (=1 ((xlga] + 2 [g2])[go] )+ (=) H{g) " (wlga] + 2 [g2]) [go] )"

k=1

(527)
for each K € N. Noting that g=! € S(X;%Sym? T X), taking K > a; leads to g~ — gal €
2C(X;>Sym* TX) + 21 §°(X;*Sym* T'X). Also, from [g] = [go] (1 + 2[go] ~*[g1] + 2°*[g0] ~*[g2]),
det g € SO(X;50X) satisfies

det g = (det go) (1 + z tr([go] " [g1]) + 2?C®(X) + 21 5%(X)). (528)
Writing
Ng=— > (978:0; + 0;9"0; + (1/2)(det g) ™" (8; det g)g” 9)) (529)
ij=1
in local coordinates, we conclude that eq. (526) holds locally, which suffices to show that the
decomposition eq. (526) can be done globally. O
Thus:

Proposition 6.2. Suppose that g = go + g1 + 2% go for g1 € C®(X;*°Sym?T*X) and g €
SO(X;%¢Sym?T*X) for a; > 1. If P(0) = Ny — 0% —Zz +V is the spectral family of an attractive
Coulomb-like Schrédinger operator with V € z2C*°(X) + x°2S8°(X) for ag > 3/2, then we can
decompose

P(o) = Py(o) + P, + P (530)

for Py, P1, P> having the form specified in the introduction (with a =0), except that

ago = —z*(g1)oolox = — lim 291 (9,,0,) (531)
z—0t
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is not necessarily constant (and the attractivity condition eq. (45) might only be satisfied for small o).
We can arrange that Py is fully classical and that Py is classical to order (B2, f3) with B2 = oy — 1
and 3 = ag — 3/2. [

Proof. Let Vo € C®(X), Vi € S%(X) satisfy V = 22V + 291V Tt suffices to restrict attention to
the boundary-collar. There, we define Py by
Po(U) = Ag() - 37(100( 8 ) - 0’ —Zx. (532)

This has the form specified in the introduction, in the sense that eq. (44) holds with a = 0.
By the proof of Proposition 6.1, there exists some P € lefzch (X)) + xalSDiffzé%_Q(X) such
that, in any local coordinate patch

Ag—Ago‘FZfﬂg g1) kwo 33 + Pap. (533)
1,7,k

Now set P = 3, . 2gi (91 kegy 005 — 293 (91)keg02 = ik 298 (91)ke9 0:0; — 2°(91)0002.
Then, P; has the form specified in eq. (46) and is even fully classical.
Defining agg by eq. (531), (g1)oo + 2 *agy € 273C°(X), so the operator P = 29(g1)000? +
ragy(220;)? is in DiffgggQ’_4(X). We therefore set
Py = Pyg+ Py + 22Vp 4+ 2°2V; € Diff3"2(X) + SDiff 2, * 27 (X) + 2°28°(X).  (534)
Then eq. (51) applies, for S = a1 — 1 and 83 = ag — 3/2. O
Proposition 6.3. Given an asymptotically conic manifold (X,t,g) of dimension dim X =n > 2
such that g satisfies eq. (41), with agp € R, and given Z > 0 and V € 22C®(X) + 2*25°(X) for
some g > 3/2, consider the Schrodinger operator
P=0A,—Zz+V:8(X) > 8(X). (535)
Set

1 o 1
® —Vo? +Zx — o2 Z—o? inh
(z;0) \/a + Zx — o2agor + — ( o“agp) arcsin (x1/2 Z- a2a00)1/2) (536)

for all ¢ > 0 such that Z > o%ago. Suppose that g is classical to aith order, oy > 1. Set
01 = min{a; — 1,9 — 1} and §p = min{a; — 1, a9 — 3/2}.
Then, for any f € S(X):
(1) there exists some

wo s € A VG AH{Z > Bago}) + A" ON(XGE 0 {Z > Ba})  (537)
such that, for E > 0 satisfying Z > Eago, u+(—; EY/?) = R(E £i0)f € 8'(X) can be written
as

Uy = e:l:iq)(a:;El/Q)x(n—l)/Q(E + Zx)_1/4U()7:t, (538)

(II) uy(—;0) = R(E = 0;Z iO)f as ux(—;0) = eF®@0)p(n=1/2(Z2) =14y, L (—;0), where
up,+(—;0) € C(X2) +AZOT(X) s the restriction of ug+ to zf = cl{o = 0,2 > 0} C X3P,

res”

Moreover, the map

S(X)3 frugs € ALDECO (X0 (7 5 Eagy}) + ALC0D0020700) (x50 (7 5 Eagy}) (539)

ocC

18 continuous. [ |

Proof. Tt suffices to prove only the ‘+’ case of the proposition, since the ‘-’ case is similar (and
follows via complex conjugation). Moreover, it suffices to construct up+ = ug+ g, Over every
interval of the form [0, Ey] for Ey > 0 satisfying Z > FEpagp, since then for £ < Fj the function
U0+, 5o (—; EY 2) does not depend on Ej in the sense that for any Ey, E}) satisfying Z > Fyago, Ejaoo
it is the case that ug + g, and U + f; agree on [0, min{ Ey, E{}| .
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Given the setup of the proposition, Proposition 6.2 applies, so we can deﬁne a family P =
{P(0)},>0 satisfying the assumptions listed in §1 such that P(c) = P(0) — o2 for 02 < Ey, with P,
fully classical and P; classical to order (52, 83) for 2 = a; — 1 and B = ag — 3/2.

Defining P = exp(—i®) P exp(+i®), since Puy = f, Pugg+ = f for ugg + = exp(—i®)u; € S'(X)
and f = exp(—i®)f € A*00) (X350 Referring §6.2 for the definition of R (o), by [Vas21a,
Theorem 1.1] it is the case that

oo, +(—;0) = R+(U)f(—;0) (540)
for each o > 0 (since, for each o > 0, ® differs from Vasy’s phase by a remainder the exponential of
which acts as a bounded multiplication operator on b-Sobolev spaces — cf. eq. (58), with a = 0).

By Proposition 6.15, ugo+ = ™ D/2(6? + Zx)"Y4ug 4 for some ug 4 € A?OZ’O (0 )(Xﬁgs)
depending continuously on f. Then, by Proposition 6.16, we conclude that

+ € AP (X N {Z > Eago)) + ALV 2000 (x5 0 (7 > Bago}), (541)

ocC res res
dependlng continuously on f € S(X), with 1 = min{f32,1/2 + 3} = {@1 — 1,2 — 1} and
dp = min{fs, f3} = min{a; — 1, s — 3/2}. This yields the first half of the proposition (as well as
the continuity clause).
The second clause of this proposition then follows from the second clause of Proposition 6.15 and
Proposition 4.2. Indeed, by the latter,
e 0y, = e R0, Z 4 i0) f = R (0)f(—;0). (542)
By the second half of Proposition 6.15, the right-hand side is the restriction to zf of u4 . ]

6.1. Estimates.

Lemma 6.4. For any I,k € R satisfying | < —1/2 and k+1 < —3/4, and for any N € N, there
exists a C = C(z,l,k,N,Z) > 0 such that the linear map

Ny = Nin(k, o) - Hy M0, 2) — H V10, 7) (543)
given by
, 1 27z 1
Niw =2i[2de + 5] + = (k4 7) (544)

satisfies HUHH—NZ[O 5 < C|\Nin(E, U)uHH_N L[ for all 0 € 0,00) and u € H_NZ[O ).

The same estimate (posszbly with a dzﬁerent constant) holds with X = [0,Z), x 0X in place of
[0,Z) if we replace Hb [O,x) with Hb_Nl(X), where the latter is the usual b-Sobolev space (such
that HY°(X) = L} (X)). [

Proof. We write the proof for [0, Z), and the proof for X is similar (since angular derivatives commute
with V; n) once we interpret u as a H™(9X)-valued element of a b-Sobolev space on [0, Z).

Via the Mellin transform, A x (k,0) = 2i(x8, +k+3/4) : Hy V'0,7) — Hy V1[0, %) is invertible
for [, k as in the lemma statement, so it suffices to restrict attention to the case o > 0, i.e. to prove
that

HUHH N.0[ -< |~ ZM (k, U)xlUHHbefl,O[Oj) (545)

for all u € HQN’O[O, z) and o >0 (the estimate required to be uniform in o). Let & = Zz/0?Z.
Via the dilation invariance of the b-Sobolev spaces, the estimate eq. (545) is equivalent to the
following:

HuHHl;NvO[Qz/ﬁ) = H-/V-l,kuHHb*N*LO[Oz/U% (546)
for all u € H; °[0,Z/0%) and & > 0, where

N 7. 17 22 1

M,kZQZ[xaj-l-l—i-i]—i-1_}_5%(/94—1). (547)
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We now “radially” compactify the nonnegative real axis [0,00)z (so that 1/(1+2) becomes a bdf for
the new boundary face), and we call the result [0, co]. Observe that Ny is a b-differential operator
on [0, c0], with b-decay rate zero at both ends. In order to prove the estimate eq. (546), it suffices
to prove that

HUHH;N’O’O[O,oo} = ||./V‘l7kU||Hb—N—1,O,O[O7OO} (548)

for all u € Hb_N’O’O[O, oo], where the third index is the b-decay order at & = cc.

For | # —1/2 and | + k # —3/4, //\/'\”c is (via b-ellipticity and the Taylor series expansion of
2/(1+ z) around & = [0,00)) Fredholm as an operator Hb_N’O’0 [0, 0] — Hb_N_l’D’O[O, o], and for
any No € N we have the estimate

HUHHb—N,o,o l = H'N’lvkuHHb_N_l’O’O[O,oo] + ||u||H;NO,_1,_1[0700} (549)

[0,00

for u € Hy N0.970, 50]. Once N, 1.k is known to be injective, a standard argument allows us to remove

the last term of eq. (549), yielding the desired estimate eq. (548). It suffices to consider the case
Ny > N. The standard argument is as follows:

e If we could not remove the last term of eq. (549), then we would be able to find a sequence

—N,0,0

{ujljen C Hy 7

0, 0o] with HujHHb_N,o,o[ =1 for all j and

0,00]

”.K\/'l’kUjHHbefLo,o —0 (550)

[0,00]
as j — oo. By the Banach-Alaoglu theorem, we may assume without loss of generality
(by passing from {u;}jen to a subsequence if necessary) that there exists some us €
lLIb_N_LO’O[O7 oo] such that u; — us weakly as j — oo.

Via the compactness of the inclusion HgN’O’O[O, 0] — Hb_No’_l’_l[O,oo] for No > N,
uj — Uso strongly in the latter space. From eq. (549), we deduce that

HUOOHH];NO‘7L71[07OO] = jE)I&‘|uj‘|H;NO’71’71[O,oo] > 1. (551)

In particular, (I) us is nonzero.
Also, from the strong convergence of u; — us in H, NO’_l’_l[O, o],

N = Nigtioo (552)

distributionally. But //\\/l7kuj — 0 strongly in Hb*Nfl’O’O[O, oo], by eq. (550). Thus, (II)
.//\\/'l,kuoo = 0.
From (I) and (IT), we conclude that //\\/lk is not injective.
In order to show that

ker ;oo o N = {u € Hy P[0, 00] : N pu = 0} (553)

is trivial, we simply appeal to the solution eq. (523) of the ODE (although it is slightly simpler
to integrate in the other direction). Indeed, any element u of the kernel eq. (553) must be given
by w(#) = ez~ Y2 (1 + 2)7F=1/4 for some ¢ € C. If this is nonzero, then it is Q(2~(+k+3/9)) a5
& — o00. If [+ k+3/4 <0, then u fails to lie in L2[0, 00]. By eq. (549) (applied with 0 in place of
N and N in place of Ny),

ol 210,00 <INl 510000,y + 1l 1110 oy = IVl 0000 o)+ il gy - (554)

Since HuHLg[Om} =ocand u € kerH;N,O,O[ oo]M7k = Hj\fl,kuHH;m,o[O’oo] =0, eq. (554) implies

07
u ¢ Hy M0, 00], (555)

which contradicts u € keI'H;N,O,O[Opo} Mk Thus, u € kGI'Hbe,O,O[O’OO] /\/lk =u=0.
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This completes the proof of the lemma.

Proposition 6.5. For any | < —1/2, k+1 < =3/4, and N € N, there exists a constant C =
C(P,N,l,t, k) > 0 such that, for all o >0,

Joll oty < O (10 + Z2) FNP@)) (0% + Zo)* ) yomasranssy)  (356)
HUHH];IJZéJHM(X) <C- (HN(P(U))UHHl;lzz,clH,szkJrs(X)) (557)
for all v € S'(X) supported in {x <z} C X. |

Proof. Letting N(P(0)) = (¢ + Zz)"* N(P)(0? + Zz)*, N(P(0)) = N(P(0)) + 2Zkix? /(0% + Z2)'/2.
Consequently, we can choose the b,leC-Sobolev and b-Sobolev norms such that

IN(P(o)v|l,,-nisr2143 = ||(2ix(28, — (n — 1)/2) + 2Zkiz? /(0% + Zx))v| ;- Nat1, 51 - (558)
Hy o0 H, (X)
We can work on X = [0,1), x X, as
Hw_N/2nggN,z(X) = HU]HHb—N,l(X) = ”x_n/QwHFI;N’Z(X) (559)

for all N,l € R and w € §8'(X) supported in {z < z}. Equation (556) is therefore equivalent to

||$_n/27j||ﬁb—N,l(X—) < ||m_”/2(2ix(:n8x —(n—1)/2) + 2Zkiz?*/(c? + Z:E))U||ng,z+1(X) (560)

for v € Hb_N’l(X) supported in {x < z}, which follows if
lwll =i gy = 12i(200 +1/2) + 2Zkiz /(0% + Zz))wll g-na (561)
holds for w € H,, N’Z(X ), which was the conclusion of Lemma 6.4. O

Proposition 6.6. For each ¥ > 0, N € N, m,s,q,[,¢ € R satisfying | < —-1/2, ¢ < —=3/2,
s>s89>—1/2, =3/2 < gy < < {l+s—1, there exists a constant C = C(P,X, N,m,s,s,1,£) >0
such that, for any u € S'(X)

||uHlegés,<,z,e <C- (HPUHH{CVLC—2,5+1,<+3,1+1,¢+3 + "u||Hl;lzzé—5,z—25) (562)
holds for any o € [0,%] such that u(—; o) € HS;{)V’SO’CO (X). [ ]

Proof. Consider u € §'(X) and o € [0, Y] as in the proposition statement. By Proposition 5.13, we
have ~
Hu||H17:C,s,g,L,e = ||Pu||Hg62,s+1,c+3,z+1,z+3 + ||UHH;11:%72,1,2, (563)

where Ny € N is arbitrary. We now apply Proposition 6.5 to estimate the remainder term. Let
X € C(X) be supported in < z and identically equal to one in some neighborhood of = = 0.
First of all,
L v ey (564)
Set k= (¢ —2l)/2. Then, k41 < —3/4. We now apply the previous proposition with v = yu, the
result being
Il xg -2 = NPl g 2ssne

_ (565)
< ||Pxul| ,,—nog-2141,003 + || Exul] ,,—ng—2,141,043
Hb,lcC Hb,lcC

for E = N(P) — P. By Proposition 3.8, E € \I'f;l;é_a’_‘g_za(X) for some 0 € (0,1/2), so

”EX’LLHHI;IJZg—Z,lJrl,(ZJrB = HUHH;Q’%J*M*%' (566)
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On the other hand, since x is identically one in some neighborhood of X,

pru”Hb—’lng—z,zH,H:s = HPUHH;,Z%_Z’HLHs + ||UHH;11\818,7N0,7N0 (567)

= ||pu|‘Ht7)nlfé,5+l,§+3,l+l,é+3 + ||U||H—N0,—N0,—N0
Jle b,leC

for sufficiently large Ny. Combining the estimates above (for sufficiently large Np), we get Equa-
tion (563).

O
For each m,s,¢,l,¢ € R, we consider the families X = X, 510 = {Xnsc10(0)}o>0 and Y =
Vim,sici0 = {ym,s,c,l,é(a)}azo given by

Xnsco(0) = {u € Hie™"(X) : Pu e Hyg > Ho 08 x0)) (568)
ym’s,.;’l,f(a') — H$6278+17§+37l+17£+3(X), (569)

considered as families of Banach spaces in the usual way,
llull e = [Jul| m.ssie + ||]5UH m—2,54+1,6+3,14+1,6+3 . (570)

HleC HleC

Note that X, 5¢10(0) = Xcr and Vi, 5¢1.0(0) = Ve e, where the right-hand sides are defined
eq. (298) and eq. (299). Tautologically, P : X — ) is bounded, uniformly in o > 0, as ||Pully <
[[ul| 2
Proposition 6.7. Given m,s,s,l,{ satisfying the inequalities | < —1/2, { < =3/2, —1/2 < s,
—3/2 < ¢ < {4+ s—1, one of the following two alternatives holds:

o there exists some o > 0 and nonzero u € Xy, s c1,0(0) such that P(o)u =0,

e there exists, for each ¥ > 0, a constant Co = Co(P,m, s,s,1,£,%) > 0 such that the estimate

||U||H1’r:c,s,§,l,l S C[)||pu||Hir:62,s+l,§+3,l+1,l+3 (571)

holds for all o € [0,%] and all u € Xy, 5 ¢10(0).
[
Proof. The following is a variant of the proof of [Hor07, Theorem 26.1.7], also used in the proof of

the main theorem in [Vas21a).
Suppose that the second of the two alternatives does not hold, so that there exist X > 0 and

sequences {0y }72, C [0,%] and {ug}32, C S'(X) with HukHHly:és,g,z,e(X)(Uk) =1and
||P(Uk)ﬂ”H{;LC—2,3+1,§+3J+1,Z+3(X)(o_k) <1/k (572)

for all k£ € N. By passing to a subsequence if necessary (and noting that eq. (572) continues to hold
upon doing so), we can arrange that o, — 0o for some oo € [0, X].
Even though eq. (571) might not hold, by Proposition 6.6 we at least have the bound

1= HUkHlegés,c,l,é(X)(o_k) <C- (Hpuk||H{:C—Q,s-s-1,<+3,l+1,e+3(X)(Uk) + "Uk"H;fZé—é,é—25), (573)

for any N € N, where C = C’(]S,E,N, m, s,6,0,¢) is some constant. On the other hand, for
sufficiently large Ny > N, we can bound

-l 2 1—2/2
HUHHI’:éS&JJ(X)(Jk) = HAm,s,c,l,Z(Uk)uHLQ(X) + [z (0" + Zx) / UHH];NOvO(X)v (574)

this holding for all v € §'(X) and o € [0,X]. Consequently, {Ay, sc10(0%)ur}ren is bounded in
L2(X) and {27 (07 + Zz)"*/?u},} pen is bounded in Hl:NO’O(X). By Banach-Alaoglu — passing to a
subsequence if necessary (and once again noting that eq. (572) continues to hold upon doing so) —
we can assume that there exist some v € L?(X) and w € Hb_NO’O(X) such that

A sce(or)up — v (575)
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as k — oo weakly in L?(X) and (07 + Zz)""“?uy, — w as k — oo weakly in H];NO’O(X).
It follows from the latter that us — x'(02, + Zx)'/?~ly strongly in some b-Sobolev space. This
has two consequences:
e First,

P(oy)up — Ploso) (2t (0%, + Z2)"* ) (576)
in §'(X) as k — oo (e.g. using Proposition 2.4 and Proposition 3.6). But, the assumption
||}s(ak)u||Hg62,5+1,<+3,z+1,e+3(X)(Uk) < 1/k implies that P(oy)ur — 0 in S’(X). Therefore

P(000) (2! (02, + Zz)"?w) = 0.
e Second (using Proposition 2.4), Ay scio(or)ur — Amscie(o0o)(@ (0% + Z2)* w) in
S§'(X). Since §'(X) is Hausdorff, this implies that

Amst0(000) (@ (02, + Z2)"* hw) = v € L2(X), (577)
which in turn implies that z!(02, + Zz)*/?w € Hgés’g’l’é(X )(0x0) by elliptic regularity (and
the fact that w € Hb_NO’O).

Let u = (02, + Zx)"/?>~'w. What we proved above is P(os)u = 0 and u € Hgés’g’l’g(X)(Uoo).
Thus,

U E X scin(Too)- (578)
Since N > Ny, via the compactness of the inclusion Hb_NO’O(X) — Hb_N’_é(X) it is the case that
7 o? + Za) = ?uy, — w strongly in Hb_N’_(S(X), =)

el g5 ey = lim. |z~ (o2 + zx)l—muan;N,fg x)- (579)

On the other hand, we can bound HukHHb—lzz(,jl—a,e—za(X)(Uk) = ”gg_l(O',% + Zx)l_e/Quk”Hb_N’_‘s(X)‘ So,
eq. (573) yields

1= HU}||Hb—N,—6(X) + likm_)s;pHPuk|]H{gc_z,s+1,<+3,z+1,e+s(X)(Uk) (550)

= Hw||Hb_N,—5(X).

Therefore w # 0. It follows that u # 0. We have therefore succeeded in showing that the second of
the two alternatives listed in the proposition holds. ]

Proposition 6.8. Suppose that P is the spectral family of an attractive Coulomb-like Schriodinger
operator for o < X. Then, given m,s,s,l,{ € R satisfyingl < —1/2, £ < =3/2, —1/2 < s, =3/2 < g,
it is the case that, for each o > X3,

P(O’) : vas&l,g((}') — ym7s’§,l’g(0') (581)
s tnvertible. [ |

Proof. We already observed the o = 0 case in §3. The o > 0 case is essentially proven in [Vas2la,
§4]. In order to see this, note that, for each o > 0,

Xsroni(0) = {u € HES(X) 2 P(o)u € HI 2 THH (X)) (582)
ym7s’g7l,f(0—) — H;Ib—Q,S-‘rLl-FI(X) (583)

at the level of sets, where

]5(0) — R0 Fi® o +iPo—i® (584)
is Vasy’s conjugated operator, ®; simply being defined by ®; = oz~!. Since the leC-Sobolev
spaces are just scb-Sobolev spaces for ¢ > 0, the crux of the previous claim is that the P on the
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right-hand side of eq. (568) can be replaced by Vasy’s eq. (584). Indeed, ®o(x;0) — ®(z;0) €
log xC*°([0, %)) + C*°([0, Z),) for each o > 0, so

P(o) = P(o) + T(0) (585)
for T(o) = e "®o(=0)+H®(=0) [ P(g), e Hi®o(=0)=i®(=0)] ¢ Diff,~L=1(X). Thus,
T(o): HSH(X) — B2 (), (586)

So, for u € H™*'(X), P(o)u € HZ >STHH(X) if and only if P(o)u € H >t (X)), The
operators we consider have slightly more general o-dependence than the ones in Vasy (as some
additional assumptions are needed for the o ¢ R case of [Vas2la, Theorem 1.1]), but since we are
only considering real o his proof of the real case of [Vas2la, Theorem 1.1] goes through in this
slightly greater generality mutatis mutandis.

Alternatively, the o > 0 case of Proposition 6.6 suffices as a replacement for [Vas21a, Prop. 4.16]
in his proof of [Vas2la, Theorem 1.1], the rest of which is identical. (For the purpose of the proof
above, we do not need to know that the estimate in Proposition 6.6 is uniform down to o = 0, so

the ¢ < ¢+ s — [ hypothesis there is not relevant here.) O

6.2. Smoothness at zf, Conormality elsewhere. For this subsection, we suppose that P(o) is
the spectral family of an attractive Coulomb-like Schrédinger operator for ¢ in some neighborhood
of [0,X], ¥ > 0. By analogy with the terminology in [Mel94], we might say that u € S'(X) “satisfies
the conjugated Sommerfeld radiation condition” for some given o > 0 if u € X, 5¢10(X)(o) for
some m, s,¢,1,¢ € R satisfying | < —1/2, ¢ < —=3/2, s > —1/2, L+ s—1> ¢ > —3/2. One of the
main tasks of this subsection is to show that the limiting resolvent output converges as o — 07 to
something satisfying the zero energy version of the Sommerfeld radiation condition.

For each o € [0,%], let Ry (0) : Vi scis(0) = Xmscre(o) denote the set-theoretic inverse to
eq. (581) (which, of course, must actually be an isomorphism of Banach spaces e.g. by the closed
graph theorem). (The ‘4’ subscript of R, = {R(0)},>0 refers to the choice of sign in defining the
conjugation.) This extends the definition of the operator R, (0) introduced at the end of §3 to the
o > 0 case. For each o € (0,X],

Ri(o) : Hyg, »* MU (X) = H(X) (587)

is bounded (but not uniformly in ). Considering the case s = m+1, Ry (o) : H]T’HI(X) — H?’Z(X)
if | < —1/2 < m+1. Note that the mapping properties of the resolvent with respect to the b-Sobolev
spaces are slightly lossy, in the sense that we can no longer keep track of the fact that the map
eq. (587) smooths by two orders. As the notation in eq. (587) indicates, the operator R, (o) makes
sense as a map

U Hsrcnl;2,5+1,l+l(X) - U HSVZBS,Z(X)’ (588)
m,s,lER m,s,lER
s>—1/2>1 s>—1/2>1

hence we can just write “R+(a)” without specifying m, s,l. A similar statement holds for ¢ = 0.

Proposition 6.9. Given m,s,s,l,¢ € R satisfying | < —1/2, £ < —=3/2, s > —-1/2, {+s—1>¢>
—3/2, there exists some constant C = C(m, s,¢,1,0,%) > 0 such that

”R+ (O')f”legc,s,q,l,e(X)(U) S CHf”Hfgc_z’s+1’<+3’l+1’e+3(X)(a) (589)

for all 0 € [0,%] and f € HSEQ’SH’H&ZH’H?’(X)(U). Moreover, for m,l € R with | < —1/2 and
-1 <m+2l:
(1) for any f € Hsl’l+5/4(X), we have ||(0? + Zx)1/4R+(U)fHH£n’l < Co||f||HgL,z+5/4 for some

constant Cy = Co(P,m,1,%) > 0
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(I1) for any f € Hgl’lH(X) we have ||(o? + Zz)Y*R, (o) (02 + Z.T)l/4fHH{)n,l < CleHH{)n,zH for
some constant C; = C1(P,m,1,%) > 0
for all o € [0,%]. [ ]

Proof. As a corollary of Proposition 6.7 and Proposition 6.8, we get that for m,s,¢,l, ¢ as above
and P the spectral family of an attractive Coulomb-like Schrodinger operator,

HUHH{:és,g,l,z(X)(o) S C(m, s, q, l, 6, E) HpuHle:E2,5+1,<+3,l+1,e+3 (590)
holds for all o € [0, X] and all u € X, 5¢1¢(0). We also have
Ry(0) : HiG 2"t (x0) (0) = X scae(o) © HZ M (X)(0). (591)

Taking u = Ry (0)f in eq. (590) yields Equation (589).

Suppose now that m,l € R satisfy [ < —1/2 and —1 < m + 2[ (in which case —1/2 < m + [ holds
as well). First suppose that f € H}Zn’l+5/4(X). Applying eq. (589) (observing that the required
inequalities [ < —1/2 < m+ 1 and —3/2 < m + 2{ — 1/2 hold),

H (02 4 Zx)1/4R+ (O')fHHgnl =< H(0-2 + Za;)l/4R+ (O')fHHgém+z,m+zl,l,2z(U)

= ||R+ (U)f|’lepqém+l,m+2l71/2,l,2l71/2(0_)

_ (592)
= Hf"ch—z,m+l+1,m+2z+5/2,z+1,21+5/2(U)
<l gasors
Now supposing that f € Hgn’lH(X),
(02 + Za) YA R (o) (02 + Zm)1/4f||H;”’l < (02 + Z2) Y4 R (0) (02 + Zx)1/4f~HHl,§ém+z,m+21,l,2l(U)
= ||R+ (O‘)(O‘2 + Z.Z‘)1/4f|’Hgém+z,m+21—1/2,1,21—1/2(0)
=< |l(o* + Zx)1/4f~"H{gg2,m+l+1,m+2l+5/2,l+1,2l+5/2(0_)
j ||f|’H$62,m+l+1,m+2l+2,l+1,2l+2(O_)
<l
(593)
]
Proposition 6.10. For any m,l € R with | < —1/2 and —1 < m+ 2L, for any f € Hén’l+5/4(X),
(0% + Z2) Ry (o) f — 242 R (0)f (594)

weakly in Hgn’l(X) as 0 — 0. In fact, the map (o, f) — (02 + Zz)YV*R (o) f defines a jointly
continuous map
0,%) x H™4(X) - B (X)), (595)

or any € > 0, where we are using the strong topologies on H™R (XY and H96(X).
b b
This (applied for slightly smaller m,l) implies that

{0+ Z2)/* Ry (0) om0 € LOHT(X), HY 4 (X) (596)
s continuous with respect to the uniform operator topology. |

Proof. First consider the claim of joint continuity. By the metrizability of [0, %) x H{" 5/ 4(X ) and
H" ~4I7€(X), joint continuity follows from the claim that
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e given [ € Hgn’l+5/4(X) and o € [0,%), for any and sequences {o}}reny C [0,%) and
{fr}ren C Hgl’l+5/4(X) with o — 0o and fr — f as k — oo,

(0} + Za) Ry (on) fr = (0% + Z2)* Ry (000) f (597)

strongly in H{)n_e’l_e(X).
Since a sequence of elements of a metric space converges to some element if and only if every

subsequence thereof contains a further subsequence converging to that same element, it suffices to
show that

e given any {0y }ken C [0,%), {fi}tren C Hg”’l+5/4(X) with 0 — 0o and fr, — f as k — oo,
there exists a subsequence {ky}ren C {k}ren such that
(07, +Z2) "R (0k,) fir, = (0% + Za) /" Ri(00) f (598)

strongly in H{"~“'"¢(X).
We now handle the case of 0o, = 0. The case 0o, > 0 follows by a similar but even easier argument.
By Proposition 6.9 and Banach-Alaoglu, we can find a subsequence {ky}xen C {k}ren such that

(o7 + Zx)Y* R, (o}, ) fr. converges weakly in H]T’Z(X). Let w € HIT’Z(X) denote the weak limit.
We first want to show that w = Z/4z/*R, (0)f.
e We first check that w solves the PDE P(0)(Z~'/4z~1/*w) = f. Indeed, for any my, lo,
[0,00), x H™"P(X) 3 (0,u) = P(o)u € 8'(X) (599)
is jointly continuous with respect to the strong topology on H;" 0:lo (X). (Besides being clear
from the explicit formulas for P in §3, this follows from Proposition 2.4 and Proposition 3.6.)

Since .
27V Vol + Za) ARy (o) fr — 27 2w (600)

weakly in H;n’l_l/4(X), this convergence occurs strongly in H;n_s’l_l/4_€(X) for any € > 0,
so (by the aforementioned joint continuity)

P(og )27 a0} + Za) M Ry (o) fr,) = PO)(Z 2™ w) (601)
S'(X). ) )
Moreover, it is not difficult to see that P(akﬁ)(Z_l/‘lx_l/‘l(U%K +Z2) 4Ry (on ) fr,) — f
in §'(X): indeed
P(oy )(Z a4 (o} + Za)/ R (on,) fr)
= [P(ow,), 27 (of, + Za) MR (0,) fro + fror (602)
and [P(0),Z Y4z~ V/4(0? 4+ Z2)V/4] € SDiﬁ'l’75/4’73’75/4’73(X) satisfies
) leC
[P(0), 274274 (0 + Z2)'*]| oo = [P(0),1] = 0, (603)
so the boundedness of R (oy,) fr, in H' hx ) in some b-Sobolev space (as given by Propo-
sition 6.9) and Proposition 2.4 show that [P(oy,), Z_1/4x_1/4(0,35 + Z2)Y4 Ry (o1,) fr,, — O
in §'(X). )
Since &’'(X) is Hausdorff, it follows that P(0)(Z~'/4z="4w) = f.
e Thus, we have

PO (27 Yz V) = £, (604)
But, also,

PO)(R(0)f) = f. (605)
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Set lp =1—1/4, so that f € H{)n’l+5/4(X) = Hf)°+3/2(X). In terms of ¢y = 2lp, the inequalities
l < —1/2and —1 < m+ 2l become ¢y < —3/2 and —3/2 < m+ ¢, so Proposition 4.3 applies:

P(0): {u e H™VHX) : P(Oyu € HMA (X))} —» B (X) (606)

is invertible, and the inverse is R (0). Thus, u = R (0)f is the unique solution to P(0)u = f

in the domain of eq. (606). But Z~/*z=/4w is in the codomain, and as we saw in eq. (605)
solves this PDE. We conclude that

27V Vi = Ry (0) . (607)
Via the compactness of the inclusion H;" ey H" ~el=¢ we conclude that
(0%, +Z2) "Ry (o, ) fr, = 242 R4 (0) f (608)

strongly in H," ~¢l=¢_ This completes the proof of joint continuity.

By Proposition 6.9, for each ¥ > 0 the set {(0? + Zx)1/4]j2+(a)f}g€[0,z} is bounded in Hgb’l(X),
and the result above shows that eq. (594) holds in the topology generated by Schwartz test functions
(and, in fact, even the strong topologies H}" _e’l_€). It follows from the conjunction of these
observations that eq. (594) holds with respect to the weak topology of H}" ’Z(X ) (since S(X) is dense
in H™(X)).

We now deduce the uniform continuity statement from the joint continuity statement. Suppose,
to the contrary, that we have some m,l € R with | < —1/2 and —1 < m + 2l and some ¢ > 0
such that {(0? + Zz)'/*R, (¢)}4>0 is not continuous with respect to the uniform operator topology,
generated by the norm

||_||£(H{)n’l+5/4(X)7H£”76’175(X))' (609)

We handle the case of a discontinuity at ¢ = 0, and the case of o > 0 follows via a similar, easier
argument. The discontinuity statement means that there exists some € > 0 such that there exist
sequences {0y }ren with o — 07 and {fx bren C Hgn’l+5/4 with ||fk|\Hm,l+5/4 < 1 such that

b

(0 +Z2) VR 00) i = (Z2) VAR (0) Sl grmrame > (610)
for all k. By Banach-Alaoglu, we can choose these sequences such that there exists some

foo € HMOM (611)

such that fr — fo weakly, which implies strong convergence in Hgl —ES A= oy any € > 0. But

then, by the joint continuity statement already proven, as long as € is sufficiently small such that
—1 < m+ 2l — 3¢, we have

(o7 4+ Z2)Y* R (o) fr. — (Za)'/* R, (0) Jill gt - = 0 (612)

as k — oo, for any €’ > 0. But we can take €, ¢” sufficiently small such that ¢ + ¢ < ¢, in which
case eq. (612) contradicts eq. (610). O

Via Sobolev embedding, the previous proposition already yields the following corollary on the
continuity of the resolvent output at zero energy:

o for any f € Hgo’l+5/4(X), I < —1/2, and for any x € C®(X°), xR, (0)f — xR+ (0)f in
C(X°)as o —07.

We will need to strengthen this result to apply to 0, derivatives of the resolvent output. In order to
handle the compositions that arise, we will use the following variant of the preceding proposition.
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Proposition 6.11. For any m,l € R with | < —1/2 and —1 < m + 2l, the map (o, f) —
(02 + Z2)YA R, (0) f(0? + Zz)Y/* defines a jointly continuous map

0,%) x H™MH(X) — H" (X)), (613)

for any € > 0 (with respect to the strong topologies on ng”lH(X) and Hgl_e’l_e(X)). Consequently,
{(02 + Z2) Y Ry (0) (02 + Z2) Y} pno C LIH](X), H' ™' 74(X) is continuous with respect to
the uniform operator topology. |
Proof. We mimic the proof of Proposition 6.10. By the metrizability of [0,%) x H}" ’lH(X ) and
H" ~4I7€(X), joint continuity follows from the claim that
e given f € H{)”’ZH(X) and o, € [0,Y), for any and sequences {og }ren, {fk tren C H];”’ZH(X)
with o — 0o and frp — f as k — oo,
(o7 + Z2) Y/ Ry (01) (07 + Za) fi = (0% + Z0) Ri(ow) (0%, +Z)1f - (614)
strongly in H/"~“'"¢(X).
It suffices to show that
e given any {Uk}kEN C [O,E), {fk}keN C H{Jn’l—"_l(X) with o, — 05 and fk — f as k — oo,
there exists a subsequence {ky}reny C {k}ren such that
(0. + Z2) R (01,) (0}, + Za) A fr — (0% + Za) VA Ry (000) (0 + Za) /A (615)

strongly in Hgb_e’l_e(X).
As before, we only consider the case of o, = 0, since the case 04, > 0 follows by a similar but even
easier argument.

By Proposition 6.9 and Banach-Alaoglu, we can find a subsequence {ky}en C {k}ren such that
(02 + Zz)Y4R (o, ) (02 + Zx)/* fy, converges weakly in H™M(X). Let w € H™(X) denote the
weak limit. We now show that w = ZY/2z/4R, (0)z'/*f.

e We first check that w solves the PDE P(0)(Z~Y*z~1/*w) = Z'/4z1/*f. As above, we use
that, for any my, lg,

[0,00), x H™P(X) 3 (0,u) = P(o)u € 8'(X) (616)
is jointly continuous with respect to the strong topology on H;" olo(x ). Since
Z_1/4x_1/4(0,%ﬁ + Zx)1/4}~3+(akﬁ)(a,§ﬂ + Za) VA fy, — 27V VA (617)
weakly in H™ (X)),

Plog )2 a4 (0%, +Z0) PRy (01, )(0F, + Z0) 'V f1,) — PO)Z V™) (618)
S'(X). Moreover, it is not difficult to see that, as before, P(Ukﬁ)(z_1/4x_1/4(a,%n +
Zz)Y AR (ok, ) (0F + Zx)V/A fi, ) — ZV/ 424 f in S'(X).

Since §'(X) is Hausdorff, it follows that P(0)(Z~Y*z~Y*w) = f.

e Thus, we have

P(O)(Z_l/4x_1/4w) _ Zl/4ac1/4f

o 619
PO)(Ry(0)(Z/ 21 f)) = ZM a4 . o1

Set lp =1 — 1/4, so that z'/*f € Hén’l+5/4(X) = Hf)°+3/2(X). By Proposition 4.3,
P(0): {u e H™(X): P(O)yu € H™ (X)) — HMOT2(X) (620)

e HMYAX) By e B X0Y - B
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is invertible, and the inverse is R, (0). Thus, u = R, (0)Z"/*2'/*f is the unique solution to
P(0)u = Z/42'/* f in the domain of eq. (620). But Z~'/*2=4w is in the codomain, and as
we saw in eq. (619) solves this PDE. We conclude that

71—y _ o, (0)Z/ 54 (621)

m—e,l—e

Via the compactness of the inclusion Hb Ly Hy , we conclude that

(0%, +Z2)' "Ry (on,) (0}, + Z2)'/* fir, — 22V ARy (0)21 /42 f (622)

strongly in H]T_E’l_e.
Uniform continuity follows as in the proof of Proposition 6.10. O

Proposition 6.12. Fiz ¢ € C°(R) supported sufficiently close to (—oo, X% and x € CX(X5R)
supported away from bf. Then, for each k, K € N with k + K > 0,

{V(E)(Eop)* (xz0p) P(E'?)}p>0 € SDiffi >~ 7(X) € SDiffy .67 (X). (623)
[ |

Proof. For o € [0,%), P(0) = K(0)+C for K(o) € SDlﬁ‘lleg ~27L73( X)) containing the o-dependent
part of P(c) and C € SDiffz(’:%_Q(X) constant in o. Thus, for k, K € N which are not both zero,

{(B)(E0g)" (x205) P(0)}20 € (EOR)* (xx0r)* S Diff >~ 173 (X), (624)

Since EJg lifts to a conormal vector field on X2 and yxdg lifts to a smooth vector field which is

conormal at tf (and identically zero near bf), -
(000)* (x20p) SDiff > 717 (X) C SDiffy¢ > 3(X), (625)
so eq. (623) follows. O
Proposition 6.13. For each m,l € R with m~+1> —1/2 > 1 and for each f € H}" ZH( X), the map
Ri(e)f:(0,%X) >0+ Ry(0)f € S'(X) (626)

is smooth as a map (0,%) — S'(X). Thus, 9 (Ry(0)f(—;0)) : Rf — S'(X) is well-defined for
keN and f € C®((0,%); H™ (X)) and is given by

| io @ 05 (R (0)(@5, " F(=500))]| _ - (627)
Moreover, for k € N, it is the case that, for each o > 0, the map
0k R4 (0) = 0 R (00)]og=o * U HPHH(X) = S'(X) (628)
ke j2<i< 12
L f = 05 (Ry(0)f) (629)
satisfies OF R, (o) € L(H, mlH(X),Hgn_k’l(X)). For each k € NT| the identity
kR (o) = | > e, 1III<R+<o>a§fP<a>>}R+<o> (630)
{ki}_ €T} i=

holds for some Ciryl, € Z, where Ly, is the set of finite sequences of positive integers summing to

k. |
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Proof. The proposition holds for the usual conjugated resolvent family
§+ _ e—ia/:v+i<1>}?+e+ia/;t—i<b (631)

in place of Ry and P = e~/ petio/z in place of P — see [Hin21, Lemma 2.10], [HH V21, Proposition
2.10]. Since multiplication by 0% exp(+i(®g — ®)) acts boundedly (but not uniformly so as ¢ — 071)
on the b-Sobolev spaces for each kK € N — see eq. (58) — the mapping properties asserted in
the proposition follow from those for the usual conjugated resolvent family. The specific formula
eq. (630) follows via inductively applying 0,Ry(0)f = —R4(0)(0-P(0))Ry(0)f. O
Remark 9. By the conjunction of
(1) Ry (o) : H™(X) — H™(X) holding for all m,l € R with | < —1/2 < m +1[ and o > 0,
and
(2) 8kP(o) : H™(X) — H{" " (X) holding for all m,l € R and o > 0,
it is the case that
Ri(0)05P (o) : HY™'(X) — H'™M(X) (632)
for each 0 > 0, k € N, and m, ! € R satisfying | < —1/2 <m — 1+ 1.
Consequently, for {i;}/_, € T,

I
[T [+ ()0 o) = Hy () = HY () (633)
=1

is a well-defined composition whenever [ < —1/2 < m + [ — I. The right-hand side of eq. (630) is
therefore a well-defined map Hg”’lH(X) — Hg"_k’l(X) whenever | < —1/2 <m+1— k.

The identity eq. (630) should therefore be read as stating that both sides agree as maps
HMNX) = =R (X)), m

Proposition 6.14. For each k, K € N and | < —1/2, there exists an mo(l,k + K) € R such that
for allm > mg and x € C(XY) supported away from bf,

{(BOR)* (xa ) (B + Zo) /R (BY2))) peom)
€ LN CO((0, 2); L(H A (x0), B H K94 (X)) (634)
for all e > 0. [ |

Proof. We explicitly consider the K = 0 case, and the K € NT case is similar (if a bit messier).
So, we want to prove that

{(00) (0 + Z2)* R (0) }oe (o) € L N CO(0,S); L(H 2/ (X), HF7"74(X))).  (635)
By eq. (630),

k
(00,) (0 + Z2) /Ry (o)) = Y (’j) (02 + Zo) (00, (0 + Za)' /)
7=0
I
LY cp, T10% + Z0) Ry (0)(000)" Po) (0 + Za) 4] [(02 + Za)/* Ry (0)] - (636)
{ki}ilzlezk—j =1

for all o > 0. By Proposition 6.12, for any £ € N we can write
(02 + Z2) V4 ((08,)F P(0)) (0% + Zz)~H* € L= N C°([0,%); S Diffy (X)) (637)
for any € > 0. On the other hand, by Proposition 6.11, for all € > 0,
(02 + Za) Ry (o) (0% + Za) V4 € CO([0,3); L(HY ™ HTP(X0), BT (X) (638)
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for any m,l € R satisfying [ < —1/2 and m > —2I.
Combining these two observations, for any k¥ € N* and € > 0 we have that

(02 + Zz2) 1R (0)((005)* P(0)) (02 + Zx) "1
= (02 4+ Z2) 1Ry (0)(0? + Z2)1 (0% + Zz) " 1((00,)* P(0)) (02 + Zz)"1  (639)
lies in
CO([o,2); £(Hy T P s Dty T E (X)) € C0((0,8); L0, HY ) (640)
for any m,l € R satisfying [ < —1/2 and m > —2I. Therefore, by Proposition 6.10,

I
{ Z Clki}_, H(a2 + Z2)Y AR, (0)(00,)" P(0)(0? + zx)—l/ﬂ {(02 i Zx)1/4}?+(g)}
{ki}_ €T, i=1

€ CO([0, %) 55 LCHHO HIm=h=el=)) - (641)

for any € > 0 and for any m,! € R satisfying [ < —1/2 and =2l + k — 1 < m.
Since (02 + Zz)~Y4(00,) (0 + Zx)'/* € C°([0,00)4; S5(X)) (as checked in Lemma 2.1), we
conclude eq. (635), eq. (634). O

The preceding results amount to:

Proposition 6.15. Given f € C®°(XR) vanishing rapidly at tf,bf (i.e. f € A*00(X30))

res res

set ugo,+(0) = Ry (0)f(—;0) for all o € [0,%). Defining ug (o) = = ""V/2(6? + Za) gy 4 (o),
w0t = {uo+(—0)}oeoz) € A"V (X N {o < B)).

loc

Moreover, the mapping A0 (XY 5 f s ug, € A?O_C’O_’(O’O) (X2 N{o < X}) is continuous.

res res
|

Proof. Fix x € C(X;,) supported away from bf and nonvanishing near zf.

e We first show that ug = {uo,+(—;0)}oe(o,x) € A 00 xsp {5 < 1.

loc res

For any k, K € N, (Edg)*(xz0p)Xf € A>00(X5). Thus, Proposition 6.13 and

res

Proposition 6.14 imply that, for all m € R, I < —1/2, K € N,

{0@0p) w04 (= )} pe(o32)

0 \K N .
_ 7 —(n—1)/2 1/4 1/2 _.l/2
_{(anE) E (E + Z2)*R (EV?) f(— E )]}EE(W) (642)
is in A9, (10, 52) g H" V().

By Proposition 2.19, we deduce that (xxdg)fug 1 € A?O_C’O_’O(er& N{o < X}). Moreover,
Proposition 6.14 shows that the map

A O () 5 oy (xwdp) o+ (— BY?) € ALe((0, 52 3 HW V(X)) (643)

loc

is continuous, for each K € N, and the inclusion in Proposition 2.19 is continuous, so the
map A*00(X) 5 f i (xxdr)Kug (— EV?) € .A?O_C’O_’O(XSP) is continuous as well.

res
e It now follows from Proposition 2.20 that {ug+(—;0)}s>0 defines an element of the space

A?O_C’O_’(O’O)(XSP N{o < X}). By the remark following Proposition 2.20,

res

Ao OO (XY 5 F sy € A?O—C,O—,(o,o) (X2 N {o <X} (644)

res res

is continuous.
e Finally, we observe from Proposition 6.12 that {ug 4 (—;0)}s>0, considered as an element of

A?O_C’O_’(O’O)(XSP ), restricts to m*("*l)/Q(Za:)l/‘leL(O)f(—; 0) at zf.

res

O
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6.3. Asymptotics at bf, tf. For this subsection, we do not assume that P is the spectral family
of an attractive Coulomb-like Schrodinger operator, only that P satisfies the hypotheses in §1. Let
£ denote the index set
E={(k,r) e NxN:k < |k/2|}. (645)
Suppose that P; is classical to order $; > 0 and P, is classical to order (f2,33). Then, by
Proposition 3.8,
N(P) — P € Diffp 1.3 *(X) + SDiff .6 " ° 7 (X) (646)
holds for 0; = min{1 + 1, 82,1/2 4+ 83} and 69 = min{1 + S1, B2, B3}.

Proposition 6.16. Suppose that Py is classical to S1th order and Py is classical to order (32, 33),
and suppose that &g ¢ N. If ug € .A?OC =00 (xpy and e A0 (X)) then, setting

loc loc res
upo(—;0) = a:(”fl)/Q(a + Zx)*l/‘luo(—; o), (647)

if Pugo = f, then
up € A0V (xR 4+ A0 (X, (648)

and (Ap " O A O o 25 (o, ) o wg € AR EOD 4 A{Q0100 207 00)

ocC ocC

In particular, if P is fully classical, then
),E
ug € ALY OO, (649)
|

15 continuous.

Proof. We will prove via induction on «, 3 that, for all « € (—oo 41] and S € (—o0, do),

loc res

The «, 8 < 0 case of eq. (650) is the hypothesis of the proposmon . .
Consider a, § such that eq. (650) holds. From Pugy = f, writing P = N(P) + (P — N(P)), we get
N(Pyugo = f — (P = N(P))ugo € A0 (xR

res

+ (Diffy 1.8 (X) + S Diff e 0370 (X)) a2 A(QO 28200 (s

res

+ (Diffy g (X) + S Dty ™0 ()2 D2AGDE2O0 () - (651)

res

The set on the right-hand side is ("~1/2 times
2,0),E+7/2,(0,0 ((2,0),2+),284+7/2,(0,0
AT (X5R) 4 AZOA I 2ITON ()

| gmin{l461,1+atd:}min{5/2+280,5/24200+2a},(0,0) (X)), (652)

loc res

For « sufficiently close to zero or positive, we can apply Proposition 6.17 below to conclude that

((0,0),1+a),14+28—,(0,0) ((O,O),min{él,a+61}),min{%o,26O+26}7,(0,0)
o + A

C .A(OO 00)(Xsp

res

If 6, <a—+1,a+4 61 and 6 <28+ 1,28 + 24, then
4((0,0),min{a+1,61,0-+81}),min{1+28,280,200+25} (0, )(Xsp) — A((0,0),61),260—,(0,0) (X)), (654)

loc res loc res

up € ALODECD L A

loc

) i -Alo(c) ,0) m1n{1+a 61,a+01}),min{1+428,260,250+25} —, (0, )(XSp ) (653)

res

so we have concluded that eq. (648) holds. Otherwise,
ug € A OV (XR) 4 AT () (655)

loc res
for e = min{1, 01} and g9 = min{1/2,dp}. The claim therefore follows by induction.
The continuity clause of the proposition can be proven using the same argument, keeping track
of topologies. O
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Proposition 6.17. Suppose that P satisfies the minimal hypotheses of §1.
Suppose further that u € A, o~ 00,(0.0) (X52) = A, (0, O)([O, 00)g x X) satisfies N(P)u = f for
some

fe gD /2A1(300 E+7/2,(0, O)(Xffs) (n—1) /2/410(30 a+1), +5/2,(0,0)(er§$) (656)

for a, 3 € RT, B ¢ 2N. Then, setting ug = ("~ 1)/2(0 + Za:)l/4
up € AR EOV (x5 + ARODHOD (x5 (657)
holds. |

Proof. Now letting N(P) = z~("=1/2(¢2 4 Zz)VAN(P)z(1/2(52 + Zz)~1/4 N(P)ug = fo for
ug = 2~ "V/2(62  Zz)V*u and fo = 2~ V/2(62 + Z2)/4f. Below, it will be slightly more
convenient to work with f; = 27 (0 + Zz) /2 fo. Equation (656) yields

fr € a(0® +Zo) AP OO 00R) + AR 0D (R, (658)
In order to prove the proposition, it suffices to restrict attention to X = [0,2); x 0X,. By
eq. (525) (with k = —1/4 and | = —1/2), we have
N(P) = 2iz*(0? + Zz)'/?0,. (659)
Thus, integrating N(P)ug = fo, we get
uo(w,y;0) = c(y; o) + % /: 2o f1(xo, y; ) dag (660)

for some ¢(y; o) € C, for each o > 0. Since ug € A;JSO’(O’O)([O, 00)p x X), and since the same applies
to the integral in eq. (660) (cut-off near 0.X), we deduce that c € Aggo’(o’o)([(), o0)g x X). Since
¢(y, o) does not depend on x, this implies that ¢ € C*°([0,00)g x 0X).

Equation (657) then follows from the mapping properties of the integral in eq. (660), which we
record in Corollary 6.19 and Proposition 6.20 below. O

For the following proposition, we use XD defined as X2 with X = [0,z) x 0X in place of X.

res? res

Proposition 6.18. Let F C N x N be some index set containing (0,0).
If g€ 2(0® + Zx)~ 1/2.A(OCO ),7:(0,0) (XSP) ALOFHL(0, 0)(XSP) then

res loc res
I= [ aitglanio) dag € ARDTHOO (L) (661)
where Fr = FU{(k+1,s+1),(k+2,k+1): (k,r) € F,k=1mod 2}. [ |

Proof. 1t suffices to consider the case when g is supported in [0,7/2),. Let us write G(z,y; E) =
z~ (0% 4+ Zx)/?g, so
zl/? 2

v ~1/2 172 5
1= [ (B +Za0) 26 w0,y By doo =2 | )y By, (662)

o172 VE 4+ Zpg
This is evidently smooth away from tf.
By the polyhomogeneity of G at zf Ntf, there exists a Gg € Algco) F([O 00) z x [0,00), x 0X) such
that Go(p, y; E) = G(z,y; E) when z = p? and E = FEz. That is, G(z,y; E) = Go(z'/?,y; Ex~1).
Then, as a function of p, po,y, and E = E/z, G(p3,y; E) = Go(po, y; Epy?) = Golpo, y; Ep2p52).
We can therefore write
~1/2 F1/2

I=1I(p,y; E) 22/; @Jrlz)mGo(po,y;E(ppof) dpo :/p Gy (po,y;E(ppO)Z) dpo (663)

for G; € .Aloc ([0 o) X [0,00), x 0X) defined by G1(p,y; E)=2E+2)"Y2Gy(p,y; E).
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We now expand G’l(p, y, ; ) polyhomogeneously around p = 0: there exist ng’n) € C°([0,00)  x
0X) and F(k) AIOC ) F 2k k([O 00) 5 X [0,00), x 0X) for k € N such that

G1 (po,y’ ( ) ) ZZPO log*(po) G )(y, (p ) )+p§+1F1(K+1)(po,y;E(ppo)2), (664)

where Fl>, —k = {(K' —k,k) € £ : RK' > k}, 5, = max{s: (k, ) € F}, and ng’”) can be nonzero
only if (k, ) € F.

Expand ng’”) in the second slot: there exist ng’k’%) € C*(0X) and Féj’k’%) € C°([0,00) 5 x 0X)
such that

G(k ) (y7 E(p/;) ) _ jzi(:)pszoijng,k,%) (y) + p2J+2pa2J72EAvJ+1F2(J+1,k,%) (y; E(;Of) (665)

Let Fr,.=[ p*log”(p)dp for k € Z and s € N, with the additive constant chosen for convenience.
Then, if k # —1, we can take

Froe(p) = o™ cp e log™(p) (666)
k=0

for some ¢y, . € R. If instead k = —1, we have F _1,,(p) = (¢ +1)"'log”"!(p). Integrating G, we
write

Z1/2

,k,% k—2j
I(p.y; E Z Z ZpQJE]G] )/ po 7 log*(po) dpo
k= 0%*0] 0 P
F1/2 9
—2J— » J41,k, ¢ AP
+Z pr”E‘”l/ k22 10" (po) Py )(y;E(%) ) dpo
k=0 »=0
o K+1 p(K+1) a( PN
+ po  Fy (poyy;E(%) )dpo. (667)
P
We decompose this as [ = I 4+ Iy + I3 for
N 25 i ek Ay
=> > D PG (y)/ polog™(po) dpo
k=0 %=0 ;=0 P

K

=L+). ), Z PP BTG () o2y (@2) = F i—2elp)]

k=0x=0 3=0 (668)
k— 2j7£ 1

K >

=L+ > Z EIGTP) () 37 chmajn sl p® T2+ og”(7) — p"* log”(p)],

k=0 »=0 k=0

k— 2]75 1
where
K J )
> z S PG W) [F 1 @)~ F 1)
j= 1
! (669)

K e

S S ABGE ) e @) <o)

kO%O]O
=k+1



HYDROGEN-LIKE SCHRODINGER OPERATORS AT LOW ENERGIES 93

and
Ul 2J42 frJ+1 w k—2J-27 (J+1Lk) [ nf P )2
L= > p**E P log™(po) F3 (y;E(—) )dpo (670)
k=0 »=0 4 £0
F1/2 ) o2
13:/ py TE po,y; E(—) ) dpo. (671
p ’ ' ( (Po> ) )

Since (0,0) € F,

J .
>y By ch 2™ log (&) € AR ([0,00) [0, 00), X OX). (672)

k—2j4—1
Also,

J ) »
S Y FGYRI )Y crgjens T og*(p) € ARTH((0,00) 5 x [0,00), x 0X). (673)
k=0 j=0 k=0
k—2j#-1
Thus, I, — I; € Al(géo)’]:’(o’o)([o,oo)E x [0,00), x 8X). Moreover, I; € EA|, 00) Fl0, 0)([0,oo)E X
[0,00), x 0X).
On the other hand,
Iy € ADOLOOKID (0 o0) - % [0,00), x OX), (674)
and we can write

K Il

=SS log(e) [ s P )
p/T

k=0 =0

1

- / 2R log* (1) ) (y; B?) dt|. - (675)
p/z/?

Choosing J such that 2J > K, we have fpl/fm tZJ*kFéJH’k’%) (y; Et?) dt € C>([0, 00) ;% [0,00), X

aX) S0

Z S° BT log” () / 2R B (g Be?) dt € AR ([0, 00) ; x [0,00), x OX). (676)
k=0 =0 p/Tt/?
On the other hand, fpl/il/z 2=k log”(t)FQ(JH’k’%)(y; Et?) e Al(g(’:o)’((o’o)’QJ_KH)([O, 00) i x [0,00), X

8X). All in all,
Iy € ALOF2T=EKED (10, 00) 1 % [0,00), x OX). (677)

loc
Combining all of the parts above, we have

Ic Al(é)éO),(er,min{K+1,2J—K+1})([0 OO) [0 OO) % 6X) (678)
By taking J to be very large, K + 1 and 2J — K + 1 can be made arbitrarily large simultaneously,

so we conclude that I defines an element of

ﬂ ALOFERD) (0 00 - x [0,00), x 9X) = ALPDF ([0, 00) 1 x [0,00), x IX). (679)
This ShOWS — in conjunction with the smoothness of I away from tf — that I is locally in
A(0,0),77,(0,0) (X)) everywhere except possibly the corner bf N tf, to which we now turn.
We consider the following two cases:
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e Suppose that G is supported in some set of the form {z/FE > C'}. Let o = 2/E. Near bf Ntf,
I(z,y, E) = I(oE,y, E) = I(CE,y, E). (680)

Defining p = CY/26 and £ = C~1/2, I(CE,y,E) = I(p?,y, Ep2). Since we already know
that I(p2,y, Ep?) depends polyhomogeneously on p, E, y, with the desired index set F,, we
conclude that I depends polyhomogeneously on o,y alone near bf N tf.

e On the other extreme, suppose that G is supported in some set of the form {z/E < c},
for ¢ > 0. In order to study I near bf N tf, we work with the coordinate o = x/E. By

the polyhomogeneity of G, there exists a Gy € Af’(o’o)([o, 00)s X [0,00), x 0X) such that

loc

Ga(0,y;0) = G(x,y; E) whenever o = 2/FE and 0? = E. We can then write
min{z/o?,c} 12 min{z/c?,c}

I'= 0/ (14 Zoo)™/*G2(00, y;0) doo = 0/ G3(00,y; o) doo (681)
) )

for Gy € A0 ([0,00), X [0,00), x dX) defined by Gs(0,y;0) = (14 Z0)~"?G2(0,y;0).

loc

The right-hand side of eq. (681) is in 0. A7(%0)(]0, 00), x [0,00), x 0X) for o < Z'/2/c!/2.

Since any G € .A (0 0) F:(00) (X32) can be decomposed G = G + G into Gy, G € .Al(géo)’ 0, )(ngs)
with Gy Supported on {z/E > C} and G4 supported on {z/FE < ¢} for some ¢,C > 0, and since

I = I[G] depends linearly on G, we can conclude that

1 e ALOTH 00 Fopy (682)
O
A simple example worth keeping mind is g = x02(0? + Zx)~!, for which
T 2 2
1 ) _ o o“+2Zx
/w 2y 9(0;0) dzo = ——-log (702 - z:z)‘ (683)

This shows that, even when g € xC'*® (Xf‘eps) solving x0,u = g for u may produce logarithms at tf.
To compare with Proposition 6.18,

(02 +Z2)! 227 g € AR (Rim) € AR OOOD (o), (684)
while ) )
o 0"+ Zu (0,0),(2,1),(1,0) [ $rsp (0,0),(2,1),(0,0) / grsp
- ? 10g (0_2 + Zi‘) € Aloc (Xres) - Aloc (Xres) (685)

Setting F to be the index set generated by (0,0), F is generated by (0,0) and (2,1), so this is in
accordance with Proposition 6.18.
Since the index set £ C N x N contains (0,0) and satisfies £ = &;:

Corollary 6.19. If g € z(0? + Zx)_l/QAl(géo)’ )(XSP) then

res

= / g glao,ys o) dag € ALDEOO(K32), (686)
' [
Proposition 6.20. If g € AI(OSO’ 2):5:(0, ’(ngs) for ap € NT, a, 3> 0, B ¢ 2N, then
/ iy g, yio) dag € C=(52) + ALD00 () (687)
holds. ' |

Proof. Let I = ff zo Yg(z0,y; o) dzg. Tt suffices to prove the following two claims:
(I) if ¢ is supported in {z/E > C}, then I € C®°(X®) + A 00) £, 0)(XSP)

res res
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(IT) if g is supported in {z/FE < ¢}, then I € ./41(0 00).5,(0, )(th)

ocC res

In order to prove (II), we write I in terms of o = x/E:
min{z/o?,c}
-/ 05 Gleo. v:) deo, (65%)
0

where G € .AIOC (20.0), )([0, 00)s X [0,00), x 0X). Since ag, a > 0, we can write

c [
I= +/0 2y ' Gleo,y; o) doo — / 2 ' G(00,y;0) doo (689)
0
for o sufficiently small. The first term is in .Af)c([(), 0)e X 0X) C Alﬁ;éoo ([0,00)¢ % [0,00), X 0X),
while the second is in Aic(ao’o) )([O, 00)s X [0,00), x 0X). Thus, it is also the case that

I e A[QOO 00 %) (690)

ocC res

away from zf. Since I is identically zero in the set {Ec¢ < z} and therefore smooth in some
neighborhood of zf, this suffices to show that, globally, Ie A( (0,0),0),5,(0, 0)(XSP)

res
To prove (I), we write I in terms of p = #2/2 and E = E/x:

Z1/2 A )
1= [ (o B(2)) dm. (691)
P L0

where G(p,y; E) € COO([O oo)E,.AIOC([O 00), X aX)) is supported in £ < C~1,
We expand G(p, y; E) in Taylor series around E = 0: there exist G*) ¢ AIOC([ 00), x 0X) and
F®) ¢ c>=(|o, oo)E;AiC([O,oo)p x 0X)) such that

Glp,y; E Z E*G®) (p,y) + EXTLEETD (o 4 ). (692)
k=0

Substituting this into eq. (691),

s ik 2k
2 P

k=0

/2 Z1/2

PR G) (pg, ) de+EK+1p2K+2/

p pi 32K ) (pojy;E(;)Q) dpo

(693)
for each K € N. We take K = |(/2], in which case we can write

=1/2 =1/2

/ po G M) (pg, y) dpoz/O
P

where the integrals on the right-hand side are well-defined because p~1=2¢G*) ¢ A?Ot fork=0,....K
(owing to 5 ¢ 2N). We split I = Iy + I} + I, where

p
po ' HGM (po,y) dpo — /0 Py G W (po,y)dpo,  (694)

Z1/2

K
Iy = Z EkIOQk/O p61_2kG(k)(p07y) dpo € COO([()?OO)E x [07 OO)P X 8X)
k=0
1260 () dpo (695)

K
-y
k=0

_ - B(LY
I EK+1 2K+2 /p 3 2K po( KH)(po,y,E(pO) )dpo.
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Since p? [ po TG (pg, y) dpo € Afic([O, 00),x0X), Iy € C°([0,00) g; Af)c([(), 00),*x0X)). The
same holds for Is. The L°° case of this estimate is

ZF1/2

71/2 9
—3— (P —3-2K
‘p2K+2/ p03 2K po(K+1) (po,y;E<—) )d/m’ < p2K+2/ P +’8de
14 o p
< 22 [<j1/2)—2—2K+ﬁ+p—2—2K+,8} (696)

< p?LB242 4 B — O(pP),
and 0% (p0))” Iz is estimated similarly.
Thus, I € C*°([0,00)z x [0,00), x 0X) + C>([0, 00) ; Aic([O, 00), x 0X)). Using eq. (680) as in
the proof of the previous proposition, this suffices to show that I € COO(Xf‘gS)—FAl(&O)’ﬁ ’(0’0)(X o). O

I‘GS) *

APPENDIX A. THE MODEL ODE

We record in this appendix some computations regarding the model ODE, eq. (53), now allowing
a Schwarzschild-like subleading term and nonzero forcing:

2
(14 za) (wQ(i) u+ o’u+ Zau = —f, (697)

where a # 0, f € C°(R)), and u € C°(R™). The case a < 0 is computationally similar to the case
a > 0, but in the former it is necessary to restrict x to (0,1/|a]) to avoid the second order term
in eq. (697) vanishing at x = 1/|a]. We will therefore only consider the case a > 0. If we allow Z
to depend on o, the a > 0 case can be reduced to the a = 0 case via a simple change of variables:
let zg = (a+2~ )"t = /(1 + az), so that rg = 1/x¢ is given by ro = a + r, where r = 1/z. Then
Or = Oy, and the ODE eq. (697) is equivalent to

(:U%aafu + o%u + (Z — o?a)zou = — fo(xo) (698)
To
for fo(zo) = (1 — axo) f(x). The interval [0, 00), becomes [0,1/a),,, but we can analyze eq. (698)
on the larger region [0,00),,, so that the analysis of eq. (697) is reduced to the a = 0 case,
with Z(os) = Z — o%a. Since the results in this section mainly serve to illustrate the general
features of the problem observed in the body of the paper, proofs are either sketched or omitted
entirely when elementary. References for many of the elementary statements can be found in
[Bat53][S1a60][AS64][O1v97]. We will mostly cite [AS64] when an explicit reference is desired.

The (nonzero) solutions to the homogeneous ODE cannot be written in terms of elementary
functions for any value of ¢ > 0. In fact, for o # 0, the homogeneous ODE is essentially a special
case of Whittaker’s ODE

d*w 1k 1/4—p?
R o Sl
where k € C, u € C are parameters and W € D'(R}). When p ¢ —27'N*| there exist two named

solutions to eq. (699), and these extend from the nonnegative real axis to analytic functions
WhittMy, ., WhittW, ,, : C,\(—00,0] — C (700)

which solve Whittaker’s ODE in the complex analytic sense. These functions are Whittaker’s M- and
W- functions. They can be written in terms of Kummer’s and Tricomi’s confluent hypergeometric
functions [AS64, §13.1.32, §13.1.33]. For certain values of p, the branch cuts in eq. (700) can be
removed.

)W =0, (699)

Proposition A.1. For o > 0, the set of u € D'(R}) solving the original homogeneous ODE
0?u + o?u+ Zr~tu = 0 is given by

We = {e1 WhittM,, 1 /5(2i07) + co WhittW,, 1 /2(2i07) @ c1,c2 € C} (701)
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for k = —iZ/20. [

The asymptotic expansions of the Whittaker M- and W-functions at large imaginary argument
are due originally to Whittaker. For fixed ¢ > 0, we have

_9 iZ/20 )
WhlttMH’1/2(2ZUT) — |: — Le—ZUT—(lZ/QU) logr

I'(1+k) (702)
(+2i0)%7 i i (i2/20) o] (140 (1) )
I'(1-k) AN
WhittW,, 1 /5(2i0r) = (2icr)~1%/20 g—ior—(iZ/20) logr (1 + Ok 0 <1>> (703)
T

as r — oo. Here, and below, we leave the Z dependence of the estimates implicit. We are using
the principal branch of the logarithm in making sense of (2i0)_iz/ 20 As we are concerned with
r — 0o behavior, the Whittaker M- function (which is singled out of the space of all solutions to
Whittaker’s ODE by its behavior at small argument) is not one of the solutions of direct interest.
For o > 0,

We,— = spanc{WhittW,, ; 5(2ior)} (704)

We, + = spang { [(2@'0)*’2/2” WhittMy 1 /5(2i07) (705)
+ (=2i0)~WZPID(1 4 k)~ Whitt W,y o (2ior)] |

are the spaces of “incoming” or “outgoing” solutions to the ODE, and Wy = W, _ ® Wy 4. It is the
spaces Wy _, Wy 4 that concern us.
Set w_(r;0) = (2i0)"%/%° WhittW,, ; /2(2i0r) and
10) = [(2i0)7Z/2°T(1 — k) WhittM,, ; /(2 2i0)-2/27 L8 wiew | (2
wy(r;o) = [( io)” (1-k) 1 /11/2( ior) + (—2i0) m 1 n,1/2( ZUT)]

(706)
Thus, w_(—;0) € W,_ and wy(—;0) € Wy 4, and wy(r;o) € C®(RF x R}). These have
normalized oscillatory behavior exp(+ior) as r — oo,

wy(r;o) = eFior£(iZ/20) logr (1 + Oy (%)) (707)

For each o > 0, w4 are the unique solutions to the ODE satisfying eq. (707). It follows from this
and the fact that the ODE has real coefficients that w_(r;0) = w4 (r;0)*. Expanding to higher
order [AS64, §13.5]: for each ¢ > 0 and K € NT,

K-1 Nk
; ; £
wi(r;a) _ e:l:wr,r:i:zZ/Qa [1 +7 } : ( Z)

- 1
2 g1k (4 £ 2ki) E[ Z+2ji0)’ +0,(—)|  (708)

as r — oo.
For o = 0, the set of u € D'(R}) solving the ODE (220,.)?u + Zzu = 0 is

{clrl/2J1(221/2r1/2) + 627“1/2}/1(221/27“1/2) :c1,09 € Cly (709)

where Ji1, Y7 denote the Bessel J- and Y- functions of order one. As r — oo,
[ cos (2\ﬁ+ ) ——=—sin (Q\ﬁ—i— )] ( O(%)) (710)
cos (2@—1— )] ( O(%)), (711)

1/4

T1/2J1(2zl/2r1/2) _ T
W224
1/4

16 \/ Zr

rl/2y; (221/2r1/2) _r

1 1
mT2/14

[—Sin(Q\/Z—I—%) 16@
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and we have a full expansion in powers of =12, For o = 0, set

v_(r;0) = /20y (22" 201 2) — irt 2y, (2212012 = 7“1/2H1(2)(2zl/27“1/2) (712)
vy (r;0) = 12 0,(22V20 %) 4 il /2y, (2212012) = 1 2EN (22120112, (713)

where H 1(1), H {2) denote the Hankel functions of order one. These have the asymptotics

. . 1/4 1
. 42072 /2355 /a T -

ve(r;o) =e 271/ (1—|—O<T1/2)) (714)

in the r — oo limit. Expanding eq. (714) to higher order [AS64, §9.2]: for each K € N*,

: PR S s 2k + 1)!(2k)! 1 1
O 207V /20 2x3mi/a T ko—k/2 (2K + 1)1(2K)!

v(r;0) = e 1/271/4 > (Fi)'Z GAE (KNS rk/2 JrO(Tix/zq/zx) (715)

k=0
as r — 0OQ.

Proposition A.2. vy are the unique solutions to the o = 0 ODE satisfying the asymptotic
eq. (714). [

Proposition A.3. Setting

71/2 iz iZ
— _C (£9i5)*Z/(20) it
Ci(0) = — 5 (F2i0) r( 20_)
and vi(r;0) = C(0)w(r; o), the functions va (r; EY/?) 1 [0,00) g x (0,00), — C are both smooth
all the way down to £ = 0. Consequently, if

(716)

, Zi 20 1

_ Emi/4_—1/2 _—1/2 = -
Ciplo)=e€ T o exp [i . (log (21/2) + 2)}, (717)
then C o(0)w(r;o) : [0,00)s % (0,00), — C are smooth all the way down to o = 0, with restriction
v1(—;0) to o = 0. [l

Remark. The C° case of this proposition is similar to [AS64, §13.3.4, §13.3.5], except that our »
is purely imaginary rather than purely real. See also [Tay39][Bat53, §6.13.3, Eq. (21) - (24)]. Of
course, if we were to multiply Cy (o) by any element of C*°[0, 00)g, the resultant functions would
also satisfy the proposition above, and likewise with C ¢(o) in place of Cy (o) and C*°[0,00), in
place of C*°[0,00)p.

Remark. Once we know that C1 satisfies the first clause of the conclusion of Proposition A.3, the
second clause of the proposition follows from the large argument asymptotics of log I, which can be
found in [AS64, §6.1.40]. Observe, using [AS64, §6.1.40], that the ratio C1/Ci o : [0,00); =+ Cis a
smooth function of o, not E = 2. This is related to the fact that, for uo,+ as in Theorem 1.1, ug 4 |pr
[0,00)5 x X — C is only smooth with respect to o, in contrast to ug +|{z—c} : [0,00); X 0X — C
for € € (0, ), which is smooth with respect to E.

Up to the exp(&mi/4)n= 2 in eq. (717), eq. (717) is suggested by Theorem 1.1, as, for each

70 z Z z 2
o o

O(x;0) = v logx + % + - log <ﬁ) + Oy () (718)
as x — 07, while the phase of the bracketed term in eq. (706) consists only of the first two terms of
eq. (718). The ¢~/2 term in eq. (717) is needed to match the 71/2 in eq. (712), eq. (713). This
heuristic should be taken with a grain of salt, as the O, (z) term blows up as ¢ — 07. Assuming
that there exist some C satisfying the conclusion of Proposition A.3, the sufficiency of the formula
above can be seen from the » — 0% asymptotics of the Whittaker functions. Indeed, the ODE can
be written in the form 5

(TE)%LL - (raar)u + (0% + Zr)u = 0, (719)
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FIGURE 8. The real and imaginary parts of the function C_ (o) defined by eq. (716),
rescaled so that the oscillations have constant amplitude.

which has a regular singular point at 7 = 0. The “normal operator” of (rd,)? — (rd,) + o*r? + Zr
at r = 0 s (r0,)® — r0,, the indicial roots of which are 0 and 1. We can deduce that a family
{u(—;0)}o>0 C D'(RT) of solutions to eq. (719) can be smooth at {r > 0,0 = 0} only if it extends
continuously to [0, 1), x [0,1), (we will not have smoothness at r = 0 because of the presence of a
rlogr term), in which case lim,_ ¢+ lim, g+ v = lim,_,o+ lim,_,o+ u exists. Now observe that, as
r— 0T,

21 . o
o) =+ (F2i0)FE/ 2 1 O, (r] 720

21 . o
li L0) = £ = (F2i0) T/ 21
i we(rso) = 25 (F20) " Fr s (721)

for each o > 0. We now compare eq. (721) with
. N i

T1_1>161+ v(r;0) = ¥ —in + O(rlogr) (722)
[AS64, §9.1.9, §9.1.11]. This yields Cy(0) = —(2m0) ' Z/2(F2i0)*2/?°T'(FiZ/20), which is

eq. (716). A more thorough analysis of the ODE near r = 0 suffices to prove Proposition A.3
properly.
Letting x € C°[0, 00) be identically one in some neighborhood of the origin, v = x(1/r)vL(r;o)
satisfies
0%
or?
for some f1 € Ng,>0C([0, Ey]p x RT). We can deduce (e.g. by appealing to Theorem 1.1 plus
Remark 1 in the case of spherical symmetry) that v has the form

(o4 g = pa (723)

vg = exp(Ei®(r~Y BY?) (B + Zr~ ) Vg . (724)

for some vo+ € A(O’O)’g’(o’o)(XSp), where X = [0,00), and X{P = [[0,00)r x X;{0} x {0};1/2].

loc res res

Thus, w4 (r, o) satisfy

wi(r;o) € O3 (o)=Y (B 4 7)1/ 0000 (xop (725)

res

That is, in the ‘=’ case:
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140_\ T T T a 1-‘

FIGURE 9. The function U(r; E) = v_(r; E/?)/v_(r;0) (left) and its first derivative
OrU(r; E) (right) evaluated at r = 5, plotted against F € [0,2]. The real parts are
plotted in orange and the imaginary parts are in blue. From the figures it appears
that U € C?[0,2)g and U(0) = 1, in accord with Proposition A.3 (and with
Corollary 1.3).

Proposition A.4. The Whittaker W-function WhittW |5 satisfies

WhittW_7/95.1/2(2i07) € UF(;E)_I (0‘2 + E>—1/4

o r
o Z iZ orl/? o%r\1/2 0,0),€,(0,0) / <rs
exp(—zr 02+;—;10g (721/2 +(1+7) ))Al(oé )&, )(XHE’S). (726)

||

Remark. It seems that there are no logarithmic terms in the expansion of the polyhomogeneous
function in eq. (726). In order to prove this, it should be possible to combine the previous proposition
with a WKB type expansion at tf, with ¢ being the semiclassical parameter. The point here is
that the Whittaker W-function has simple asymptotics at bf, and the asymptotic expansion at tf
without log terms can be concluded from this. The alternative argument above is indirect, utilizing
the asymptotics at tf, and from this perspective it is somewhat miraculous that the asymptotic
expansion at tf is one-step polyhomogeneous. For general forcing f € CX(R™), we should not
expect the outgoing solution to the forced ODE to have a one-step polyhomogeneous expansion at
tf.

Proposition A.4 can be strengthened by specifying the behavior of WhittW _;z /551 /2(22'07“) at
small r. Namely, if we replace X by X = [0, c0],, then, replacing r by (r) in eq. (726), the same
statement holds, with A00)::(0.0) (X3P replaced by the set of polyhomogeneous functions on X3,
with index set N at zf, tf, bf and with some other index set (which can be specified) at the new face
formed by the lift of [0,00)p x {oo}, to XSP.

The most interesting regime is tf, which we can probe using the coordinates ¢ = or!/2 and r~1/2,

As a corollary of Proposition A.4, analogous to Corollary 1.5, we deduce that

x VA
WhittW_;7,1/2 o 1/2(2i§7‘1/2) € /2eher exp ( —irt2/2 1 7 + ;—TI/Q)
’ S

exp [~ 2172 L g (Z;Z ) 1og (i + (14 5) VA (0.00), x [0.00), 1) (720)
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FIGURE 10. The real (in red, orange, and green) and imaginary (in blue, purple,
and brown) parts of the function exp(—nZr'/2/4c) Whitt, ; /2(2i§r1/ 2) as a function
of /2, for ¢ € {.05,.25,.5} and Z = 3 fixed, where k = —iZr'/?/2.

g—l/Qe—ﬂZTI/2/4§e—ir1/250 WhittW,{,l/g(%grl/?) Vs, 1/7"1/2

1.0- -
—_— L —c=5%
05l | p— ¢=.5%
— ¢=.25R
ook — ¢=.25,9
i — ¢=.05R
— ¢=.05,
-0.5+ b
0 > 4 6 8 10
1/7‘1/2

FIGURE 11. The real and imaginary parts of the function
¢ V2 exp(—mZr'/? /4¢) exp(—ir'/2p) Whittﬂ,1/2(2i§r1/2) (with the same color
scheme as in Figure 10), now plotted as a function of p = 1/r1/2, for ¢ € {.05,.25,.5}
and Z = 3.

for some index set F C N x N. Here we used the large argument expansion of the I'-function, i.e.
Stirling’s formula [AS64, §6.1.37], which implies

F(in1/2/2g) c 7,—1/4Lg1/26—71'27“1/2/4(6—1'27"1/2/2§(ZT1/2/2g)i2r1/2/2ccoo([07 OO)g « [07 OO)T—l/z)- (728)
Thus, if we let

p=—(2+2)%+ 2% - %[% log (222/2) +log (57 + (1+ ;)1/2)}, (729)
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then, for each ¢ > 0, 6_“27"1/2/4§e_"1/2‘PWhitt,{,1/2(Zigrl/z) is a polyhomogeneous function of /2,
all the way down to r~1/2 = 0. The convergence aspect of this result, in particular the fact that the
multiplication by exp(—ir'/2¢) kills off the oscillations of exp(—7rZr1/2/4g)Whitt,£,1/2(2i§r1/2), is
depicted in Figure 11 (and the contrast with Figure 10, where the exp(—ir!/2¢) factor is missing).
The C° case of this is similar to [Bat53, §6.13.3, Eq. (21) - (24)] (though we did not compute out
the leading order term in the asymptotic expansion).
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